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PREFACE

I present in this book a wide-ranging survey of many important topics in
the theory of partial differential equations (PDE), with particular emphasis
on various modern approaches. I have made a huge number of editorial
decisions about what to keep and what to toss out, and can only claim
that this selection seems to me about right. I of course include the usual
formulas for solutions of the usual linear PDE, but also devote large amounts
of exposition to energy methods within Sobolev spaces, to the calculus of
variations, to conservation laws, etc.

My general working principles in the writing have been these:

a. PDE theory is (mostly) not restricted to two independent vari-
ables. Many texts describe PDE as if functions of the two variables (z,y)
or (x,t) were all that matter. This emphasis seems to me misleading, as
modern discoveries concerning many types of equations, both linear and
nonlinear, have allowed for the rigorous treatment of these in any number
of dimensions. I also find it unsatisfactory to “classify” partial differential
equations: this is possible in two variables, but creates the false impression
that there is some kind of general and useful classification scheme available
in general.

b. Many interesting equations are nonlinear. My view is that overall
we know too much about linear PDE and too little about nonlinear PDE. 1
have accordingly introduced nonlinear concepts early in the text and have
tried hard to emphasize everywhere nonlinear analogues of the linear theory.

xviii
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c. Understanding generalized solutions is fundamental. Many of the
partial differential equations we study, especially nonlinear first-order equa-
tions, do not in general possess smooth solutions. It is therefore essential to
devise some kind of proper notion of generalized or weak solution. This is
an important but subtle undertaking, and much of the hardest material in
this book concerns the uniqueness of appropriately defined weak solutions.

d. PDE theory is not a branch of functional analysis. Whereas
certain classes of equations can profitably be viewed as generating abstract
operators between Banach spaces, the insistence on an overly abstract view-
point, and consequent ignoring of deep calculus and measure theoretic esti-
mates, is ultimately limiting.

e. Notation is a nightmare. I have really tried to introduce consistent
notation, which works for all the important classes of equations studied.
This attempt is sometimes at variance with notational conventions within a
subarea.

f. Good theory is (almost) as useful as exact formulas. I incorporate
this principle into the overall organization of the text, which is subdivided
into three parts, roughly mimicking the historical development of PDE the-
ory itself. Part I concerns the search for explicit formulas for solutions, and
Part II the abandoning of this quest in favor of general theory asserting
the existence and other properties of solutions for linear equations. Part ITI
is the mostly modern endeavor of fashioning general theory for important
classes of nonlinear PDE.

Let me also explicitly comment here that I intend the development
within each section to be rigorous and complete (exceptions being the frankly
heuristic treatment of asymptotics in §4.5 and an occasional reference to a
research paper). This means that even locally within each chapter the topics
do not necessarily progress logically from “easy” to “hard” concepts. There
are many difficult proofs and computations early on, but as compensation
many easier ideas later. The student should certainly omit on first reading
some of the more arcane proofs.

I wish next to emphasize that this is a textbook, and not a reference
book. I have tried everywhere to present the essential ideas in the clearest
possible settings, and therefore have almost never established sharp versions
of any of the theorems. Research articles and advanced monographs, many
of them listed in the Bibliography, provide such precision and generality.
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My goal has rather been to explain, as best I can, the many fundamental
ideas of the subject within fairly simple contexts.

I have greatly profited from the comments and thoughtful suggestions
of many of my colleagues, friends and students, in particular: S. Antman,
J. Bang, X. Chen, A. Chorin, M. Christ, J. Cima, P. Colella, J. Cooper,
M. Crandall, B. Driver, M. Feldman, M. Fitzpatrick, R. Gariepy, J. Gold-
stein, D. Gomes, O. Hald, W. Han, W. Hrusa, T. Ilmanen, I. Ishii, I. Israel,
R. Jerrard, C. Jones, B. Kawohl, S. Koike, J. Lewis, T.-P. Liu, H. Lopes,
J. McLaughlin, K. Miller, J. Morford, J. Neu, M. Portilheiro, J. Ralston,
F. Rezakhanlou, W. Schlag, D. Serre, P. Souganidis, J. Strain, W. Strauss,
M. Struwe, R. Temam, B. Tvedt, J.-L.. Vazquez, M. Weinstein, P. Wolfe,
and Y. Zheng.

I especially thank Tai-Ping Liu for many years ago writing out for me
the first draft of what is now Chapter 11.

I am extremely grateful for the suggestions and lists of mistakes from
earlier drafts of this book sent me by many readers, and I encourage others
to send me their comments, at evans@math.berkeley.edu. I have come to
realize that I must be more than slightly mad to try to write a book of
this length and complexity, but I am not yet crazy enough to think that I
have made no mistakes. I will therefore maintain a listing of errors
which come to light, and will make this accessible through the
math.berkeley.edu homepage.

Faye Yeager at UC Berkeley has done a really magnificent job typing
and updating these notes, and Jaya Nagendra heroically typed an earlier
version at the University of Maryland. My deepest thanks to both.

I have been supported by the NSF during much of the writing, most
recently under grant DMS-9424342.
LCE
August, 1997
Berkeley



Chapter 1

INTRODUCTION

1.1 Partial differential equations
1.2 Examples
1.3 Strategies for studying PDE
1.4 Overview
1.5 Problems

This chapter surveys the principal theoretical issues concerning the solv-
ing of partial differential equations.

To follow the subsequent discussion, the reader should first of all turn
to Appendix A and look over the notation presented there, particularly the
multiindex notation for partial derivatives.

1.1. PARTIAL DIFFERENTIAL EQUATIONS

A partial differential equation (PDE) is an equation involving an unknown
function of two or more variables and certain of its partial derivatives.

Using the notation explained in Appendix A, we can write out symbol-
ically a typical PDE, as follows. Fix an integer £k > 1 and let U denote an
open subset of R™.

DEFINITION. An expression of the form
(1) F(D*u(z), D* 'u(z), ..., Du(z),u(z),z) =0 (x € U)
is called a k*-order partial differential equation, where

F:RXxRY 'x---xR"XxRxU—R

'—‘I
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is given, and
u:U—R

is the unknown.

We solve the PDE if we find all u verifying (1), possibly only among those
functions satisfying certain auxiliary boundary conditions on some part I’
of U. By finding the solutions we mean, ideally, obtaining simple, explicit
solutions, or, failing that, deducing the existence and other properties of
solutions.

DEFINITIONS.
(i) The partial differential equation (1) is called linear if it has the form

Z ao(z)D% = f(x)
la<k
for given functions a,, (|a| < k), f. This linear PDFE is homogeneous
if f=0.
(i) The PDE (1) is semilinear if it has the form
Z ao(x)D%u + ag(D*u,..., Du,u,z) = 0.
|la|=k
(ili) The PDE (1) is quasilinear if it has the form
Z ao(D* 1, ..., Du,u, ) D% + ag(D* v, ..., Du,u,z) = 0.
lal=k
(iv) The PDE (1) is fully nonlinear if it depends nonlinearly upon the
highest order derivatives.

A system of partial differential equations is, informally speaking, a col-
lection of several PDE for several unknown functions.
DEFINITION. An expression of the form
(2) F(D*u(z), D" 'u(z),..., Du(z),u(z),z) =0 (x e U)
is called a kth-order system of partial differential equations, where

F:R™ xR™ " x...x R™ x R™ x U — R™
is given and
u:U—-R" u=(ul,... v

s the unknown.

Here we are supposing that the system comprises the same number m
of scalar equations as unknowns (u!,...,u™). This is the most common

circumstance, although other systems may have fewer or more equations
than unknowns.

Systems are classified in the obvious way as being linear, semilinear, etc.
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Remark. We use “PDE” as an abbreviation for both “partial differential
equation” and “partial differential equations”. O

1.2. EXAMPLES

There is no general theory known concerning the solvability of all partial
differential equations. Such a theory is extremely unlikely to exist, given
the rich variety of physical, geometric, and probabilistic phenomena which
can be modeled by PDE. Instead, research focuses on various particular
partial differential equations that are important for applications within and
outside of mathematics, with the hope that insight from the origins of these
PDE can give clues as to their solutions.

Following is a list of many specific partial differential equations of in-
terest in current research. This listing is intended merely to familiarize the
reader with the names and forms of various famous PDE. To display most
clearly the mathematical structure of these equations, we have mostly set
relevant physical constants to unity. We will later discuss the origin and
interpretation of many of these PDE.

Throughout € U, where U is an open subset of R”, and ¢ > 0. Also
Du = Dzu = (ug,,...,uz,) denotes the gradient of u with respect to the
spatial variable z = (z1,...,%y).

1.2.1. Single partial differential equations.
a. Linear equations.
1. Laplace’s equation
T
Au = Zu““ = 0.
i=1
2. Helmholtz’s (or eigenvalue) equation

—Au = Au.

3. Linear transport equation

Ut +ibiuxi =0.

i=1

4. Liouville’s equation

n

us — Z(biu)mi = 0.

i=1
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5. Heat (or diffusion) equation

u — Au = 0.
6. Schriodinger’s equation

s + Au = 0.

7. Kolmogorov’s equation

n n
U — E aug; + E bru,, = 0.
i,j=1 i=1

8. Fokker—Planck equation

ug — Z (69u)z,z, — Z(b"u)zi =0.

1,j=1 i=1

9. Wave equation

Ut — Au = 0.
10. Telegraph equation

ugt + dug — Ugz = 0.

11. General wave equation

n n
E ij E : J
ij=1 i=1

12. Airy’s equation
Ut + uIII - 0.
13. Beam equation

Ut + Ugzar = 0.
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b. Nonlinear equations.

1. Eikonal equation
|Du| = 1.

2. Nonlinear Poisson equation
—Au = f(u).
3. p-Laplacian equation
div(|DuP~2Du) = 0.

4. Minimal surface equation

Du
di = 0.
v ((1 n |Du|2)1/2)

5. Monge—-Ampére equation

det(D%u) = f.

6. Hamilton-Jacobi equation
w + H(Du,z) = 0.
7. Scalar conservation law
uy + div F(u) = 0.
8. Inviscid Burgers’ equation
ur +uugy = 0.
9. Scalar reaction-diffusion equation
up — Au = f(u).
10. Porous medium equation
up — A(u?) = 0.
11. Nonlinear wave equations

uy — Au = f(u),
Ut — div a(Du) =0.

12. Korteweg-deVries (KdV) equation




6 1. INTRODUCTION

1.2.2. Systems of partial differential equations.
a. Linear systems.

1. Equilibrium equations of linear elasticity
pAu + (A + p)D(divu) = 0.
2. Bvolution equations of linear elasticity

uy — plAu— (A + p)D(divu) = 0.

3. Mazwell’s equations

Et =curl B
B; = —curlE
divB =divE =0.

b. Nonlinear systems.
1. System of conservation laws

u; +divF(u) = 0.

2. Reaction-diffusion system
u; — Au = f(u).

3. Euler’s equations for incompressible, inviscid flow

{ut—f-u-Du:—Dp
divu=0.

4. Navier—Stokes equations for incompressible, viscous flow
{ w+u-Du—Au=-Dp

divu = 0.

See Zwillinger [ZW)] for a much more extensive listing of interesting
PDE.
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1.3. STRATEGIES FOR STUDYING PDE

As explained in §1.1 our goal is the discovery of ways to solve partial differ-
ential equations of various sorts, but—as should now be clear in view of the
many diverse examples set forth in §1.2—this is no easy task. And indeed
the very question of what it means to “solve” a given PDE can be subtle,
depending in large part on the particular structure of the problem at hand.

1.3.1. Well-posed problems, classical solutions.

The informal notion of a well-posed problem captures many of the desir-
able features of what it means to solve a PDE. We say that a given problem
for a partial differential equation is well-posed if

(a) the problem in fact has a solution;
(b) this solution is unique;

and
(c) the solution depends continuously on the data given in the problem.

The last condition is particularly important for problems arising from
physical applications: we would prefer that our (unique) solution changes
only a little when the conditions specifying the problem change a little. (For
many problems, on the other hand, uniqueness is not to be expected. In
these cases the primary mathematical tasks are to classify and characterize
the solutions.)

Now clearly it would be desirable to “solve” PDE in such a way that
(a)-(c) hold. But notice that we still have not carefully defined what we
mean by a “solution”. Should we ask, for example, that a “solution” u must
be real analytic or at least infinitely differentiable? This might be desirable,
but perhaps we are asking too much. Maybe it would be wiser to require a
solution of a PDE of order k to be at least k times continuously differentiable.
Then at least all the derivatives which appear in the statement of the PDE
will exist and be continuous, although maybe certain higher derivatives will
not exist. Let us informally call a solution with this much smoothness a
classical solution of the PDE: this is certainly the most obvious notion of
solution.

So by solving a partial differential equation in the classical sense we mean

if possible to write down a formula for a classical solution satisfying (a)—(c)
above, or at least to show such a solution exists, and to deduce various of

its properties.
1.3.2. Weak solutions and regularity.

But can we achieve this? The answer is that certain specific partial
differential equations (e.g. Laplace’s equation) can be solved in the classical
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sense, but many others, if not most others, cannot. Consider for instance
the scalar conservation law

ut + F(u), =0.

We will see in §3.4 that this PDE governs various one-dimensional phenom-
ena involving fluid dynamics, and in particular models the formation and
propagation of shock waves. Now a shock wave is a curve of discontinuity
of the solution u; and so if we wish to study conservation laws, and recover
the underlying physics, we must surely allow for solutions u which are not
continuously differentiable or even continuous. In general, as we shall see,
the conservation law has no classical solutions, but is well-posed if we allow
for properly defined generalized or weak solutions.

This is all to say that we may be forced by the structure of the par-
ticular equation to abandon the search for smooth, classical solutions. We
must instead, while still hoping to achieve the well-posedness conditions (a)—
(c), investigate a wider class of candidates for solutions. And in fact, even
for those PDE which turn out to be classically solvable, it is often most
expedient initially to search for some appropriate kind of weak solution.

The point is this: if from the outset we demand that our solutions be very
regular, say k-times continuously differentiable, then we are usually going
to have a really hard time finding them, as our proofs must then necessarily
include possibly intricate demonstrations that the functions we are building
are in fact smooth enough. A far more reasonable strategy is to consider as
separate the existence and the smoothness (or reqularity) problems. The idea
is to define for a given PDE a reasonably wide notion of a weak solution, with
the expectation that since we are not asking too much by way of smoothness
of this weak solution, it may be easier to establish its existence, uniqueness,
and continuous dependence on the given data. Thus, to repeat, it is often
wise to aim at proving well-posedness in some appropriate class of weak or
generalized solutions.

Now, as noted above, for various partial differential equations this is
the best that can be done. For other equations we can hope that our weak
solution may turn out after all to be smooth enough to qualify as a classical
solution. This leads to the question of regularity of weak solutions. As we
will see, it is often the case that the existence of weak solutions depends
upon rather simple estimates plus ideas of functional analysis, whereas the
regularity of the weak solutions, when true, usually rests upon many intricate
calculus estimates.

Let me explicitly note here that once we are past Part 1 (Chapters 2—4),
our efforts will be largely devoted to proving mathematically the existence
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of solutions to various sorts of partial differential equations, and not so much
to deriving formulas for these solutions. This may seem wasted or misguided
effort, but in fact mathematicians are like theologians: we regard existence
as the prime attribute of what we study. But unlike most theologians, we
need not always rely upon faith alone.

1.3.3. Typical difficulties.

Following are some vague but general principles, which may be useful to
keep in mind:
(1) Nonlinear equations are more difficult than linear equations; and,
indeed, the more the nonlinearity affects the higher derivatives, the
more difficult the PDE is.

(2) Higher-order PDE are more difficult than lower-order PDE.
(3) Systems are harder than single equations.

(4) Partial differential equations entailing many independent variables
are harder than PDE entailing few independent variables.

(5) For most partial differential equations it is not possible to write out
explicit formulas for solutions.

None of these assertions is without important exceptions.

1.4. OVERVIEW

This textbook is divided into three major Parts.

PART I: Representation Formulas for Solutions

Here we identify those important partial differential equations for which
in certain circumstances explicit or more-or-less explicit formulas can be had
for solutions. The general progression of the exposition is from direct formu-
las for certain linear equations, to far less concrete representation formulas,
of a sort, for various nonlinear PDE.

Chapter 2 is a detailed study of four exactly solvable partial differen-
tial equations: the linear transport equation, Laplace’s equation, the heat
equation, and the wave equation. These PDE, which serve as archetypes for
the more complicated equations introduced later, admit directly computable
solutions, at least in the case that there is no domain whose boundary geom-
etry complicates matters. The explicit formulas are augmented by various
indirect, but easy and attractive, “energy”-type arguments, which serve as
motivation for the developments in Chapters 6, 7 and thereafter.

Chapter 3 continues the theme of searching for explicit formulas, now
for general first-order nonlinear PDE. The key insight is that such PDE
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can, locally at least, be transformed into systems of ordinary differential
equations (ODE), the characteristic equations. We stipulate that once the
problem becomes “only” the question of integrating a system of ODE, it
is in principle solved, sometimes quite explicitly. The derivation of the
characteristic equations given in the text is very simple and does not require
any geometric insights. It is in truth so easy to derive the characteristic
equations that no real purpose is had by dealing with the quasilinear case
first.

We introduce also the Hopf-Lax formula for Hamilton—Jacobi equa-
tions (§3.3) and the Lax—Oleinik formula for scalar conservation laws (§3.4).
(Some knowledge of measure theory is useful here, but is not essential.)
These sections provide an early acquaintance with the global theory of these
important nonlinear PDE, and so motivate the later Chapters 10 and 11.

Chapter 4 is a grab bag of techniques for explicitly (or kind of explicitly)
solving various linear and nonlinear partial differential equations, and the
reader should study only whatever seems interesting. The section on the
Fourier transform is, however, essential. The Cauchy-Kovalevskaya Theorem
appears at the very end. Although this is basically the only general existence
theorem in the subject, and thus logically should perhaps be regarded as
central, in practice these power series methods are not so prevalent.

PART II: Theory for Linear Partial Differential Equations

Next we abandon the search for explicit formulas and instead rely on
functional analysis and relatively easy “energy” estimates to prove the ex-
istence of weak solutions to various linear PDE. We investigate also the
uniqueness and regularity of such solutions, and deduce various other prop-
erties.

Chapter 5 is an introduction to Sobolev spaces, the proper setting for
the study of many linear and nonlinear partial differential equations via en-
ergy methods. This is a hard chapter, the real worth of which is only later
revealed, and requires some basic knowledge of Lebesgue measure theory.
However, the requirements are not really so great, and the review in Ap-
pendix E should suffice. In my opinion there is no particular advantage in
considering only the Sobolev spaces with exponent p = 2, and indeed in-
sisting upon this obscures the two central inequalities, those of Gagliardo—
Nirenberg-Sobolev (§5.6.1) and of Morrey (§5.6.2).

In Chapter 6 we vastly generalize our knowledge of Laplace’s equation to
other second-order elliptic equations. Here we work through a rather com-
plete treatment of existence, uniqueness and regularity theory for solutions,
including the maximum principle, and also a reasonable introduction to the
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study of eigenvalues, including a discussion of the principal eigenvalue for
nonselfadjoint operators.

Chapter 7 expands the energy methods to a variety of linear partial
differential equations characterizing evolutions in time. We broaden our
earlier investigation of the heat equation to general second-order parabolic
PDE, and of the wave equation to general second-order hyperbolic PDE. We
study as well linear first-order hyperbolic systems, with the aim of motivat-
ing the developments concerning nonlinear systems of conservation laws in
Chapter 11. The concluding section 7.4 presents the alternative functional
analytic method of semigroups for building solutions.

(Missing from this long Part II on linear partial differential equations is
any discussion of distribution theory or potential theory. These are impor-
tant topics, but for our purposes seem dispensable, even in a book of such
length. These omissions do not slow us up much, and make room for more
nonlinear theory.)

PART III: Theory for Nonlinear Partial Differential Equations

This section parallels for nonlinear PDE the development in Part II, but
is far less unified in its approach, as the various types of nonlinearity must
be treated in quite different ways.

Chapter 8 commences the general study of nonlinear partial differential
equations with an extensive discussion of the calculus of variations. Here
we set forth a careful derivation of the direct method for deducing the ex-
istence of minimizers, and discuss also a variety of variational systems and
constrained problems, as well as minimax methods. Variational theory is
the most useful and accessible of the methods for nonlinear PDE, and so
this chapter is fundamental.

Chapter 9 is, rather like Chapter 4 before, a gathering of assorted other
techniques of use for nonlinear elliptic and parabolic partial differential equa-
tions. We encounter here monotonicity and fixed-point methods, and a va-
riety of other devices, mostly involving the maximum principle. We study
as well certain nice aspects of nonlinear semigroup theory, to complement
the linear semigroup theory from Chapter 7.

Chapter 10 is an introduction to the modern theory of Hamilton—Jacobi
PDE, and in particular to the notion of “viscosity solutions”. We encounter
also the connections with the optimal control of ODE, through dynamic
programming.
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Chapter 11 picks up from Chapter 3 the discussion of conservation laws,
now systems of conservation laws. Unlike the general theoretical develop-
ments in Chapters 5-9, for which Sobolev spaces provide the proper abstract
framework, we are forced to employ here direct linear algebra and calculus
computations. We pay particular attention to the solution of Riemann’s
problem and to entropy criteria.

Appendices A-E provide for the reader’s convenience some background
material, with selected proofs, on inequalities, linear functional analysis,
measure theory, etc.

The Bibliography primarily provides a listing of interesting PDE books
to consult for further information. Since this is a textbook , and not a refer-
ence monograph, I have mostly not attempted to track down and document
the original sources for the myriads of ideas and methods we will encounter.
The mathematical literature for partial differential equations is truly vast,
but the books cited in the Bibliography should at least provide a starting
point for locating the primary sources.

1.5. PROBLEMS

1. Classify each of the partial differential equations in §1.2 as follows:
(a) Is the PDE linear, semilinear, quasilinear or fully nonlinear?
(b) What is the order of the PDE?

The next exercises provide some practice with the multiindex notation
introduced in Appendix A.

2. Prove the Multinomial Theorem
o
@+ +za) =) (lal)ma,
|e|=k
where (lgl) = ]%P, a! = ajlag!...ay!, and z* = z7* ... 28", The sum
is taken over all multiindices a = (o, ..., a,) with |a| = k.
3. Prove Leibniz’ formula
e
D*(uwv) = Z ( )DﬁuD"‘_ﬁv,
BLa B
where u,v : R® — R are smooth, (g) = F'T%F’ and B < a means
Bi<a(i=1,...,n).
4.,  Assume that f : R™ — R is smooth. Prove
1
fla)= 3 ZDf(0)a% +0(z*) asz -0

la|<k




1.5. PROBLEMS 13

for each k = 1,2,.... This is Taylor’s formula in multiindex notation.

(Hint: Fix z € R™ and consider the function of one variable g(t) :=

f(tz).)




Chapter 2

FOUR IMPORTANT
LINEAR PARTIAL
DIFFERENTIAL
EQUATIONS

2.1 Transport equation
2.2 Laplace’s equation
2.3 Heat equation

2.4 Wave equation

2.5 Problems

2.6 References

In this chapter we introduce four fundamental linear partial differen-
tial equations for which various explicit formulas for solutions are available.
These are

the transport equation u+b-Du=0 (§2.1),
Laplace’s equation Au=0 (§2.2),
the heat equation w—Au=0  (§2.3),
the wave equation ug —Au=0 (§2.4).

Before going further, the reader should review the discussions of in-
equalities, integration by parts, Green’s formulas, convolutions, etc. in Ap-
pendices B and C, and later refer back to these as necessary.

17
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2.1. TRANSPORT EQUATION

Probably the simplest partial differential equation of all is the transport
equation with constant coefficients. This is the PDE

(1) ur+b-Du=0 inR" x (0,00},

where b is a fixed vector in R™, b = (by,... ,by), and u : R x [0,00) — R
is the unknown, u = u(z,t). Here £ = (z,... ,z,) € R" denotes a typical
point in space, and ¢t > 0 denotes a typical time. We write Du = Dyu =
(g, ..Uz, ) for the gradient of u with respect to the spatial variables x.

Which functions u solve (1)? To answer, let us suppose for the moment
we are given some smooth solution u and try to compute it. To do so, we
first must recognize that the partial differential equation (1) asserts that a
particular directional derivative of u vanishes. We exploit this insight by
fixing any point (z,t) € R" x (0,00) and defining

z(s) :=u(x + sb,t+s) (s€R).

We then calculate

. d
z(s) = Du(z + sb,t +s) - b+ u(x + sb,t +s) =0 ( = E) ,
the second equality holding owing to (1). Thus z(:) is a constant function of
s, and consequently for each point (z,t), u is constant on the line through
(z,t) with the direction (b,1) € R"*1. Hence if we know the value of u at
any point on each such line, we know its value everywhere in R" x (0, cc).

2.1.1. Initial-value problem.

For definiteness therefore, let us consider the initial-value problem

{ut+b-Du=0 in R™ x (0, o0)

(2) u=g¢g onR"x {t=0}

Here b € R™ and g : R® — R are known, and the problem is to compute
u. Given (z,t) as above, the line through (z,t) with direction (b,1) is
represented parametrically by (z + sb,t + s) (s € R). This line hits the
plane I' := R™ x {t = 0} when s = —¢, at the point (z — tb,0). Since u is
constant on the line and u(z — tb,0) = g(z — tb), we deduce

(3) u(z,t) = g(z —tb) (zeR"t20)

So, if (2) has a sufliciently regular solution u, it must certainly be given
by (3). And conversely, it is easy to check directly that if g is C!, then u
defined by (3) is indeed a solution of (2).
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Remark. If g is not C, then there is obviously no C! solution of (2). But
even in this case formula (3) certainly provides a strong, and in fact the
only reasonable, candidate for a solution. We may thus informally declare
u(z,t) = glr—tb) (x € R™, t > 0) to be a weak solution of (2), even should g
not be C!. This all makes sense even if g, and thus u, are discontinuous. Such
a notion, that a nonsmooth or even discontinuous function may sometimes
solve a PDE, will come up again later when we study nonlinear transport
phenomena in §3.4. O

2.1.2. Nonhomogeneous problem.

Next let us look at the associated nonhomogeneous problem

(4) {ut+b-Du=f in R™ x (0, o0)

u=g onR"x {t=0}.

As before fix (z,t) € R™*! and, inspired by the calculation above, set z(s) :=
u(z + sb,t + s) for s € R. Then

%(s) = Du(z + sb,t + s) - b+ u(z + sb,t + s) = f(z + sb,t + s).

Consequently
0
u(z,t) — g(z — bt) = 2(0) — 2(—t) = / 2(s)ds
—t
0
= / f(z+ sb,t+ s)ds
= /t flxz+ (s —t)b, s) ds;
0
and so
® wnd=oe-0)+ [ et ho)ds @R 120
0

solves the initial-value problem (4).

We will later employ this formula to solve the one-dimensional wave
equation, in §2.4.1.

Remark. Observe that we have derived our solutions (3), (5) by in effect
converting the partial differential equations into ordinary differential equa-
tions. This procedure is a special case of the method of characteristics,
developed later in §3.2. a
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2.2. LAPLACE’S EQUATION

Among the most important of all partial differential equations are undoubt-
edly Laplace’s equation

(1) Au=0
and Poisson’s equation

(2) ~Au=f."

In both (1) and (2), € U and the unknown is u : U — R, u = u(z),
where U C R" is a given open set. In (2} the function f : U — R is also

given. Remember from §A.3 that the Laplacian of u is Au= 3" | uz,q,.

DEFINITION. A C? function u satisfying (1) is called a harmonic func-
tion.

Physical interpretation. Laplace’s equation comes up in a wide variety
of physical contexts. In a typical interpretation u denotes the density of
some quantity (e.g. a chemical concentration) in equilibrium. Then if V is
any smooth subregion within U, the net flux of u through 9V is zero:

] F.vdS =0,
1'%

F denoting the flux density and » the unit outer normal field. In view of
the Gauss—Green Theorem (§C.2), we have

/didem=/ F.-vdS5=0,
V av

and so
(3) divF=0 inU,

since V was arbitrary. In many instances it is physically reasonable to as-
sume the flux F is proportional to the gradient Du, but points in the opposite
direction (since the flow is from regions of higher to lower concentration).
Thus

(4) F=—-aDu (a>0).

*I prefer to write (2) with the minus sign, to be consistent with the notation for general
second-order elliptic operators in Chapter 6.
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Substituting into (3), we obtain Laplace’s equation

div(Du) = Au=0.
If u denotes the
chemical concentration
temperature
electrostatic potential,
equation (4) is
Fick’s law of diffusion
Fourier’s law of heat conduction
Ohm’s law of electrical conduction.
See Feynman-Leighton—Sands [F-L-S, Chapter 12] for a discussion of the
ubiquity of Laplace’s equation in mathematical physics. Laplace’s equation

arises as well in the study of analytic functions and the probabilistic inves-
tigation of Brownian motion. O

2.2.1. Fundamental solution.
a. Derivation of fundamental solution.

One good strategy for investigating any partial differential equation is
first to identify some explicit solutions and then, provided the PDE is linear,
to assemble more complicated solutions out of the specific ones previously
noted. Furthermore, in looking for explicit solutions it is often wise to re-
strict attention to classes of functions with certain symmetry properties.
Since Laplace’s equation is invariant under rotations (Problem 2), it conse-
quently seems advisable to search first for radial solutions, that is, functions
of r = |z|.

Let us therefore attempt to find a solution u of Laplace’s equation (1)
in U = R™, having the form
u(z) = v(r),
where r = |z| = (22 + -+ + 22)!/2 and v is to be selected (if possible) so
that Au = 0 holds. First note for 1 =1,...,n that

or 1 2y —1/2 T
axi=§(a;f+---+a:n) 2%:_;@ (z #0).

We thus have

2 2
; T 1z
Uy, = U’(r)"f, Urx; = U”('r)fj +'(r) (— - _l)

r 73
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fori=1,...,n, and so
-1
Au=1"(r)+ - . v (r)
Hence Au = 0 if and only if
-1
(5) '+ 2y =0
r
If v # 0, we deduce
" 1 —-n
l AV — :l_)__ —
og(v) = — —

and hence v'(r) = = for some constant a. Consequently if r > 0, we have
blogr+c¢ (n=2)
v(r) = )
] +c (n > 3),

where b and ¢ are constants.

These considerations motivate the following
DEFINITION. The function

“2—11; log |z| (n=2)

(6) B(z) = {

1 1
n(n—-2)a(n) |z|"—=
defined for x € R, x # 0, is the fundamental solution of Laplace’s equation.

The reason for the particular choices of the constants in (6) will be
apparent in a moment. (Recall from §A.2 that a(n) denotes the volume of
the unit ball in R".)

We will sometimes slightly abuse notation and write ®(z) = ®(|z|) to
emphasize that the fundamental solution is radial. Observe also that we
have the estimates

C C
(7) |D®(z)| < 2T |D*®(z)] < o (z #0)
for some constant C' > 0.
b. Poisson’s equation.

By construction the function z — ®(z) is harmonic for z # 0. If we shift
the origin to a new point y, the PDE (1) is unchanged; and so z — ®(z —y)
is also harmonic as a function of z, z # y. Let us now take f : R®™ —» R and
note that the mapping 2 — ®(z —y) f(y) (z # ) is harmonic for each point



2.2. LAPLACE’S EQUATION 23

y € R™, and thus so is the sum of finitely many such expressions built for
different points y.
This reasoning might suggest that the convolution

w(@)= Jg. ©(z — ) f(y) dy
(8) ~ { —2= Jrelog(lz =y f(y)dy (n=2)
T e i dy (n>3)

will solve Laplace’s equation (1). However, this is wrong: we cannot just
compute

) Bule) = [ (-9 f@)dy =0

Indeed, as intimated by estimate (7), D2®(x — y) is not summable near the
singularity at y = x, and so the differentiation under the integral sign above
is unjustified (and incorrect). We must proceed more carefully in calculating
Au.

Let us for simplicity now assume f € C2(R"); that is, f is twice contin-
uously differentiable, with compact support.

THEOREM 1 (Solving Poisson’s equation). Define u by (8). Then
(i) u € C*R")

and
(ii) —Au=f in R".

We consequently see that (8) provides us with a formula for a solution
of Poisson’s equation (2) in R™.

Proof. 1. We have
u(z) = fRn ®(z - y)fly)dy = ]Rn o(y)f(z — y) dy;

hence

u(z + he;) — u(x) flx+ he;—y)— flx —y)
=0 [ e v dy,

where h % 0 and e; = (0,...,1,...,0), the 1 in the 5**-slot. But

fthe—y) =~ fw—y) _ 8f

5 Bz, (z—y)
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uniformly on R™ as h — 0, and thus

g;(x) =f]Rn <I>(y)%£f(m—y)dy (i=1,...,n).

Similarly

32

2
10 2@ = [ B @)y (i=1m)

As the expression on the right hand side of (10) is continuous in the variable
z, we see u € C2(R").

2. Since ® blows up at 0, we will need for subsequent calculations to
isolate this singularity inside a small ball. So fix ¢ > 0. Then

qy A= [ eWASE-at [ s dy

Now

Ce?|loge| (n=2)
(12) (L] < CD? fll oo [B LOLE {
&

Ce? (n > 3).

An integration by parts (see §C.2) yields

J. = [ B(y) A, f(z — y) dy
R~—B(0,¢)

__ ] D3(y) - Dyf(z — y) dy
Rr—B(0,e)

of
o, TG, (2~ 0)45W)

=: K¢ + L,

(13)

v denoting the inward pointing unit normal along 8B(0, £). We readily check

Celloge| (n=2)

(14)  |L| < IIDfIILoo(IRz")[9 Ce (n = 3).

®(y)] dS(y) < {

0,

3. We continue by integrating by parts once again in the term K¢, to
discover

od
K= [ 8D [ -1 dS)

- ]a 9% ) f(x - y) dS(u),

B(0,) OV
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since ® is harmonic away from the origin. Now D®(y) = @lﬁﬂﬁfﬁ (y # 0)
and v = %ﬁ = —% on 8B(0,¢). Consequently %%(y) =v-DO®(y) = Fa(’rﬁ?’f
on 8B(0,¢). Since na(n)e" ! is the surface area of the sphere 8B8(0,¢), we

have
1

K, = T na(n)en 1 /83(0,5) flz —y)dS(y)

(15)
=—j fy)dS(y) — —f(z) ase—0.
8B{z )

(Remember from §A.3 that a slash through an integral denotes an average.)

4. Combining now (11)-(15) and letting £ — 0, we find —Au(z) = f(z),
as asserted. O

Remarks. (i) We sometimes write
AP =6, inR",

8y denoting the Dirac measure on R” giving unit mass to the point 0. Adopt-
ing this notation, we may formally compute:

_ Au(z) = [Rn —A®(z —y) f(y)dy

_ f 8. f(y)dy = f(z) (z €R™),
R

in accordance with Theorem 1. This corrects the erroneous calculation (9).

(ii) Theorem 1 is in fact valid under far less stringent smoothness re-
quirements for f: see Gilbarg—Trudinger [G-T]. a

2.2.2. Mean-value formulas.

Consider now an open set U C R" and suppose u is a harmonic function
within /. We next derive the important mean-value formulas, which declare
that u(z) equals both the average of u over the sphere 8B(z,r) and the
average of u over the entire ball B(z,r), provided B(z,r) C U. These
implicit formulas involving u generate a remarkable number of consequences,
as we will momentarily see.

THEOREM 2 (Mean-value formulas for Laplace’s equation). Ifu € C*(U)
1s harmonic, then

(16) u(x) =][ udS = udy
8B(z,r) B(z,r)

for each ball B(z,r) CU.
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Proof. 1. Set

b(r) = J[aB(m,J‘(y) dS(y) = JlaB(o,J‘(m +rz)dS(2).
Then

¢'(r) = ][ Du(z + rz) - 2dS(z2),
8B(0,1)

and consequently, using Green'’s formulas from §C.2, we compute

) = vz
o= puw P Easw
Ou

- X 45(y)
]laB(m,'r) v

r

= _][ Au(y)dy = 0.
B(z,r

n )

Hence ¢ is constant, and so

¢(r) = lim ¢(t) = lim u(y) dS(y) = u(x).
- - 8B (z,t)

2. Observe next that our employing polar coordinates, as in §C.3, gives

/ udyz/ (/ udS) ds
B(z,r) 0 9B(z,s)

= u(z) /Or na(n)s" tds = a(n)r*u(z).
g

THEOREM 3 (Converse to mean-value property). If u € C?(U) satisfies

u(z) = ]( udS
8B(z,r)

for each ball B(x,r) C U, then u is harmonic.

Proof. If Au # 0, there exists some ball B(x,r) C U such that, say, Au > 0
within B(z,r). But then for ¢ as above,

0= =" ][B( Au)dy > 0,

a contradiction. d
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2.2.3. Properties of harmonic functions.

We now present a sequence of interesting deductions about harmonic
functions, all based upon the mean-value formulas. Assume for the following
that U C R" is open and bounded.

a. Strong maximum principle, uniqueness.

THEOREM 4 (Strong maximum principle). Suppose u € C2(U) N C(U)
ts harmonic within U.

(i) Then
max 4 = max u.
o oU
(ii) Purthermore, if U is connected and there erists a point xg € U such
that
u(zo) = max u,
U
then

u s constant within U.

Assertion (i) is the mazimum principle for Laplace’s equation and (ii) is
the strong mazimum principle. Replacing u by —u, we recover also similar
assertions with “min” replacing “max”.

Proof. Suppose there exists a point £o € U with u(zg) = M := maxy u.
Then for 0 < r < dist(xzg, dU), the mean-value property asserts

M=u(a:g)=][ udy < M.
B(zo,)

As equality holds only if v = M within B(zq,r), we see u(y) = M for all
y € B(z,r). Hence the set {x € U | u(z) = M} is both open and relatively
closed in U, and thus equals U if U is connected. This proves assertion (ii),
from which (i) follows. O

Remark. The strong maximum principle asserts in particular that if U is
connected and u € C?(U) N C(U) satisfies
Au=0 inU
{ u=g¢ onJdU,
where g > 0, then u is positive everywhere in U if g is positive somewhere
on oU. |

An important application of the maximum principle is establishing the
uniqueness of solutions to certain boundary-value problems for Poisson’s
equation.
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THEOREM 5 (Uniqueness). Letg € C(0U), f € C(U). Then there exists
at most one solution u € C2(U) N C(U) of the boundary-value problem

{—Auzf in U

(17) u=g ondU.

Proof. If u and % both satisfy (17), apply Theorem 4 to the harmonic
functions w := +(u — u). O

b. Regularity.

Now we prove that if v € C? is harmonic, then necessarily u € C™.
Thus harmonic functions are automatically infinitely differentiable. This
sort of assertion is called a regularity theorem. The interesting point is that
the algebraic structure of Laplace’s equation Au = ) 7", uz,», = 0 leads to
the analytic deduction that all the partial derivatives of u exist, even those
which do not appear in the PDE.

THEOREM 6 (Smoothness). If u € C(U) satisfies the mean-value prop-
erty (16) for each ball B(z,r) C U, then

u € C(U).
Note carefully that = may not be smooth, or even continuous, up to 8U.

Proof. Let n be a standard mollifier, as described in §C.4, and recall that
n is a radial function. Set v := 7. xu in U, = {z € U | dist(z,8U) > €}.
As shown in §C.4, u® € C*°(U,).

We will prove u is smooth by demonstrating that in fact © = u® on U..
Indeed if z € U,, then

u(z) = ]U ne(@ — yYuly) dy

[ ()
= — ) uw) ay
g B(m)n . ()

- gin :77 (g) (faB(m,T)udS) dr

= ;;u(m) /Oen (2) na(n)r" ldr by (16)

= u(z) fB 0™ dy = u(x).

Thus 4 = u in U, and so u € C*(U,) for each € > 0. a
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¢. Local estimates for harmonic functions.

Next we employ the mean-value formulas to derive careful estimates on
the various partial derivatives of a harmonic function. The precise structure
of these estimates will be needed below, when we prove analyticity.

THEOREM 7 (Estimates on derivatives). Assume u is harmonic in U.
Then

Ci
(18) |D%u(z0)| < oy el 21 (B(zo.r))

for each ball B(xo,7) C U and each multiindex o of order |a| = k.
Here
1 (2" nk)*

(19) Co= oy O = at) (k=1,...).

Proof. 1. We establish (18), (19) by induction on k, the case k = 0 being
immediate from the mean-value formula (16). For ¥ = 1, we note upon

differentiating Laplace’s equation that u,, (¢ = 1,...,n) is harmonic. Con-
sequently
fuz, (z0)] = | ua, de|
B(zo,r/2)
2n
(20) =l | uv; dS|
a(n)r 8B(zo,r/2)

< 2n
< T||u||L°°(3B(mo,§))'

Now if x € 8B(xg,7/2), then B(z,r/2) C B(xo,r) C U, and so

1 2\"
lu(z)| < — (—) |/l 21 (B(xo.m)

a(n) \r
by (18), (19) for k¥ = 0. Combining the inequalities above, we deduce

2n+1n 1

|D%u(zo)| < mm““”uw(m,r))

if || = 1. This verifies (18), (19) for k = 1.

2. Assume now k > 2 and (18), (19) is valid for all balls in U and each
multiindex of order less than or equal to k — 1. Fix B(zo,7) CU and let a
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be a multiindex with |a| = k. Then D%y = (DPu),, for somei € {1,...,n},
|3| = k — 1. By calculations similar to those in (20), we establish that

nk
|D%u(zo)| < T”D'BUHLW(BB(%,%))-
If z € 0B(xo, ), then B(z, k2lr) C B(zo,r) C U. Thus (18), (19) for
k — 1 imply

@ n(k - 1)+
| DPu(z)| < — T el (Bo,r)-

Combining the two previous estimates yields the bound

N on+lpk k
21) D*u(e)] < E T o

This confirms (18), (19) for |a| = k. O

d. Liouville’s Theorem.

Next we see that there are no nontrivial bounded harmonic functions on
all of R™.

THEOREM 8 (Liouville’s Theorem). Suppose u : R® — R is harmonic
and bounded. Then u is constant.

Proof. Fix zp € R", r > 0, and apply Theorem 7 on B(zg, r):

Cy
[Du(zo)| < iy llwlleyBio.ry

Chaln
< G ey =0,

as r — 0o. Thus Du = 0, and so u is constant. a

THEOREM 9 (Representation formula). Let f € C2(R™), n > 3. Then
any bounded solution of
—Au=f nR"

has the form

u(z) = /Rn 3(c—y)fW)dy+C (z€RY)

for some constant C.
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Proof. Since ®(z) — 0 as |x| — oo for n > 3, @i(x) := [p. ®(z — y)f(¥)dy

is a bounded solution of —Au = f in R™. If u is another solution, w :=u—1u
is constant, according to Liouville’s Theorem. O
Remark. If n = 2, ®(z) = —5- log|z| is unbounded as |z| — oc, and so
may be [p. ®(x —y)f(y) dy. O

e. Analyticity.
Next we refine Theorem 6:

THEOREM 10 (Analyticity). Assume u is harmonic in U. Then u is
analytic in U.

Proof. 1. Fix any point g € U. We must show u can be represented by a
convergent power series in some neighborhood of xg.

Let r := 1 dist(zo,8U). Then M := J%FHUHLI(B(:EO’QT)) < coc.

2. Since B(x,r) C B(xy,2r) C U for each = € B(xg,r), Theorem 7
provides the bound

2n+1n el
”DaU“LOO(B(:Bo,r)) < M( " ) |al|a|,

1
Now Stirling’s formula ([RD, §8.22]) asserts limg_, k:,:,? = (2151 5. Hence

la)i®l < Cel|al!

for some constant C' and all multiindices a. Furthermore, the Multinomial
Theorem implies

ol
nk=(1+'__+1)k=2| |

al’
le|=F

whence
la|! < nl®al,

Combining the previous inequalities now yields

2n+1n26) |ex|
al.

r

(22) I D%ull oo (B(zo,r)) < C'M(

3. The Taylor series for u at xgq is

Z _I?f._“._(x_o)(x —z)%,

(8
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the sum taken over all multiindices. We assert this power series converges,
provided

r

(23) |CL'—330| < 2n+—2nse

To verify this, let us compute for each N the remainder term:

= *u(zg)(z — x0)*
Ru() =u@) - 3 3 224 0)051 o)

k=0 |a|=k

_ Z D*u(zo + t(:c;!xg))(w — x9)*

lad=N

for some 0 < ¢t <1, t depending on x. We establish this formula by writing
out the first N terms and the error in the Taylor expansion about 0 for the
function of one variable g(¢) := u(zo + t(x — z¢)), at t = 1. Employing (22),
(23), we can estimate

n+l,.2,\ N
mal<on ¥ (55 ()

|aj=N

1 CM
< N =
< CMn By~ 5N

— 0 as N — ooc.

O

See §4.6.2 for more on analytic functions and partial differential equa-
tions.

f. Harnack’s inequality.

Recall from §A.2 that we write V cc U tomean V Cc V Cc U and V is
compact.

THEOREM 11 (Harnack’s inequality). For each connected open set V
CC U, there exists a positive constant C, depending only on V, such that

supu < Cinfu
v v

for all nonnegative harmonic functions u in U.

Thus in particular

Zuly) < u(z) < Culy)
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for all points x,y € V. These inequalities assert that the values of a non-
negative harmonic function within V are all comparable: u cannot be very
small (or very large) at any point of V unless u is very small (or very large)
everywhere in V. The intuitive idea is that since V is a positive distance
away from U, there is “room for the averaging effects of Laplace’s equation
to occur”.

Proof. Let r:= 1dist(V,8U). Choose x,y € V, [z — y| < r. Then

1
u(a:)=][ udzzﬁ] udz
B(z,2r) a(n)? ™" JB(y,r)

1 1
= — udz = —u(y).
2" J By 2" W

Thus 2"u(y) > u(z) > F=u(y) ifz,y €V, [z —y| <.

Since V is connected and V is compact, we can cover V by a chain of
finitely many balls {B;}Y ,, each of which has radius r and B; N\ B;_; # 0
fori=2,...,N. Then

u(z) > ()

forall z,y e V. d

2.2.4. Green’s function.

Assume now U C R" is open, bounded, and 8U is C!. We propose
next to obtain a general representation formula for the solution of Poisson’s

equation
—Au=f iU,

subject to the prescribed boundary condition

u=g¢ on JU.

a. Derivation of Green’s function.

Suppose first of all v € C?(U) is an arbitrary function. Fix z € U,
choose € > 0 so small that B(z,e) C U, and apply Green’s formula from
§C.2 on the region V. := U — B(z,¢) to u(y) and ®(y — ). We thereby
compute

/ u(y)A®(y — z) — ®(y — r)Au(y) dy

(24) "
= [ P2~ 90 -9 3w asw)
oV v g



34 2. FOUR IMPORTANT LINEAR PDE

v denoting the outer unit normal vector on V.. Recall next A®(z —y) =0
for x # y. We observe also

Ju

Oy — g d < n—1 —
o =50 dS)] < 0" ] = (1)

as € — 0. Furthermore the calculations in the proof of Theorem 1 show

o
/E!B(z,s u(y)a—y(y —x)dS(y) = ][BB(x,e)U(y) dS(y) — u(x)

as € — 0. Hence our sending ¢ — 0 in (24) yields the formula:

ou o
w7 | a-a% 0 - ug, -2 ds)

- [ 2 -2)aut) dy.
U

This identity is valid for any point x € U and any function « € C?(U).

Now formula (25) would permit us to solve for u(x) if we knew the
values of Au within U and the values of u,0u/0v along 0U. However for
our application to Poisson’s equation with prescribed boundary values for w,
the normal derivative du/0v along OU is unknown to us. We must therefore
somehow modify (25) to remove this term.

The idea is now to introduce for fixed z a corrector function ¢* = ¢*(y),
solving the boundary-value problem:

26) {Aqam =0 in U

¢ =®(y—x) on OU.
Let us apply Green’s formula once more, now to compute

x a2 ) g
- [ sy = [ unFH-0)- 050 dsw)

= [ ww G- 8- 93w as)

(27)

We introduce next this

DEFINITION. Green’s function for the region U is

G(x,y) =@y —x)—¢"(y) (z,yeU z#y).
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Adopting this terminology and adding (27) to (25), we find
oG
(28)  u(z) = W/ u(y) o, (@, y) d5(y) —f G(z,y)Au(y)dy (z € U),
au v U

where

oG

5, (&) = DyG(z,y) - v(y)
is the outer normal derivative of G with respect to the variable y. Observe
that the term Ou/0v does not appear in equation (28): we introduced the
corrector ¢” precisely to achieve this.

Suppose now u € C?(U) solves the boundary-value problem

(29 { ~Au=f inU

u=g ondU,

for given continuous functions f, g. Plugging into (28), we obtain

THEOREM 12 (Representation formula using Green’s function). If
u € C%(U) solves problem (29), then

30w =~ [ oG @ndse)+ [ 106w @eu)

Here we have a formula for the solution of the boundary-value problem
(29), provided we can construct Green’s function G for the given domain U.
This is in general a difficult matter, and can be done only when U has simple
geometry. Subsequent subsections identify some special cases for which an
explicit calculation of GG is possible.

Remark. Fix z € U. Then regarding G as a function of y, we may sym-

bolically write
—AG=6; inU
G=0 ondU,

0 denoting the Dirac measure giving unit mass to the point z. O

Before moving on to specific examples, let us record the general assertion
that G is symmetric in the variables z and y:

THEOREM 13 (Symmetry of Green’s function). Forallz,y €U, z # vy,

we have
G(y,z) = G(z,y).
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Proof. Fix z,y € U, x # y. Write
v(z) = Gz, 2), w(z) = G(y,z) (z€U).

Then Av(z) = 0 (2 # z), Aw(z) = 0 (2 # y) and w = v = 0 on
O0U. Thus our applying Green’s identity on V := U — [B(z,¢) U B(y, )] for
sufficiently small € > 0 yields

ow ov
31 ] —w— —vdS(z =/ —v — —wdS(z),
( ) OB(z€) v ov ( ) 8B(y,e) ov ov ( )

v denoting the inward pointing unit vector field on 0B(x,e)UdB(y,c). Now
w is smooth near x; whence

] @-v dS| < Ce™! sup |v]=0(1) ase—0.
8B(x,) ov OB(z.£)

On the other hand, v(z) = ®(z — z) — ¢*(2), where ¢* is smooth in U. Thus

lim @w dS = lim a—cp(:v — z)w(z)dS = w(z),
=0 Jop(z,c) OV =0 JoB(z,e) OV

by calculations as in the proof of Theorem 1. Thus the left-hand side of (31)
converges to w(z) as € — 0. Likewise the right hand side converges to v(y).
Consequently

Gy, z) = w(z) = v(y) = G(=,y)-

b. Green’s function for a half-space.

In this and the next subsection we will build Green’s functions for two
regions with simple geometry, namely the half-space R” and the unit ball
B(0,1). Everything depends upon our explicitly solving the corrector prob-
lem (26) in these regions, and this in turn depends upon some clever geo-
metric reflection tricks.

First let us consider the half-space
Y ={r=(r1,...,2) €ER" |z, > 0}.

Although this region is unbounded, and so the calculations in the previous
section do not directly apply, we will attempt nevertheless to build Green’s
function using the ideas developed before. Later of course we must check
directly that the corresponding representation formula is valid.
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DEFINITION. Ifx = (z1,...,Tn-1,%Ts) € R}, its reflection in the plane
OR?Y is the point
Z=(x1,...,Tn_1,—Tn).

We will solve problem (26) for the half-space by setting
¢*(y) =®(y—2) = (y1 — Z1,.- -, Yn—1 ~ Tn-1,Un + ) (x,y € RY).

The idea is that the corrector ¢* is built from ® by “reflecting the singular-
ity” from x € R?} to & ¢ R}. We note

¢*(y) = ®(y —x) ifye Ry,

and thus
¢ = ®(y —x) on JRY,
as required.
DEFINITION. Green’s function for the half-space R is

Gz,y) =Py —2)-®(y—2z) (r,yeR}, z#y).

Then

_ -1 [yn—mn _ yn+$n:l

- na(n) [ly—zt |y - g

Consequently if y € ORZ,
oG

oG
51;(213,y) - ——@(xvy) -

Suppose now u solves the boundary-value problem
Au=0 inR%}
u=g onJdRY.

B —2x, 1
na(n) |z —y[™

(32)
Then from (30) we expect

(33) u(z) = 5-25("7) fa N |wg_(y;|ndy (z € RY)

to be a representation formula for our solution. The function
2z,

Koy = =

(x e RY,y € ORY)

is Poisson’s kernel for R, and (33) is Poisson’s formula.

We must now check directly that formula (33) does indeed provide us
with a solution of the boundary-value problem (32).
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THEOREM 14 (Poisson’s formula for half-space). Assume g € C(R*"1)n
L*®(R"1), and define u by (33). Then

(i) u € C®(R?) N L®(R™),
(i) Au=0 inR?,

and
(iii) Iimou(:c) = g(z)  for each point z° € ORT.
zekn

Proof. 1. For each fixed z, the mapping y — G(z,y) is harmonic, except
for y = z. As G(z,y) = G(y,z) according to Theorem 13, z — G(z,y) is
harmonic, except for x = y. Thus z +» —-%G:(x,y) = K(z,y) is harmonic
for z € R}, y € OR";.

2. A direct calculation, the details of which we omit, verifies
(34) 1= [ K@y
oR?

for each z € R7. As g is bounded, u defined by (33) is likewise bounded.
Since x — K(z,y) is smooth for x # y, we easily verify as well u € C*°(R7}),
with
Au(r) = A K(z,y)9(y)dy =0 (z eR%).
oRy

3. Now fix 2% € OR?, £ > 0. Choose 6 > 0 so small that
0 ]
(35) l9(y) — g(z%) < e if Jy—2° <& ye IR

Then if [xr — 2% < %, r € RY,

u(e) - 9(a”)| = ' [ K@) - o ay

xZ —_ CL'O
(36) < /amma (xo,é)K( ,)lg(y) — g(=°)|dy
+ / K(z,y)lg(y) — 9(«°)| dy
oR? — B(z?,6)

Now (34), (35) imply
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Furthermore if |z — 2| < g and |y — z°| > 6, we have
6 1
ool <ly—al+ 5 <ly-al+ 3y -2
and so |y — z| > 3|y — 2°|. Thus

Jsmmmmf K(z,y)dy

ORT. — B(20,6)
2" 2lg|| Loz, /
na(n) AR —B(z9.,6)

ly — z°| 7" dy
—0 asz, — 0.

Combining this calculation with estimate (36), we deduce |u(z)—g(z°)| < 2¢,
provided |z — z°| is sufficiently small. O

c. Green’s function for a ball.

To construct Green’s function for the unit ball B(0,1) we will again
employ a kind of reflection, this time through the sphere 8B(0,1).

DEFINITION. Ifz € R™ — {0}, the point

is called the point dual to x with respect to 0B(0,1). The mapping x v I
is inversion through the unit sphere 8B(0,1).

We now employ inversion through the sphere to compute Green'’s func-
tion for the unit ball U = B%(0,1). Fix z € B%(0,1). Remember that we
must find a corrector function ¢* = ¢*(y) solving

A¢* =0 in B°(0,1)
(37) { ¢ = ®(y—z) on 9B(0,1);

then Green’s function will be

(38) G(z,y) = ®(y — =) — " (v)-

The idea now is to “invert the singularity” from z € B%(0,1) to % ¢
B(0,1). Assume for the moment n > 3. Now the mapping y — ®(y — I) is
harmonic for y # #. Thus y — |z]|>~"®(y — %) is harmonic for y # %, and so

(39) ¢*(y) = @(Jzl(y — 7))
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is harmonic in U. Furthermore, if y € 0B(0,1) and x # 0,

2u-x 1
20, 212 — |pf2 2 4y L
2"ty - #* = o] (lyl P +W)

=z -2 -z4+1=|z—y

Thus (|z|ly — Z])~ ("2 = |z — y|~("~2). Consequently
(40) ¢°(y) = 2(y—2) (y€dB(0,1)),
as required.

DEFINITION. Green’s function for the unit ball s
(41) G(z,y) =@y —z) — (|lz|(y — &)) (z,y € B(0,1), z #y).
The same formula is valid for n = 2 as well.

Assume now u solves the boundary-value problem

Au=0 in BO(0,1)
(42) { w=g indB(0,1).

Then using (30), we see
G
(43) w) == [ )G s
0B(0,1) v

According to formula (41),

2o w) = gy = )~ 5-0(ally — )

i

But
R e—y)=—— B
Ay; na(n) |z — y|"’
and furthermore
o® - -1 yilzl> — 1 yilal® —
—(|z|(y — 7)) = ——- = — m
By; na(n) (lz||ly — Zf) na(n) [z -yl

if y € B(0,1). Accordingly

B—G( Y) =Zy¢ (w v)

- ylnzy’ ~ )~ wlel 4 )

=1 1|z
 na(n) lz —y|"’
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Hence formula (43) yields the representation formula

~la?
u(z) = > |IL 9W_ 450,

na(n) Japey | -y

Suppose now instead of (42) u solves the boundary-value problem

(44) {Au:@ in BY(0,)

u=g ondB(0,r)

for r > 0. Then u(x) = u(rz) solves (42), with §(x) = g(rz) replacing g.
We change variables to obtain Poisson’s formula

ulz) = rz_lwlz 9(y) r 0(q. p
) =T [ RS e B0,

The function

r?—|z? 1

0
na(n)r |z —y* (z € B(0,r), y € 0B(0,7))

K(z,y) =

is Poisson’s kernel for the ball B(0,r).

We have established (45) under the assumption that a smooth solution
of (44) exists. We next assert that this formula in fact gives a solution:

THEOREM 15 (Poisson’s formula for ball). Assume g € C(8B(0,r)) and
define u by (45). Then

(i) u e C*®(B%0,r)),
(ii) Au=0 4n B°0,r),

and
(iii) lim wu(z) =g(z®) for each point z° € 8B(0,r).
:t:EzB_OH(EO,r)

The proof is similar to that for Theorem 14, and is left as an exercise.

2.2.5. Energy methods.

Most of our analysis of harmonic functions thus far has depended upon
fairly explicit representation formulas entailing the fundamental solution,
Green’s functions, etc. In this concluding section we illustrate some “en-
ergy” methods, which is to say techniques involving the L2-norms of various
expressions. These ideas foreshadow latter theoretical developments in Parts

IT and III.
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a. Uniqueness.
Consider first the boundary-value problem

(46) {—Au=f inU

u=g onoU.

We have already employed the maximum principle in §2.2.3 to show
uniqueness, but now set forth a simple alternative proof. Assume U is open,
bounded, and 8U is C*.

THEOREM 16 (Uniqueness). There exists at most one solution u €
C?*(U) of (46).

Proof. Assume # is another solution and set w := u — @%. Then Aw =0 in
U, and so an integration by parts shows

0=—/ wAwdm:-/ | Dw|?dz.
U U

Thus Dw = 0 in U, and, since w = 0 on 0U, we deduce w = u — % = 0 in
U. 0O

b. Dirichlet’s principle.

Next let us demonstrate that a solution of the boundary-value problem
(46) for Poisson’s equation can be characterized as the minimizer of an
appropriate functional. For this, we define the energy functional

1
Iw] z/ —|Dw|? — wf dz,
U2
w belonging to the admissible set
A= {weC*{U)|w=gondU}.

THEOREM 17 (Dirichlet’s principle). Assume u € C?(U) solves (46).
Then

I|u| = mi .

(47) (4] = min Iw]

Conversely, if u € A satisfies (47), then u solves the boundary-value problem
(46).

In other words if u € A, the PDE —-Au = f is equivalent to the statement
that » minimizes the energy I[.
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Proof. 1. Choose w € A. Then (46) implies
0= f (—Au — f)(u —w)dz.
An integration by parts yield[;
0=LDU-D(u—w) — f(u —w)dzx,

and there is no boundary term since u —w = g — g = 0 on 0U. Hence
/ lDu|2—ufd.'1:=f Du-Dw—-wfdx
U U

< / l]Du|2 dx + / l|Dw|2 —wfdz,
U2 U 2
where we employed the estimates
1 1
|Du - Dw| < |Du}|Dw| < §|DU|2 + §}le2,

following from the Cauchy—Schwarz and Cauchy inequalities (§B.2). Rear-
ranging, we conclude

(48) Iu] < Iw] (w € A).
Since u € A, (47) follows from (48).
2. Now, conversely, suppose (47) holds. Fix any v € C°(U) and write
i(r) :=Iu+71v] (r €R).

Since u + Tv € A for each 7, the scalar function i(-) has a minimum at zero,

and thus 4
-/ 0 — 0 / -

provided this derivative exists. But

1
i(7) =/ §|Du+'rDv|2—(u+'rv)fd:c
U

1 2
= / §|Du|2 +7Du- Dv + 12—|D'u|2 —(u+T1v)f dz.
U
Consequently
0=14(0)= f Du-Dv—vfda:=/(—Au—f)vdx.
U U

This identity is valid for each function v € CX(U) and so —Au = f in
U. DO

Dirichlet’s principle is an instance of the calculus of variations applied
to Laplace’s equation. See Chapter 8 for more.
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2.3. HEAT EQUATION

Next we study the heat equation

(1) u —Au=0
and the nonhomogeneous heat equation

(2) us — Au = f,

subject to appropriate initial and boundary conditions. Here ¢t > 0 and
z € U, where U C R" is open. The unknown is u : U x [0,00) —» R, u =
u(x,t), and the Laplacian A is taken with respect to the spatial variables =
(1, .., ZTn): Au=Azu =" | Uy, In (2) the function f : Ux[0,00) — R
is given.

A guiding principle is that any assertion about harmonic functions yields
an analogous (but more complicated) statement about solutions of the heat
equation. Accordingly our development will largely parallel the correspond-
ing theory for Laplace’s equation.

Physical interpretation. The heat equation, also known as the diffusion
equation, describes in typical applications the evolution in time of the density
u of some quantity such as heat, chemical concentration, etc. If V C U is
any smooth subregion, the rate of change of the total quantity within V'
equals the negative of the net flux through oV

d
— | udr=- F-vds,
dt Jy v

F being the flux density. Thus
(3) us = —divF,

as V was arbitrary. In many situations F is proportional to the gradient
of u, but points in the opposite direction (since the flow is from regions of
higher to lower concentration):

F=—-aDu (a>0).
Substituting into (3), we obtain the PDE
up = adiv(Du) = aAu,

which for a = 1 is the heat equation.

The heat equation appears as well in the study of Brownian motion.
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2.3.1. Fundamental solution.
a. Derivation of the fundamental solution.

As noted in §2.2.1 an important first step in studying any PDE is often
to come up with some specific solutions.

We observe that the heat equation involves one derivative with respect
to the time variable ¢, but two derivatives with respect to the space vari-
ables ; (i = 1,...,n). Consequently we see that if u solves (1), then so
does u(Ax, \%t) for A € R. This scaling indicates the ratio % (r = |z|) is
important for the heat equation and suggests that we search for a solution
of (1) having the form u(zx,t) = v(f;) = U(J%E) (t >0, z € R"), for some
function v as yet undetermined.

Although this approach eventually leads to what we want (see Problem
11), it is quicker to seek a solution u having the special structure

@ u@t) = wo(5) @eR, >0,

where the constants «, 3 and the function v : R™ — R must be found. We
come to (4) if we look for a solution u of the heat equation invariant under

the dilation scaling
u(z,t) — Au( NPz, Xt).

That is, we ask
u(z,t) = X*u(Nr, At)

for all A > 0, z € R™, t > 0. Setting A = t~!, we derive (4) for v(y) :=
u(y, 1).
Let us insert (4) into (1), and thereafter compute

(5) at™ @ y(y) + Bt~y Du(y) + 72D Ay(y) = 0

for y := tPz. In order to transform (5) into an expression involving the
variable y alone, we take 3 = % Then the terms with ¢ are identical, and
so (5) reduces to

1
(6) av+§y-Dv+Av=0.

We simplify further by guessing v to be radial; that is, v(y) = w(|y|) for
some w : R — R. Thereupon (6) becomes

1 -1
aw + =rw + " + = !
2 r
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forr=|y|,’ = %. Now if we set a = 7, this simplifies to read
1
(r" ') + §(r”w)' = 0.
Thus
n—1, / 1

r" +§r"w=a

for some constant a. Assuming lim, .., w, w' = 0, we conclude a = 0;
whence

But then for some constant b

(7) w=be T.
=2
Combining (4), (7) and our choices for «, 3, we conclude that Fbﬁe— 4t

solves the heat equation (1).

This computation motivates the following
DEFINITION. The function
_l=2
®(z, 1) -={ Ggme ¥ (@eR t>0)

0 (x € R™, t <0)
is called the fundamental solution of the heat equation.

Notice that ® is singular at the point (0,0). We will sometimes write
®(z,t) = ®(|z|,t) to emphasize that the fundamental solution is radial in
the variable x. The choice of the normalizing constant (47)~™/? is dictated
by the following

LEMMA (Integral of fundamental solution). For each time t > 0,
/ ¢(x,t)dx = 1.

Proof. We calculate

1 =12
®(zr,t)der = ——— “ar d
/n (z,t)dx (47Tt)"/2/]Rne 3t dx
1 2
= — |2l
n"/Z/Rne dz

1 o [
=7 f e_ziz dz; = 1.
T = Y oo

g

A different derivation of the fundamental solution of the heat equation
appears in §4.3.2.
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b. Initial-value problem.

We now employ ® to fashion a solution to the initial-value (or Cauchy)
problem

8 g — Au=0 inR" x (0,00)
®) u=g onR"x {t=0}

Let us note the function (z,t) — ®(z,t) solves the heat equation away
from the singularity at (0,0}, and thus so does (z,t) — ®(z — y, t) for each
fixed y € R™, Consequently the convolution

u(z,t) = fn ®(x —y,t)g(y) dy

9) . iy
- W/Rne_ # g(y)dy (z€R” t>0)

should also be a solution.

THEOREM 1 (Solution of initial-value problem). Assume g € C(R") N
L>®(R™), and define u by (9). Then
(i) u € C®(R™ x (0,00)),

(i) w(z,t) — Aufz,t) =0 (z € R", t>0),

and
(iii) lim u(z,t) = g(mo) for each point ¥ € R".
(z,t)—(2°,0)
zelk®, t>0

T 2
Proof. 1. Since the function twlfe_%f_ is infinitely differentiable, with uni-

formly bounded derivatives of all orders, on R™ x [§,00) for each 6 > 0, we
see that u € C°(R" x (0, 00)). Furthermore

ur(z, 1) — Au(z,t) = [Rn[(@ _ A®)(z — yt)lg(y) dy
=0 (re&R”?t>0),

(10)

since P itself solves the heat equation.

2. Fix 2% € R™, € > 0. Choose é > 0 such that

(11) lg(v) —9(z%)| <e if |ly—2° <6, yeR™
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Then if |z — 20| < g, we have, according to the lemma,
() =9 = | [ 2@ ~1.00ow) - o= ds]
<[ ea-u0le) - oOldy
B(zY.6)

+ / ®(z — y,1)l9(y) — ()| dy
R~—B(z°,8)
= I ‘+' J.

Now
IS(—:/ &(x —y,t)dy = ¢,
Rn

owing to (11) and the lemma. Furthermore, if |z —z°| < £ and |y - 2°| > 6,
then

5 1
Iy—fﬂsw—whfgsw—w%+yy—ﬁL

Thus |y — z| > %|y — 2°|. Consequently

Jsﬂwhwf ®(z ~y,t) dy
—B(x9,6)
(2
Sj%] e it dy
t"/2 JRe_B(20.6)
C _ y—:x:o 2
< e 16t dy

t*/2 Jre—B(ao,g)
C

[e.9] -2
= —t"/2/ e"wr" ldr -0 ast— 0%,
&

Hence if |z —2°| < § and ¢ > 0 is small enough, |u(z,t) - g(z°)| < 2¢. O

Remarks. (i) In view of Theorem 1 we sometimes write

¢, — AP =0 in R" x (0,00)
® =6 onR"”x{t=0}

0y denoting the Dirac measure on R" giving unit mass to the point 0.
(ii) Notice that if g is bounded, continuous, g > 0, g # 0, then

1 _lz=y)?
u(z,t) = W/]Rne wg(y) dy

is in fact positive for all points £ € R™ and times ¢t > 0. We interpret this
observation by saying the heat equation forces infinite propagation speed
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for disturbances. If the initial temperature is nonnegative and is positive
somewhere, the temperature at any later time (no matter how small) is
everywhere positive. (We will learn in §2.4.3 that the wave equation in
contrast supports finite propagation speed for disturbances.) O

c. Nonhomogeneous problem.

Now let us turn our attention to the nonhomogeneous initial-value prob-
lem
(12) {ut—Au—f in R™ x (0, c0)

u=0 onR"x {t=0}.

How can we produce a formula for the solution? If we recall the moti-
vation leading up to (9), we should note further that the mapping (z,t) —
®(z—y,t—s) is a solution of the heat equation (for given y € R", 0 < s < t).
Now for fixed s, the function

u=u(r,t;s) = f O(x —y,t—3s)f(y,s)dy
solves

(12s) {“t('; s) — Au(;s) =0 in R" x (s, 00)

u(-;8) = f(-,s) onR" x {t = s},

which is just an initial-value problem of the form (8), with the starting time
t = 0 replaced by t = s, and g replaced by f(-,s). Thus u(-;s) is certainly
not a solution of (12).

However Duhamel’s principle* asserts that we can build a solution of
(12) out of the solutions of (12,), by integrating with respect to s. The idea
is to consider

t
u(z,t) = f u(z,t;8)ds (x€R", t >0).
0

Rewriting, we have

u(:c,t)=‘/0 /n ®(z —y,t —5)f(y, s) dyds
f e J‘ﬁ‘__’%f(y, ) dyds,

(13)

t
=/0 (an(t — s))n/2
for x e R®, ¢t > 0.

To confirm that formula (13) works, let us for simplicity assume f €
C%(R™ x [0,00)) and f has compact support.

*Duhamel’s principle has wide applicability to linear ODE and PDE, and does not depend
on the specific structure of the heat equation. It yields, for example, the solution of the nonho-
mogeneous transport equation, obtained by different means in §2.1.2. We will invoke Duhamel’s
principle for the wave equation in §2.4.2.
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THEOREM 2 (Solution of nonhomogeneous problem). Define u by (13).
Then

(i) u € C(R™ x (0,00)),

(i) ue(zx,t) — Aulz,t) = f(z,t) (z€R", ¢t>0),

and
(iii) lim  u(z,t) =0 for each point z° € R™.
(z,t —f(Cl:O,O)
zelk™, t>0

Proof. 1. Since ® has a singularity at (0,0), we cannot directly justify
differentiating under the integral sign. We instead proceed somewhat as in
the proof of Theorem 1 in §2.2.1.

First we change variables, to write

wlz,t) = /0 t /Rn 8(y. $)f(z — .t — 5) dyds.

As f € C?(R™ x [0,00)) has compact support and & = ®(y, s) is smooth
near s =t > (0, we compute

t
wlz, t) = ]0 /Rn B(y, 5)fu(z -yt — s) dyds
+f ®(y,t) f(x — y,0) dy
Rr

and

O t 0 .
al‘ial‘j(x’t) =A fRﬂ (I’(y!s)axzamjf(x_yat_s)dyds (2,.7 =]-,"':n).

Thus 1z, D?u, and likewise u, D,yu, belong to C(R™ x (0, 00)).

2. We then calculate
(14)

ur(z,t) — Au(z, 1) = fo [R ()5 ~ Aa)F (@ — .t~ 5)] dyds
+ /Rn @(y,t)f(z —y,0)dy
~ [ [ 0w ol — 8@ =t = )] duds
e JR» 8
£ 0
+ [ [ awa)l=g — Az - vt - o) dyds

+ fRn By, 1) f(z — y,0) dy.
= I.+J.+ K.
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Now
15) el < (Ifellz + 1D fllz) f [ ®(y, ) dyds < <C,
0 JRn

by the lemma. Integrating by parts, we also find
t 0
L= [ [ g - 808 9] /@ -yt - s) dyds
£ @

+ ] B(y,e)f(z—y,t — ) dy
(16) R
- /n ®(y,t)f(x —y,0)dy

= f O(y,e)f(z —y,t —e)dy - K,
Rn
since ® solves the heat equation. Combining (14)—(16), we ascertain

’U-t(.’L', t) - A’U.(.’L‘,t) = 11[1(1) @(y,s)f(:r: -yt - E) dy
£E— ]Rn
= f(z,t) (z €R™ t>0),
the limit as ¢ — 0 being computed as in the proof of Theorem 1. Finally
note [|u(-,t)[ize < ¢ f|lz= — 0. O

Remark. We can of course combine Theorems 1 and 2 to discover that
t
(17) u(z,t) = fRn Bz — y,t)g(y) dy + [0 [R Bz —y,t - 5)f(y, s) dyds

is, under the hypotheses on g and f as above, a solution of

u—Au=f inR™ x {0, 00)
(18) { t u=g onR"x {t=0}.

2.3.2, Mean-value formula.

First we recall some useful notation from §A.2. Assume U C R" is open
and bounded, and fix a time T > 0.

DEFINITIONS.
(i) We define the parabolic cylinder

Ur:=U x (0,T).
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N
i

The region Ut
(ii) The parabolic boundary of Ur is
Ly :=Ur - Ur.

We interpret Ur as being the parabolic interior of U x [0, T]: note care-
fully that Ur includes the top U x {¢t = T}. The parabolic boundary I'r
comprises the bottom and vertical sides of U x [0,T], but not the top.

We want next to derive a kind of analogue to the mean-value property for
harmonic functions, as discussed in §2.2.2. There is no such simple formula.
However let us observe that for fixed = the spheres 0B(x,r) are level sets of
the fundamental solution ®(x —y) for Laplace’s equation. This suggests that
perhaps for fixed (z,t) the level sets of fundamental solution ®(z — y,t — s)
for the heat equation may be relevant.

DEFINITION. For firedz € R*, t € R, r > 0, we define
1
e e +1
Blotr) = {(y’s) ER™ |5 <t, Bz —y,t—s) > ;;}‘

This is a region in space-time, the boundary of which is a level set of
$(z—y,t—s). Note that the point (x,t) is at the center of the top. E(z,t;r)
is sometimes called a “heat ball”.

THEOREM 3 (A mean-value property for the heat equation). Let u €
C:(Ur) solve the heat equation. Then
2

(19) u(z,t) = #/‘/E( ) )u(y, 3) l(::gz dyds
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(x,t)

“'E(x, ;r)

A “heat ball”
for each E(z,t;r) C Up.

Formula (19) is a sort of analogue for the heat equation of the mean-
value formulas for Laplace’s equation. Observe that the right hand side
involves only u(y, s) for times s < ¢. This is reasonable, as the value u(z, t)
should not depend upon future times.

Proof. We may as well assume upon translating the space and time coor-
dinates that £ = 0 and ¢t = 0. Write E(r) = F(0,0;r) and set

(20)

We compute

/ — < . |y|2 2 |y'2 d d
¢ (r)= 501) 2‘_ :uyiyz 2 + 2TUsg s yas
IyI2 Iyl2
E 2 dyds
,rn+1 /L(r) Uy; Ui + 2ugs—— ayds

=: A+ B.
Also, let us introduce the useful function
2
(21) Y= —1—;- log(—4ns) + lil + nlogr,

and observe ¥ = 0 on 9E(r), since ®(y,—s) = r~™ on JE(r). We utilize
(21) to write

1 n
B = o /[E(T) du,g Zyﬂj)yi dyds

i=1

1 n
rt ey

i=1
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there is no boundary term since ¥ = 0 on E(r). Integrating by parts with
respect to s, we discover

1 n
B= T // —dnug + 42 Uy, YiPs dyds
E(r) i=1
|2

1 = n oy
o / /E(T)—4nu3¢ A b (_E B Zé‘f) dyds

i=1
1 // 21 o
= —4dnugyy — — ¥ u,yidyds — A
pn+l () s¥ s z:zl v Yi @Y

Consequently, since u solves the heat equation,

¢ (r)y=A+B

1 21 o
= —4AnAuyp — — E Y
Fntl //E - nAu 5 - Uy, Y; dyds
- § r"+1 /:/ ANy, hy, — uytyz dyds

= 0, according to (21).

Thus ¢ is constant, and therefore

$(r) = lim §(t) = u(0,0) (lim — / /E lyl® YL dyds) = 4u(0,0),

2 ® s
as 2 2
L W gy [ M
E(t) s? E(1) s?
We omit the details of this last computation. O

2.3.3. Properties of solutions.
a. Strong maximum principle, uniqueness.

First we employ the mean-value property to give a quick proof of the
strong maximum principle.

THEOREM 4 (Strong maximum principle for the heat equation). Assume
u € C¥(Ur) N C(Ur) solves the heat equation in Ur.
(i) Then

max % = max u.
Ur It
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R

Strong maximum principle for the heat equation

(i) Furthermore, if U is connected and there exists a point (xo,to) € Ut
such that
U(:E(], tU) = maxu,
Ur

then
u is constant in Uy,.

Assertion (i) is the mazimum principle for the heat equation and (ii)
is the strong mazimum principle. Similar assertions are valid with “min”
replacing “max”.

Remark. So if u attains its mazimum (or minimum) at an interior point,
then u is constant at all earlier times. This accords with our strong intuitive
interpretation of the variable t as denoting time: the solution will be constant
on the time interval [0, tg] provided the initial and boundary conditions are
constant. However, the solution may change at times t > ¢y, provided the
boundary conditions alter after tp. The solution will however not respond
to changes in boundary conditions until these changes happen.

Take note that whereas all this is obvious on intuitive, physical grounds,
such insights do not constitute a proof. The task is to deduce such behavior
from the PDE. O

Proof. 1. Suppose there exists a point (xg, t9) € Ur with u(zg,to) = M =
maxp,. u. Then for all sufficiently small r > 0, E(xo,to;7) C Ur; and we
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employ the mean-value property to deduce

1 zo — yl®
M=u(xg,tg)=m//E( . )u(y,s)|(t———#d ds < M,
To,to,T

|0 —yl*
dyds.
/./llj(zo,to,r) (tO - 3)2 Y

Equality holds only if u is identically equal to M within E(xg,tg;r). Con-
sequently

since

u(y,s) =M for all (y,s) € E(zo, to;r).

Draw any line segment L in Ur connecting (zg, to) with some other point
(yo,so) € Ur, with sy < tg. Consider

ro := min{s > s | u(z,t) = M for all points (z,t) € L, s <t < tg}.

Since u is continuous, the minimum is attained. Assume rg > sg. Then
u(z9,70) = M for some point (zg,r9) on LNUr and so u = M on E(2g,79;7)
for all sufficiently small » > 0. Since E(zg,7o;7) contains L N{rg — o <t <
ro} for some small o > 0, we have a contradiction. Thus rq = sg, and hence
w= M on L.

2. Now fix any point £ € U and any time 0 < ¢ < ¢y. There exist points
{zo,x1,...,zm = z} such that the line segments in R™ connecting z;_; to z;
liein U for i = 1,...,m. (This follows since the set of points in I which can
be so connected to xg by a polygonal path is nonempty, open and relatively
closed in U.) Select times £y > ¢; > .- > ¢, = ¢t. Then the line segments in
R™"*! connecting (z;-1,t-1) to (i, ;) (i = 1,...,m) lie in Ur. According
to Step 1, u = M on each such segment and so u(z,t) = M. a

Remark. The strong maximum principle implies that if U is connected and
u € C#(Ur) N C(Ur) satisfies

—Au=0 inUr
u=0 ondU x [0,T]
u=g onU x{t=0}

where g > 0, then u is positive everywhere within Uy if g is positive some-
where on U. This is another illustration of infinite propagation speed for
disturbances. a

An important application of the maximum principle is the following
uniqueness assertion.
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THEOREM 5 (Uniqueness on bounded domains). Let g € C(I't), f €
C(Ur). Then there ezists at most one solution w € C#(Ur) N C(Ur) of the
initial/boundary-value problem

(22) {ut——Au=f in Ur

u=g onlr.

Proof. If u and 4 are two solutions of (22), apply Theorem 4 to w :=
+(u— ). 0O

We next extend our uniqueness assertion to the Cauchy problem, that
is, the initial value problem for U = R"™. As we are no longer on a bounded
region, we must introduce some control on the behavior of solutions for large
|-

THEOREM 6 (Maximum principle for the Cauchy problem). Suppose
u € C3(R™ x (0, T)) NC(R™ x [0,T)) solves

(23) {ut—A'u:O in R™ x (0,T)

u=g onR"x {t=0}
and satisfies the growth estimate

(24) u(z, t) < Ae®’ (zeR",0<t<T)
for constants A,a > 0. Then

sup u =supg.

R x[0,T R~
Proof. 1. First assume
(25) 4aT < 1;
in which case
(26) 4a(T +¢) <1

for some € > 0. Fix y € R?, u > 0, and define

ey|2
v(z,t) = u(z, t) — an E”_ > /zd—L” TH-D  (z € R", t > 0).
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A direct calculation {cf. §2.3.1) shows
vy —Av=0 inR" x (0,7].

Fix r > 0 and set U := B%y,r), Ur = B%y,r) x (0,T]. Then according to
Theorem 4,

(27) maxv = maxuv.
UT I"I‘

2. Now if z € R™,

T — |2
v(z,0) = u(z,0) — meﬁj
< u(z,0) = g(z);

and if |t —y|=7,0< ¢t <T, then

(28)

2

[1. T
v{z,t) = u(z,t) — Tre t)n/zem
alz|? b e
<A - e by (9
2
a( |+ )2 _ ,J, r -
< Ae i+ ———(T+E)n/2em.

Now according to (26), Z(Tl_—l-ej = a+-y for some vy > 0. Thus we may continue
the calculation above to find

(29) u(z,t) < Ae* W — p(4a + 7)) 2e 7 < supyg,
R~

for r selected sufficiently large. Thus (27)—(29) imply
v(y,t) < supg
R~

for all y € R™, 0 <t < T, provided (25) is valid. Let p — 0.

3. In the general case that (25) fails, we repeatedly apply the result
above on the time intervals [0, 7], [T1, 271, ], etc., for T1 = 8%' 0

THEOREM 7 (Uniqueness for Cauchy problem). Let g € C(R"), f €
C(R" x [0,T]). Then there exists at most one solution u € C(R™ x (0, T])N
C(R™ x [0, T]) of the initial-value problem

{ut—Auzf in R™ x (0,7

(30) u=g onR"x {t=0}

satisfying the growth estimate
(31) lu(z,t)] < A= (z eR®, 0<t<T)

for constants A, a > 0.
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Proof. If u and % both satisfy (30), (31), we apply Theorem 6 to w :=
+{u — u). O

Remark. There are in fact infinitely many solutions of

(32) u—Au=0 inR"x(0,T)
u=0 onR"x {t=0}

see for instance John [J, Chapter 7]. Each of the solutions besides u = 0
grows very rapidly as |z| — 00.

There is an interesting point here: although « = 0 is certainly the “physi-
cally correct” solution of (32), this initial-value problem in fact admits other,
“nonphysical” solutions. Theorem 7 provides a criterion which excludes the
“wrong” solutions. We will encounter somewhat analogous situations in our
study of Hamilton—Jacobi equations and conservation laws, in Chapters 3,
10 and 11. O

b. Regularity.

We next demonstrate that solutions of the heat equation are automati-
cally smooth.

THEOREM 8 (Smoothness). Suppose u € C2(Ur) solves the heat equa-

tion in Ur. Then
u e COO(UT).

This regularity assertion is valid even if u attains nonsmooth boundary
values on I'r.

Proof. 1. Recall from §A.2 that we write
Clz,tir) ={(y,8) |lz —yl <, t -1 < s <t}

to denote the closed circular cylinder of radius r, height 2, and top center
point (z,¢).

Fix {xg,tg) € Ur and choose r > 0 so small that C := C(zg, ;) C Ur.
Define also the smaller cylinders C’ := C(zy, to; %r), C" := C(zo,to; 37),
which have the same top center point (zg, to).

Choose a smooth cutoff function ¢ = {(z,t) such that

{OSCSL (=lonC,
¢ = 0 near the parabolic boundary of C.

Extend ¢ =0 in (R™ x [0,t0)) — C.
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————

< =

2. Assume temporarily that u € C*°(Ur) and set

v(z,t) .= {(z, hu(z,t) (x€R™, 0<¢t <)

Then
vy = Que + Ceu, Av = CAu+ 2D(¢ - Du + uA(.
Consequently
(33) v=0 onR"x {t=0},
and
(34) vy — Av = Gu — 2D¢ - Du —ulA¢ =: f

in R™ x (0,%9). Now set

t
o(z,t) := / [ ®(z — y,t — 5)f(y, s) dyds.
0 n
According to Theorem 2

P —Ab=f inR" x (0,%)
7=0

(35) on R" x {t = 0}.

Since |v|, |#| < A for some constant A, Theorem 7 implies v = ¥; that is,
t
(36) vat)= [ [ @@=yt 5w s) dds
0 JRr
Now suppose (z,t) € C”. As ( =0 off the cylinder C, (34) and (36) imply

ue0) = [ /C Bz — g,t — )[(Calwr 5) — ALy, ))uly, )
—2D((y, s) - Du(y, s)] dyds.
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Note in this expression that the expression in the square brackets vanishes
in some region near the singularity of ®. Integrate the last term by parts:

u@¢r=[é@w—yx—ﬂ«4%@+AQuw>
+2D,®(x —y,t — s) - D{(y, s)]uly, s) dyds.

(37)

We have proved this formula assuming v € C*°. If u satisfies only the
hypotheses of the theorem, we derive (37) with u® = 7. * u replacing u, 7
being the standard mollifier in the variables x and ¢, and let € — 0.

3. Formula (37) has the form

(38) w(z, t) = / /C K(z,t,y,s)uly, s)dyds ((z,) € C"),

where
K(z,t,y,s) =0 for all points (y,s) € C’,

since { =1 on C’. Note also K is smooth on C — C’. In view of expression
(38), we see u is C°° within C” = C(zo, to; 37). O

c. Local estimates for solutions of the heat equation.

Next we record some estimates on the derivatives of solutions to the
heat equation, paying attention to the differences between derivatives with
respect to z; (i = 1,...,n) and with respect to ¢.

THEOREM 9 (Estimates on derivatives). There exists for each pair of
integers k,1 =0,1,..., a constant Cy; such that

Cht

k
max |DyDiu| < m”UHD(C(z,t;ﬂ)

Clz,t;r/2)

for all cylinders C(z,t;r/2) C C(z,t;r) C Ur, and all solutions u of the
heat equation in Up.

Proof. 1. Fix some point in Ur. Upon shifting the coordinates, we may
as well assume the point is (0,0). Suppose first that the cylinder C(1) :=
C(0,0;1) lies in Ur. Let C(%) = C(O, 0;%). Then, as in the proof of
Theorem 8,

M%ﬂ=[LmK@m%@M%ﬂ@® ((z,1) € C(3))
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for some smooth function K. Consequently

Dk Dhu(z, )] < / /C | IDADEK(@,1,3,) (v, ) dyds

< Crillullr cqy)

(39)

for some constant Cj;.
2. Now suppose the cylinder C{r) := C(0,0;7) lies in Up. Let C(r/2) =
C(0,0;r/2). We rescale by defining
v{z,t) == u(rz, r°t).
Then v; — Av = 0 in the cylinder C(1). According to (39),
|DEDju(x,t)] < Cuallvll oy ((2t) € C(3))-

But DEDlv(z,t) = r2**DEDlu(ra, r?t) and [|v]l1cqy) = ez llulliee)-
Therefore

kil ki
max 1Dz Dyl < v vl o)

a

Remark. If u solves the heat equation within Up, then for each fixed time
0 < t < T, the mapping =z — u(x,t) is analytic. (See Mikhailov [M].)
However the mapping ¢ — u(z,t) is not in general analytic. a

2.3.4. Energy methods.
a. Uniqueness.

Let us investigate again the initial /boundary-value problem

(40) wu=g onl7T.

{ut——A'u:f in Ur

We earlier invoked the maximum principle to show uniqueness, and
now—by analogy with §2.2.5—provide an alternative argument based upon
integration by parts. We assume as usual that U C R" is open, bounded
and that OU is C!. The terminal time T > 0 is given.

THEOREM 10 (Uniqueness). There ezists at most one solution u
€ C}(Ur) of (40).
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Proof. 1. If % is another solution, w := u — @ solves

w — Aw =0 in Ur
(41) { w=0 onl7p.
2. Set
dm:/ﬁmQM(mggn
U
Then
. ., d
e(t) = Q/watd.r (— E)
= 2[ wAw dz
U
= —2/ | Dw|?dz < 0,
U
and so
e(t)<e(0)=0 (0<t<T).
Consequently w =u— 4 =0 in Ur. a

Observe that the foregoing is a time-dependent variant of the proof of
Theorem 16 in §2.2.5.

b. Backwards uniqueness.

A rather more subtle question concerns uniqueness backwards in time
for the heat equation. For this, suppose u and 4 are both smooth solutions
of the heat equation in Ur, with the same boundary conditions on dU:

u— Au=0 inUr

(42) { w=g ondU x[0,T],
'&t ~At=0 in UT

(43) { &=g onoU x[0,T],

for some function g. Note carefully that we are not supposing u = % at time
t=0.
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THEOREM 11 (Backwards uniqueness). Suppose u,% € C?*(Ur) solve
(42), (43). If
u(z, T) =u(z,T) (zel),

then
u=1u within Ur.

In other words, if two temperature distributions on U agree at some time
T > 0, and have had the same boundary values for times 0 < ¢ < T, then
these temperatures must have been identically equal within U at all earlier
times. This is not at all obvious.

Proof. 1. Write w := u — % and, as in the proof of Theorem 10, set

e(t) ::/Uw2(x,t)d:c 0<t<T).

As before
) 2 d

(44) é(t) = -2 | |Dwl|°dz =—].

U dt
Furthermore

é(t) = —4/ Dw - Dwi dx
U

(45) = 4/ Aww, dx

U

= wzx .
_4fU(/_\. Vdz by (41)

Now since w = 0 on 9U,

/|Dw|2dx=—/wAwdx
U U
1/2 1/2
< (/ w2d:c) (/ (Aw)zdx) )
U U

Thus (44) and (45) imply
([rs)

(( 2dx) (4 fU (Aw)zda:)

t)e(t)

(e(t))?

A
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Hence
(46) E(te(t) > (e(t))? (0<t<T).

2. Now ife(t) =0 for all 0 < t < T, we are done. Otherwise there exists
an interval [t1,¢2] C [0, T, with

(47) e(t) >0 fort; <t< ta, e(tz) =0.

3. Now write

(48) f(t) :==loge(t) (1 <t<ty).
Then S0 o(t)?

- é é

Fy=Z5 — Sp 20 by (46);

and so f is convex on the interval (#;,f2). Consequently if 0 < 7 < 1,
t1 <t < t2, we have

(A=t +7) <A —=71)f(t1) + 7f(t).
Recalling (48), we deduce
e((1 — 7)t; +7t) < e(ty)' Te(t)7,

and so
0<e((l1-7)t;+7t) <e(t1) Te(ts)” (0<T<1).

But in view of (47) this inequality implies e(t) = 0 for all times ¢; < t < t5,
a contradiction. a

2.4. WAVE EQUATION

In this section we investigate the wave equation
(1) ug — Au =0
and the nonhomogeneous wave equation

(2) ur — A= f,

subject to appropriate initial and boundary conditions. Here t > 0 and
xz € U, where U C R" is open. The unknown is v : U x [0,00) — R,
u = u(z,t), and the Laplacian A is taken with respect to the spatial variables
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z = (x1,...,Zn). In (2) the function f : U x[0,00) — R is given. A common
abbreviation is to write
Ou = uy — Awu.

We shall discover that solutions of the wave equation behave quite differ-
ently than solutions of Laplace’s equation or the heat equation. For example,
these solutions are generally not C'°°, exhibit finite speed of propagation, etc.

Physical interpretation. The wave equation is a simplified model for a
vibrating string (n = 1), membrane (n = 2), or elastic solid (n = 3). In
these physical interpretations u(zx,t) represents the displacement in some
direction of the point z at time ¢ > 0.

Let V represent any smooth subregion of U. The acceleration within V

is then P
E/Vud.r=/vund$

and the net contact force is

—/ F.vdS,
v

where F' denotes the force acting on V' through 0V and the mass density
is taken to be unity. Newton’s law asserts the mass times the acceleration

equals the net force:
/uttd:r=—/ F.-vdS.
1% av

This identity obtains for each subregion V and so
uy = —divF.
For elastic bodies, F is a function of the displacement gradient Du; whence
ug + divF(Du) = 0.
For small Du, the linearization F(Du) ~ —aDu is often appropriate; and so
uy —alAu =0.

This is the wave equation if @ = 1. O

This physical interpretation strongly suggests it will be mathematically
appropriate to specify fwo initial conditions, on the displacement u and the
velocity ug, at time £ = 0.
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2.4.1. Solution by spherical means.

We began §§2.2.1 and 2.3.1 by searching for certain scaling invariant
solutions of Laplace’s equation and the heat equation. For the wave equation
however we will instead present the (reasonably) elegant method of solving
(1) first for n = 1 directly and then for n > 2 by the method of spherical
means.

a. Solution for n = 1, d’Alembert’s formula.,

We first focus our attention on the initial-value problem for the one-
dimensional wave equation in all of R:

{ uyp —Uzz =0 in R x (0,00)

(3) u=g, uu=h onRx {t=0},

where g, h are given. We desire to derive a formula for u in terms of g and

h.
Let us first note the PDE in (3) can be “factored”, to read

o (2+2) (2= 2)umesmo
Write
(5) vz, t) == (% - (%) u(z,t).

Then (4) says
v(z,t) +vz(2,t) =0 (z€R, t>0).

This is a transport equation with constant coefficients. Applying formula
(3) from §2.1.1 (with n =1, b = 1), we find

(6) v(z,t) = a(z —t)
for a(z) := v(z,0). Combining now {4)—(6), we obtain
w(x,t) — ug(z,t) = a(z —t) in R x (0, 00).
This is a nonhomogeneous transport equation; and so formula (5) from §2.1.2

(with n =1, b= -1, f(z,t) = a{z — t)) implies

u(z,t) = /ta,(z'+ (t—s)—s)ds+bx+1)
(7 L rast
- 5]1 a(y) dy + bz + t),

—t
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where we have b(z) := u(z, 0).

We lastly invoke the initial conditions in (3) to compute a and b. The
first initial condition in (3) gives

b(z) =g(z) (z€R);
whereas the second initial condition and (5) imply
a(z) = v(z,0) = w(z,0) — uz(z,0) = h(z) — g'(z) (z €R).

Our substituting into (7) now yields

T+t
we)=3 [ by - g @)y + gle+o)

Hence

1 1 r+t
® u@t=zba+nroe-t+; [ rpd @eR 20

This is d’Alembert’s formula.

We have derived formula (8) assuming u is a (sufficiently smooth) solu-
tion of (3). We need to check that this really is a solution.

THEOREM 1 (Solution of wave equation, n = 1). Assume g € C%(R),
h € C}(R), and define u by d’Alembert’s formula (8). Then

(i) u € C%(R"™ x [0, c0)),
(ii) ug — uzz =0 in R x (0,00),

and
li u(z, t) = g(zV), li ut(z,t) = h(z"
(iii) R (z,t) = g(z") ol t(z,t) = h(z")
t>0 t>0

for each point z° € R.

The proof is a straightforward calculation.

Remarks. (i) In view of (8), our solution u has the form
u(z,t)y=Fl@x+t)+G(z—1t)

for appropriate functions F and G. Conversely any function of this form
solves Uy —uy, = 0. Hence the general solution of the one-dimensional wave
equation is a sum of the general solution of u; — u; = 0 and the general
solution of u; + u, = 0. This is a consequence of the factorization (4).
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(ii) We see from (8) that if g € C* and h € C*~!, then u € C¥, but is not
in general smoother. Thus the wave equation does not cause instantaneous
smoothing of the initial data, as does the heat equation. a

A reflection method. To illustrate a further application of d’Alembert’s
formula, let us next consider this initial/boundary-value problem on the
half-line Ry = {z > 0}:

gt — Uzz = 0 in Ry X (0, 00)
(9) u=g, uu=h onR, x {t=0}
u=0 on {z =0} x (0,00),

where g, h are given, with g(0) = ~(0) = 0.
We convert (9) into the form (3) by extending u, g, h to all of R by odd
reflection. That is, we set

_ [ ulz,t) (z>0,t>0)
Uz, t) := { —u(=z,8) (z<0, t>0),
.« [ 9= (z >0)
§lz) = { —o(~z) (£ <0),
. [hm) (@20
ha) = { ~h(~z) (z <0).
Then (9) becomes
{ gy = gy in R x (0, 00)
@=g, iy=h onRx{t=0}

Hence d’Alembert’s formula (8) implies
41

o) = 3o+ +3 -0+ [ h)dy

Recalling the definitions of 4, g, h above, we can transform this expression

to read for x > 0, ¢t > 0:
(@+t)+gz—t)]+3 [ hy)dy fz>t>0

lg(z +¢
lg(z+t) —g(t— )]+ 3 (51, h(y)dy fO<z<t.

B—= b=

(10)  u(z,t) = {

If h = 0, we can understand formula (10) as saying that an initial dis-
placement g splits into two parts, one moving to the right with speed one
and the other to the left with speed one. The latter then reflects off the
point £ = 0, where the vibrating string is held fixed. a
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b. Spherical means.

Now suppose n > 2, m > 2, and u € C™(R™ x [0,00)) solves the initial-
value problem
up —Au=0 in R* x (0,00

(1) { tt ( )

u=g, uy=h onR"x{t=0}.

We intend to derive an explicit formula for u in terms of g, h. The plan
will be to study first the average of u over certain spheres. These averages,
taken as functions of the time ¢ and the radius r, turn out to solve the
Euler-Poisson-Darboux equation, a PDE which we can for odd n convert
into the ordinary one-dimensional wave equation. Applying d’Alembert’s
formula, or more precisely its variant (10), eventually leads us to a formula
for the solution.

Notation. (i) Let z € R*, ¢ > 0, » > 0. Define

(12) Uint)=f  u(yt)dSw),
0B(z,r)
the average of u(-,t) over the sphere 0B(x,r).
(ii} Similarly,

Gla;r) = faB( o) 45(v)
(13) wr
H(z;r) = fa h(y) dS(y).

B(z,r)

For fixed z, we hereafter regard U as a function of r and ¢, and discover
a partial differential equation U solves:

LEMMA 1 (Euler-Poisson-Darboux equation). Fiz z € R", and let u
satisfy (11). Then U € C™(R4 x [0,0)) and

U=G, Uy=H onRy x{t=0}.

The partial differential equation in (14) is the Euler-Poisson-Darbouz

equation. (Note that the term Uy + %LU, is the radial part of the Laplacian

-
A in polar coordinates.)
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Proof. 1. As in the proof of Theorem 2 in §2.2.2 we compute for r > 0

(15) Urlzirt) = —4  Auly,t)dy.
n B(z,r)

From this equality we deduce lim,_ g+ U,(z;7,t) = 0. We next differentiate
(15), to discover after some computations that

1
(18) Upr(z;m,t) = ][ AudS + (— — 1) ][ Audy.
dB(z,r) n B(a,r)

Thus lim,_,g+ Urr(z;7,t) = 2Au(z,t). Using formula (16) we can similarly
compute Uy, €tc., and so verify that U € C™ (R4 x [0, 00)).

2. Continuing the calculation above, we see from (15) that

r

Ur = —f Ut dy by (11)
B(

n z,r)

11 / ;
_na(n) rnl B(a:,'r)utt v

Thus

1
Y, = / Uz dy,
na(n) B(x,r)

and so

1
) = —— / g S
( )r na(n) Jops

= r"_lj[ ug dS = v Uy.
6B(z,r)

c. Solution for n = 3,2, Kirchhoff’s and Poisson’s formulas.

The overall plan in the ensuing subsections will be to transform the
Euler-Poisson-Darboux equation (14) into the usual one-dimensional wave
equation. As the full procedure is rather complicated, we pause here to
handle the simpler cases n = 3, 2, in that order.

Solution for n = 3. Let us therefore hereafter take n = 3, and suppose
u € C*(R3 x [0,00)) solves the initial-value problem (11). We recall the
definitions (12), (13) of U, G, H, and then set

17 U:=rU,
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(18) G:=rG, H:=rH.

We now assert that U solves

~0tt - 01-7- = q in R.,. X (0,00)
(19) U=G, Uy=H onR; x{t=0}
U=0 on {r=0}x(0,00).
Indeed

Uy = rUy
=r [U,,.r + %Ur] by (14), with n =3
== TUT'T' + 2U = (U + TUT)T

= ﬁrr-
Applying formula (10) to (19), we find for 0 <r < ¢
- 1 -~ ~ 1 [t .
(20) Ulxz;r,t) = ~2-[G('r+t) -Gt —-r)]+ 5 H(y)dy.
-7+t

Since (12) implies u(x,t) = lim,_,¢+ U(x; 7,t), we conclude from (17), (18),
(20) that

u(z,t) = lim Ulzin,t)
r—0+ r
|G+ =Gt—r) 1 [T
- rl_l.%l+ 2r * o e H(y) dy
=G/ (t) + H(z).
Owing then to (13), we deduce
a
(21) u(z,t) = — t][ gds +t][ hdS.
ot 8B(z.t) 8B(,t)
But
f owdse)=f gle+tads(e
BB(z,t) 8B(0,1)
and so

0
ot (][ BB(x,t)g dS) - ][ BB(O,I)Dg(x +i) 2d50)
_ { (¥ -z
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Returning to (21), we therefore conclude

(22) u(x,t) = ][BB( t)th(y)+g(y)+Dg(y)-(y——w) dS(y) (zeR? t>0).

This is Kirchhoff’s formula for the solution of the initial-value problem (11)
in three dimensions.

Solution for n = 2. No transformation like (17) works to convert the
Euler-Poisson—Darboux equation into the one-dimensional wave equation
when n = 2. Instead we will take the initial-value problem (11) for n = 2
and simply regard it as a problem for n = 3, in which the third spatial
variable 3 does not appear.

Indeed, assuming u € C%(R? x [0, cc)) solves (11) for n = 2, let us write
(23) u(x1, z2, T3,t) := u(x), T2, t).

Then (11) implies

o

= = . 3
(24) { Uit Al in R” x (0,00)

2=g, 4y =h onR3x {t=0},

for

glz1, 22, x3) := g(x1,72), h(Z1,22,23) := h(z1,22).

If we write z = (x1,22) € R? and Z = (z1,72,0) € R?, then (24) and
Kirchhoff’s formula (in the form (21)) imply

u(z,t) = u(Z,1)

(25) 9 o .
=2 Gds | +¢ hd3,
ot 8B(z,1) 8B(z.1)

where B(Z,t) denotes the ball in R? with center Z, radius ¢t > 0, and dS
denotes two-dimensional surface measure on 8B(%,t). We simplify (25) by

observing
][ §dS = — gdSs
az‘a(;—c,t? dnt? JaB(z,0
2

=2 1 + | D(y)[2)/2dy,
yw— B(x’t)g(y)( |Dy(y)|°)/“dy

where y(y) = (&> — |y — z|)"/? fory € B(x,t). The factor “2” enters
since 3B(Z,t) consists of two hemispheres. Observe that (1 + |Dy |2 =
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t(t2 — |y — z|>)~ /2. Therefore

.1 9(y)
][63(3‘:,t) 2mt B(x,t) (t2 — |y —~ $|2)1/2 Y

t 9(y)
. dy.
2][B(z,t) @ —Jy—zp)i2 Y

Consequently formula (25) becomes

_ 18 (., 9(y)
Uzt =35 (t fB(a:,t) (% — ly — =[?)!/2 W

(26)
+£f hy)
2 ) By (2 — |y — x|2)/2
But W ( |
tz
t2][ - d =t][ ety g,
bty @ =Ty =272 " T oy (L= [2P)2
and so

3, 9(y)
at (tQJ[ B(z) (2 — |y — z|2)1/2 dy)

g(z 4+ tz) f Dg(x 4+ t2) - z
= ———dz+t dz
][3(0,1) (1—|22)1/2 By (1 [2[?)/2

9(y) ][ Dg(y) - (y — )
=t dy +t dy.
][B(z,t) (8% — ly —z|2)1/2 Y B(z,) (82 — [y — z[?)1/2 Y

Hence we can rewrite (26) and obtain the relation

1][ tg(y) + 2h(y) + tDg(y) - (y — z) p
B(z,t)

(27) u(z,t) = 3 (€2 — |y — z|2)1/?

for z € R2, t > 0. This is Poisson’s formula for the solution of the initial-
value problem (11) in two dimensions.

This trick of solving the problem for n = 3 first and then dropping to
n = 2 is the method of descent.

d. Solution for odd n.

In this subsection we solve the Euler—Poisson—Darboux PDE for odd
n > 3. We first record some technical facts.
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LEMMA 2 (Some useful identities). Let ¢ : R — R be C*¥*1. Then for
k=1,2,...:

0) (&) G2 (%) = (4)* (r*2m),

. k—1 _ _ 1 gi
i) (24)" (FPFe(r) = s AFrit GR (),
where the constants ﬁj’-‘(j =0,...,k — 1) are independent of ¢.

Furthermore,
(iii) ﬁ§=1-3-5 ----- (2k — 1).

The proof by induction is left as an exercise.

Now assume

n > 3 is an odd integer

and set
n=2k+1 (k2>1).

Henceforth suppose u € C*T1(R" x [0, c0)) solves the initial-value prob-
lem (11). Then the function U defined by (12) is C*+1.

Notation. We write

(28) G'(T) = (%387)’6_1 (r?*=1G(z; 7)) (r>0,t>0)
H(r) = (22)" ¢ H(;r).

Then

(29) U(r,0) = G(r), U(r,0) = H(r).

Next we combine Lemma 1 and the identities provided by Lemma 2 to
demonstrate that the transformation (28) of U into U in effect converts the
Euler—Poisson-Darboux equation into the wave equation.

LEMMA 3 (U solves the one-dimensional wave equation). We have
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Proof. If r > 0,

=
I

Q)
ﬁl\)| %)
S’

(r**U,) by Lemma 2,(i)

k—1

k—1 n—1
[r%—l (UM + U)] (n=2k+1)

-
k—1 i
= (——) (r*1Uy) = Uy,

o ¥lo Fle
— N

Il I
TN TN TN TN

S|l= SI= S|I= Q

ol
> P

ror

the next-to-last equality holding according to (14). Using Lemma 2,(ii) we
conclude as well that U = 0 on {r = 0}. O

In view of Lemma 3, (29), and formula (10}, we conclude for 0 < r < ¢
that

t+r N
H(y)dy

t—r

(30) U(r,t) = %[@(r +t) =Gt -]+ %

for all r € R, t > 0. But recall u(z,t) = lim,—oU(z;r,t). Furthermore
Lemma 2,(ii) asserts

U(r,t) (1 (,.i ) (r* U (z; 7, 1))

-1

3"

o
k. j+1
B v ori

i

—U(x;mt);

.
il
=)

and so

lim U(:’ H_ lim U(zx;r, t) = u(z,t).
r—0 /801" r—(}

Thus (30) implies

Git+r)-Git—r) 1 [

1 7 +3n - H(y)dy}

1
u(z,t)= = 1i
B{f r—

=7 [G'(t) H(t))-
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Finally then, since n = 2k 4 1, (30) and Lemma 2,(iii) yield this repre-
sentation formula:
n—3

fu(m,t)=7in[(%) ( ag)T(tnz faB(m’t)gds)
o 087 (7 ares)]

. wherenisoddandy,=1-3-5----- (n—2),
forx e R™, t > 0.

We note that 3 = 1, and so (31) agrees for n = 3 with (21) and thus
with Kirchhoff’s formula (22).

It remains to check that formula (31) really provides a solution of (11).

THEOREM 2 (Solution of wave equation in odd dimensions). Assume n
is an odd integer, n > 3, and suppose also g € C™*H(R"), h € C™(R"), for
m = 21, Define u by (31). Then

(i) u € C?*R™ x [0, 00)),

(ii) up —Au=0 inR"” x (0,00),

and
iii li u(z,t) = g(z%), 1 ,t) = h{z"
(iii) LN (z,t) = g(2") (m,t%n(ﬂxo’o)w(m ) = h{z")
zeR?, >0 zeR?, t>0

for each point z° € R™.

Proof. 1. Suppose first g = 0; so that

1 (1d\"7,,,_

mn

Then Lemma 2,(i) lets us compute

n=1
1 /1a\*T,
Uy = ;; (Za) (t'l"b Ht) .

From the calculation in the proof of Theorem 2 in §2.2.2, we see as well that

=1 ][ Ahdy.
! n B(z,t)

)2 ( / Ahdy)
Bla,t)
n—3
1 1d\"T {1 /
=— (== = AhdS ) .
no(n)yn (tdt) (t OB(x,t) )

Consequently
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On the other hand,

AH(z;t) = Ag h(z + y) dS(y)
8B(0,2)

= ][ AhdS.
8B(z,t)

Consequently (32) and the calculations above imply uy = Awu in R™ X (0, co).
A similar computation works if h = 0.

2. We leave it as an exercise to confirm, using Lemma 2,(ii)-(iii}, that u
takes on the correct initial conditions. a

Remarks. (i) Notice that to compute u(x,t) we need only have information
on g, h and their derivatives on the sphere 0B(x,t), and not on the entire
ball B(z,t).

(ii) Comparing formula (31) with d’Alembert’s formula (8) (n = 1), we
observe that the latter does not involve the derivatives of g. This suggests
that for n > 1, a solution of the wave equation (11) need not for times ¢t > 0
be as smooth as its initial value g: irregularities in ¢ may focus at times
t > 0, thereby causing u to be less regular. (We will see later in §2.4.3 that
the “energy norm” of u does not deteriorate for ¢t > 0.)

(iii) Once again (as in the case n = 1) we see the phenomenon of finite
propagation speed of the initial disturbance.

(iv}) A completely different derivation of formula (31) (using the heat
equation!) is in §4.3.2. a

e. Solution for even n.

Assume now
n is an even integer.

Suppose u is a C™ solution of (11), m = %2 We want to fashion a rep-
resentation formula like (31) for u. The trick, as above for n = 2, is to
note

(33) u(z1,. .., Tnt1,t) = u(x1, ..., Tn,t)

solves the wave equation in R**! x (0, c0), with the initial conditions

=0, U =h 0nR"+1x{t=O},
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where

g(zr1,...,x =glz1,...,x
(34) { 5_7( 1 n+1) 1= g(T1 n)

h(:L‘l, c e ,;Un_|_1) = h(a:l, e ,:L‘n).
As n +1 is odd, we may employ (31) (with n + 1 replacing n) to secure
a representation formula for % in terms of g, A. But then (33) and (34) yield

at once a formula for u in terms of g, h. This is again the method of descent.

To carry out the details, let us fix z € R®, ¢t > 0, and write & =
(#1,... ,%n,0) € R"*1. Then (31), with n + 1 replacing n, gives

n—2
1 0 {10\ 7 -
1) = = -= t”—l][ gdS
u(@1) Tn+1 [at (tat) ( BB(i,t)g )
10\ (.., ][ -
+|-= " hdS ||,
(t 3?5) ( 8B(z,1) )]

B(z,t) denoting the ball in R”“_ with center Z and radius ¢, and dS n-
dimensional surface measure on 0B(Z,t). Now

) 1 _
36 ][ gdS = / gds.
(36) 8B(z, t)g (n+ Da(n+ 1)t Jopzy g

Note that OB(a: t) N {yn41 > 0} is the graph of the function y(y) :=

(t2 — |y — z/1)Y/2 for y € B(z,t) c R". Likewise 8B(z,t) N {yn+1 < 0}

is the graph of —+. Thus (36) implies
- 2

37 ]l gds = / ()1 + [Dy(y)[>)2dy,

O 50?5 = RIS+ DY)

the factor “2” entering because 8B(Z,t) comprises two hemispheres. Note
that (14|Dy(y)|?)1/% = t(t* — |y — 2[2)~1/2. Our substituting this into (37)
yields

g 2 9(y)
dS = / d
][BB(:E,t)g (n+Da(n+ 1)t" 1 Jpey (82 — |y — )1/ Y

_ _ 2te(n) o)
T A Do+ D] gy (@ = ly— 2@

We insert this formula and the similar one with h in place of g into (37),
and find

u(z,t) =

(35)

1 2a(n) 8 (1a\7 (, 9
Yn+1 (n+ Da(n+1) lat (t Bt) (t ][B(I’t) (t2 — |y — z|2)1/2 dy)

190 T t”][ hy) dy
t ot Bz, (8 — ly — z[*)1/2 '
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/2
~73v, We may compute
2

Since ype1 = 1-3-5---(n —1) and a(n) =
Tm=2-4.---(n—2) n.

Hence the resulting representation formula for even n is:
u(x,t) = —

Tn (%) (%%)%2 (tn][B(m,t) (t? — |z(il)x|2)1/2 d’y)
o ’ G%)T (tnf By (€ — IZ(EI)JEP)”2 dy)] ’

. wherenis evenand v, =2-4---(n—2) - n,

r

( 1

forx ¢ R", ¢ > 0.

Since 2 = 2, this agrees with Poisson’s formula (27) if n = 2.

THEOREM 3 (Solution of wave equation in even dimensions). Assume n
is an even integer, n > 2, and suppose also g € C™(R"), h € C™(R"),
form = ™2 Define u by (38). Then

(i) u € C%(R" x [0, 00)),

(11) Ut — Au=0 inR" x (O, OO),

and
li ) =g(%), i ,t) = h(z®
i) | m u(e,t)=g(e), lim @ t) = k()
zeR™, t>0 zeR?, t>0

for each point z° € R,
This follows from Theorem 2.

Remarks. (i) Observe, in contrast to formula (31), that to compute u(z, f)
for even n we need information on u = g, u; = h on all of B(z,t), and not
just on 0B(z,t).

(ii) Comparing (31) and (38) we observe that if n is odd and n > 3,
the data g and h at a given point z € R" affect the solution u only on
the boundary {(y,t) | t > 0, |x — y| = t} of the cone C = {(y,t) | t > 0,
|z —y| < t}. On the other hand, if n is even the data g and h affect u within
all of C. In other words, a “disturbance” originating ot x propagates along
a sharp wavefront in odd dimensions, but in even dimensions continues to
have effects even after the leading edge of the wavefront passes. This is
Huygens’ principle. O
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2.4.2. Nonhomogeneous problem.

We next investigate the initial-value problem for the nonhomogeneous
wave equation

{utt—Auzf in R™ x (0, c0)

39
(39) u=0, uyy=0 onR" x {t =0}

Motivated by Duhamel’s principle (introduced earlier in §2.3.1), we define
u = u(z,t; 8) to be the solution of

up(;8) — Au(-;8) = 0 in R™ x (s,00)
(40,) {u(-;s) = 0, w(;8) = f(-,s) onR"x {t=s}.

Now set
t
(41) u(z,t) = / u(z,t;8)ds (xz € R",t > 0).
0
Duhamel’s principle asserts this is a solution of

(42) {utt—Au=f in R™ x (0, c0)

u=0, uy =0 onR"x {t=0}

THEOREM 4 (Solution of nonhomogeneous wave equation). Assume n >
2 and f € CP/A+L(R™ x [0,00)). Define u by (41). Then

(i) u e C*R" x [0, 00)),

(ii) uyg —Au=f inR"™ x (0,00),

and
(iii) lim wu(z,t) =0, lim w(x,t) =0 for each point ¥ € R™.
(z,t)—(z°,0) (z,t)—(z°,0)
zeR™ >0 rcRr, t>0

Proof. 1. If n is odd, [%] +1= 7%1 According to Theorem 2 u(-,-;s) €
C%(R™ x [0,00)) for each s > 0, and so u € C*(R" x [0,00)). If n is even,
3] +1= "T” Hence u € C?(R"™ x [0, 00)), according to Theorem 3.

2. We then compute:
¢ ¢
w(z,t) = u(z,t;t) +/ ut(x,t;8)ds = / ut(x, t; 8) ds,
0 0
t
ugt(,t) = ue(z, t; t) +/ ug(x, t; 5) ds
0

t
= f(z,t) + '/(; up(z,t; 8) ds.
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Furthermore
t t
Au(z,t) = / Au(z,t;s)ds = / ut(x,t; 8) ds.
0 0
Thus
un(e,t) = Au(z,t) = f(z,8) (z €R™t > 0),
and clearly u(z,0) = u(x,0) = 0 for z € R™. O

Remark. The solution of the general nonhomogeneous problem is conse-
quently the sum of the solution of (11) (given by formulas (8), (31) or (38))
and the solution of (42) (given by (41)). m

Examples. (i) Let us work out explicitly how to solve (42) for n = 1. In
this case d’Alembert’s formula (8) gives

1 T+i—38 r+t— s
u(z, t;5) = —/ fly,s)dy, u / ] s) dyds.
2 r—t+s r—t+s
That is,
1 t r+8
(43) u(z,t) = 5/ / f(y,t —s)dyds (x €R, t>0).
0 Jxr—s

(ii) For n = 3, Kirchhoff’s formula (22) implies

w(z, t;s) = (t - s) ][BB( fwa)as

so that
t
u(zx,t) = f(t—s) (][ fly ,s)dS) ds
OB(x,t—s)
/ / f(y,s) des
OB(z,t~ s) (t“ s
dB(z,r) o
Therefore
1 fly,t =y —xl) 3
44 u(zx,t / d zeR’ t>0
) uwn=gf PR )

solves (42) for n = 3. The integrand on the right is called a retarded potential.
O
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2.4.3. Energy methods.

The explicit formulas (31) and (38) demonstrate the necessity of making
more and more smoothness assumptions upon the data g and h to ensure
the existence of a C? solution of the wave equation for larger and larger
n. This suggests that perhaps some other way of measuring the size and
smoothness of functions may be more appropriate. Indeed we will see in this
section that the wave equation is nicely behaved (for all n) with respect to
certain integral “energy” norms.

a. Uniqueness.

Let U C R™ be a bounded, open set with a smooth boundary 0U, and
as usual set Ur = U x (0,T}, I'r = Ur — Ur, where T > 0.

We are interested in the initial/boundary-value problem

ug —Au=f in Ur
(45) u=g onlr
uy=h onU x {t=0}.

THEOREM 5 (Uniqueness for wave equation). There exists at most one
function u € C*(Ur) solving (45).

Proof. If i is another such solution, then w := u — % solves

wtt-Aw=0 iIlUT
w=0 onIrt
wy =0 on U x {t =0}

Define the “energy”
1
e(t) = 5] w(z,8) + |Dw(z, )2dz (0 <t<T).
U

We compute

d
e(t) = / wiwy + Dw - Dw dx (‘: _)
U dit

= / wt(wtt — A’lﬂ)dﬂ? = 0.
U

There is no boundary term since w = 0 , and hence w; = 0, on 9U x [0, T].
Thus for all 0 < t < T, e(t) = e(0) = 0, and so w;, Dw = 0 within Ur. Since
w=0on U x {t =0}, we conclude w =u —u=0in Ur.
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(XOI ta)

Cone of dependence

b. Domain of dependence.

As another illustration of energy methods, let us examine again the
domain of dependence of solutions to the wave equation in all of space. For
this, suppose u € C? solves

utt—Au=O in R" x (0,00)
Fix zo € R", tg > 0 and consider the cone

C={(z,t) |0 <t < tg, |z —z0| < tg—t}

THEOREM 6 (Finite propagation speed). If u = u; = 0 on B(xg, ),
then u = 0 within the cone C.

In particular, we see that any “disturbance” originating outside B(xg, tg)
has no effect on the solution within C, and consequently has finite propaga-
tion speed. We already know this from the representation formulas (31) and
(38), at least assuming g = u and h = u; on R™ x {t = 0} are sufficiently
smooth. The point is that energy methods provide a much simpler proof.

Proof. Define

e(t) == % /B Ww2(z,1) + |Dulz, )2z (0 <t < to).

(1‘0 1t0_t)
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Then
1
é(t) = / Uty + Du - Duy dr — —/ uf + |Dul2dS
B(zp,tg—t) OB(zg,to—t)
= / ug(uy — Au)de
(46) B(:L'(],t(]—t) au .
+/ —uydS — —] u? + |Du|?dS
AB(zo,to—t) ov 2 JaB(zo,t0—1)
Ou 1, 1 2
= —ur — =u; — =|Dul*dS.
LB(zo,t0~t) ov ! 2 t 2I I
Now
Ju 1 1
4 — | < ||| Du| < =u? + =|Dul?
(47) 5, | < [uellDul < sui + 5| Dul%,

by the Cauchy—Schwarz and Cauchy inequalities (§B.2). Inserting (47) into
(46), we find é(t) < 0; and so e(t) < e(0) = 0 for all 0 < ¢ < ty. Thus wu,,

Du =0, and consequently u = 0 within the cone C.

A generalization of this proof to more complicated geometry appears

later, in §7.2.4.

2.5. PROBLEMS

In the following exercises, all given functions are assumed smooth, unless

otherwise stated.

1.  Write down an explicit formula for a function u solving the initial-

value problem

uy+b-Du+cu=0 inR" x (0,00)
u=g onR"x {t=0}.

Here ¢ € R and b € R™ are constants.

2. Prove that Laplace’s equation Au = 0 is rotation invariant; that is, if

O is an orthogonal n x n matrix and we define
v(z) :=u(Oz) (zeR"),

then Av = 0.

3. Modify the proof of the mean value formulas to show for n > 3 that

o) = ][ 45+ _/ ( - ) dz,
(0) aB((),T)g n(n — 2)a(n) B(0,r) |z|P=2 2 f
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provided
—Au=f in B%0,r)
u=g ondB(0,r).
4.  Wesay v € C*(U) is subharmonic if
—Av <0 inU.
(a) Prove for subharmonic v that
v(z) < ][ vdy forall B{z,r) CU.
B(z,r)
(b) Prove that therefore max; v = maxsy v.
(c) Let ¢ : R — R be smooth and convex. Assume u is harmonic
and v := ¢(u). Prove v is subharmonic.
(d) Prove v := |Du|? is subharmonic, whenever u is harmonic.
5. Prove that there exists a constant C', depending only on n, such that
<C
mmax luf < (a%l(%ﬁ) 9| + max | £1)
whenever u is a smooth solution of
—Au=f in B%0,1)
u=g on 0B(0,1).
6. Use Poisson’s formula for the ball to prove
n-2_ T — |$| n—2 r+ |$|
———u(0) <u(z) < r""*——————=u(0
ey 7O = = e O
whenever u is positive and harmonic in B%(0,7). This is an explicit
form of Harnack’s inequality.
7. Prove Theorem 15 in §2.2.4. (Hint: Since u = 1 solves (44) for g =1,
the theory automatically implies
[ K@yase) =1
8B(0,1)
for each £ € B%(0,1).)
8. Let u be the solution of

Au=0 inR}
u=g ondR}
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10.

11.

12.

13.

given by Poisson’s formula for the half-space. Assume ¢ is bounded
and g(z) = |z| for z € IR?, |z| < 1. Show Du is not bounded near

z = 0. (Hint: Estimate ﬂﬁ,\tqi@)

Let U™ denote the open half-ball {z € R" | |z| < 1, z, > 0}. Assume
u € C(U™) is harmonic in U*, with w =0 on U N {z, = 0}. Set

() { u(x) ifz, >0
v(x) :=
—u(Z1,-. . Tp-1,—Ty) ifzp, <O

for z € U = B%(0,1). Prove v is harmonic in U.
Suppose u is smooth and solves u; — Au = 0 in R™ x (0, 00).

(i)  Show wuy(z,t) := u(\z,A%t) also solves the heat equation for
each A € R.

(ii) Use (i) to show v(z,t) := x - Du(x,t) + 2tu(x, t) solves the heat

equation as well.
2

Assume n =1 and u(z,t) = v(%)

(a) Show
Ut = Uz
if and only if
(%) 420" (z) + (24 2)0'(2) =0 (2 > 0).

(b) Show that the general solution of (x) is

4
v(z) = c/ e~ */s71/2gs + d.
0

¢) Differentiate v( % ) with respect to x and select the constant ¢
t
properly, so as to obtain the fundamental solution ® for n = 1.

Write down an explicit formula for a solution of

ur—Autcu=f inR" x (0,00)
u=g onR"x {t =0},

where ¢ € R.
Given g : [0,00) — R, with ¢g(0) = 0, derive the formula

t

T
dr Jo (t—s)3/

_,2
u(z,t) = ettt g(s) ds
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for a solution of the initial /boundary-value problem
u= 0 onR+X{t=0},
u= g on {z=0}x]0,00).
(Hint: Let v(z,t) := u(z,t) — g(¢) and extend v to {z < 0} by odd
reflection. )
14. We say v € C2(Ur) is a subsolution of the heat equation if
—Av <0 inUy.
(a) Prove for a subsolution v that
vz, t) < / f oy, s) 2= u* dyds
47‘” E(z,t;r) )
for all E(z,t;r) C Ur.
(b)  Prove that therefore max, v = maxr; v.
(c) Let¢:R — R be smooth and convex. Assume u solves the heat
equation and v := ¢(u). Prove v is a subsolution.
(d) Prove v := |Du|? + u? is a subsolution, whenever u solves the
heat equation.
15. (a} Show the general solution of the PDE u;, = 0 is
u(z,y) = F(z) + G(y)
for arbitrary functions F,G.
(b) Using the change of variables £ = z + ¢, n = z — t, show
Ut — Uz = 0 if and only if ug, = 0.
(c) Use (a) and (b) to rederive d’Alembert’s formula.
16. AssumeE = (E', E? E3) and B = (B!, B2, B®) solve Maxwell’s equa-
tions (§1.2.2). Show
Ut — Au=0
where u = E* or B* (i = 1,2, 3).
17. (Equipartition of energy). Let u € C%(R x [0,00)) solve the initial-

value problem for the wave equation in one dimension:

{utt—um=0 in R x (0, 00)
u=g,uy =h onRx{t=0}
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Suppose g,h have compact support. The kz‘netic energy is k( )

2 /2

Prove

(i)
(i)

u?(z,t) dz and the potential energy is p(t) =1 [ u dz.

k(t) + p(t) is constant in ¢,
k(t) = p(t) for all large enough times ¢.
18. Let u solve

{utt—AuzO in R3 x (0, 00)
u=g,u =h onR3x {t=0},

where ¢, h are smooth and have compact support. Show there exists
a constant C such that

lu(z,t)| < C/t (z €R® t>0).

2.6. REFERENCES

Section 2.2

Section 2.3

Section 2.4

Section 2.5

A good source for more on Laplace’s and Poisson’s equations
is Gilbarg—Trudinger [G-T, Chapters 2-4]. The proof of an-
alyticity is from Mikhailov [M]. J. Cooper helped me with
Green'’s functions.

See John [J, Chapter 7] or Friedman [FR2] for further infor-
mation concerning the heat equation. Theorem 3 is due to
N. Watson [W], as is the proof of Theorem 4. Theorem 6 is
taken from John [J], and Theorem 8 follows Mikhailov [M].
Theorem 11 is from Payne [PA, §2.3].

See Antman [A] for a careful derivation of the one-dimension-
al wave equation as a model for a vibrating string. The
solution of the wave equation presented here follows Folland
[F1], Strauss [ST.

J. Goldstein suggested Problem 17.
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NONLINEAR
FIRST-ORDER PDE

3.1 Complete integrals, envelopes

3.2 Characteristics

3.3 Introduction to Hamilton—Jacobi equations
3.4 Introduction to conservation laws

3.5 Problems

3.6 References

In this chapter we investigate general nonlinear first-order partial differ-
ential equations of the form

F(Du,u,z) =0,
where x € U and U is an open subset of R". Here
F:R"xRxU—-R
is given, and u : U — R is the unknown, u = u(z).
Notation. Let us write
F=F(p,z,x) =F(p1,-.-,Pny 2, L1, --,Tn)

forpe R, z € R, x € U. Thus “p” is the name of the variable for which
we substitute the gradient Du(z), and “z” is the variable for which we
substitute u(x). We also assume hereafter that F is smooth, and set

DpF:(Fpu---ann)
D, F =F,
DIF=(FII,...,F%).

O
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We are concerned with discovering solutions u of the PDE F(Du,u,z) =
0 in U, usually subject to the boundary condition

u=g onl,
where T is some given subset of U and g : I’ — R is prescribed.

Nonlinear first-order partial differential equations arise in a variety of
physical theories, primarily in dynamics (to generate canonical transforma-
tions), continuum mechanics (to record conservation of mass, momentum,
energy, etc.) and optics (to describe wavefronts). Although the strong
nonlinearity generally precludes our deriving any simple formulas for so-
lutions, we can, remarkably, often employ calculus to glean fairly detailed
information about solutions. Such techniques, discussed in §§3.1 and 3.2,
are typically only local. In §§3.3 and 3.4 we will for the important cases

of Hamilton—Jacobi equations and conservation laws derive certain global
representation formulas for appropriately defined weak solutions.

3.1. COMPLETE INTEGRALS, ENVELOPES

3.1.1. Complete integrals.

We begin our analysis of the nonlinear first-order PDE
(1) F(Du,u,z) =0

by describing some simple classes of solutions and then learning how to build
from them more complicated solutions.

Suppose first A C R" is an open set. Assume for each parameter a =
(ai,...,a,) € A we have a C? solution u = u(z;a) of the PDE (1).

Notation. We write
Ugy Uziay -+ Uzpa
() (Daw,D2u) =
Ua,, Uzrian -+ Uzpan/ nx(n+l)

([
DEFINITION. A C? function u = u(x;a) is called a complete integral in
U x A provided
(i) u(z; a) solves the PDE (1) for eacha € A
and

(ii) rank(Dgu, D2, u) =n (2 €U, ac A).
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Remark. Condition (ii) ensures u(z;a) “depends on all the n independent
parameters ay, .. .,a,”. To see this, suppose B C R" ! is open, and for each
b € B assume v = v(z;b) (x € U} is a solution of (1). Suppose also there
exists a C! mapping ¥ : A — B, v = (¢!,..., ¢ 1), such that

(3) u(z;a) = v(z;yla)) (z€U, a€A).
That is, we are supposing the function u(z;a) “really depends only on the
n — 1 parameters by,...,b,—1”. But then

Uza; (T; Q) Z'Uwzbk z; ¢ (a ¢aj(a) (4,5 =1,...,n).

Consequently
- v - Yo
det(D? u) = Z Uzyby, - - - Vanby, det =0,
ki, kn=1 1/,2? . wﬁ:
since for each choice of k1,...,k, € {1,...,n — 1}, at least two columns in

the corresponding matrix are equal. As

g, (2;0) = vak w (@), (@) (G=1,...,n),
a similar argument shows the determinant of each n x n submatrix of
(Dgou, D2,u) equals zero, and thus this matrix has rank strictly less than

n. g

Example 1. Clairaut’s equation from differential geometry is the PDE

(4) z - Du+ f(Du) = u,

where f: R” — R is given. A complete integral is

(5) u(z;a)=a-z+ fla) (ze€lU)

for a € R™. O

Example 2. The eikonal® equation from geometric optics is the PDE

(6) |Du| = 1.

A complete integral is

(7) u(z;a,b)=a-xz+b (zel)

forx e U, a € 8B(0,1), beR. O

*eukor = image (Greek)
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Example 3. The Hamilton-Jacobi equation from mechanics is in its sim-
plest form the partial differential equation

(8) uy + H(Du) =0,

where H : R — R. Here u depends on z = (z1,...,2,) € R" and t € R.
As before we have set ¢ = z,,1 and written Du = Dyu = (uz,,...,Uz,). A
complete integral is

(9) u(z,t;a,b) =a-z—tH(a)+b (ze€R" t>0)

where a € R™, b € R.

3.1.2. New solutions from envelopes.

We next demonstrate how to build more complicated solutions of our
nonlinear first-order PDE (1), solutions which depend on an arbitrary func-
tion of n — 1 variables, and not just on n parameters. We will construct
these new solutions as envelopes of complete integrals or, more generally, of
other m-parameter families of solutions.

DEFINITION. Let u = u(x;a) be a C! function of z € U, a € A, where
U CR™ and A C R™ are open sets. Consider the vector equation

(10) Dou(z;a) =0 (z €U, ac€ A).

Suppose that we can solve (10) for the parameter a as a C function of z,

(11) e = ¢(z);
thus
(12) Dou(z; d(z)) =0 (zeU).

We then call

(13) v(z) = u(z; d(z)) (zeU)
the envelope of the functions {u(-;a)}eca-

By forming envelopes we can build new solutions of our nonlinear first-
order partial differential equation:
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THEOREM 1 (Construction of new solutions). Suppose for each a € A
as above that u = u(-;a) solves the partial differential equation (1). Assume
further that the envelope v, defined by (12) and (13) above, exists and is a
C! function. Then v solves (1) as well.

The envelope v defined above is sometimes called a singular integral of

(1).

Proof. We have v(z) = u(z;¢(x)); and sofor i =1,...,n

Yz, (:B) = Ug; (375 ¢’($)) + Z Uq, (:l?, ¢($))¢i,($)
7=1
= Uy, (z; ¢(z)), according to (12).
Hence for each z € U,

F(Dv(z),v(z), ) = F(Du(z; ¢(x)), u(z; ¢(z)), ) = 0.

g

Remark. The geometric idea is that for each x € U, the graph of v is
tangent to the graph of u(-;a) for a = ¢(x). Thus Dv = D, u(-;a) at z, for
a = ¢(z). O

Example 4. Consider the PDE
(14) uw?(1+|Duf*) = 1.
A complete integral is
u(z,a) = (1 — |z — a>)? (jz - a| < 1).

We compute

Flz—-0)
YT 0T —aP)?
provided a = ¢{(x) = x. Thus v = +1 are singular integrals of (14). |

To generate still more solutions of the PDE (1) from a complete integral,
we vary the above construction. Choose any open set A’ C R*~! and any
C! function h : A’ — R, so that the graph of h lies within A. Let us write

a=(ai,...,a,) = (d',a,) fora =(a1,...,an_1) € R L
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DEFINITION. The general integral (depending on h) is the envelope v/ =
v'(z) of the functions

v (z;a') = u(z;a’ ,h(a’)) (zeU, o el
provided this envelope exists and is C*.

In other words, in computing the envelope we are now restricting only
to parameters a of the form a = (a’, h{a)), for some explicit choice of the
function h.

Remarks. (i) Thus from a complete integral, which depends upon 7 ar-
bitrary constants ai,...,a,, we build (whenever the foregoing construction
works) a solution depending on an arbitrary function h of n — 1 variables.
(ii) It is tempting to believe that once we can find as above a solution
of (1) depending on an arbitrary function h we have found all the solutions
of (1). This need not be so, however. Suppose our PDE has the structure
F(Du,u,z) = Fi(Du,u,z)Fo(Du,u,z) = 0.

If u1 (z, @) is a complete integral of the PDE F) (Du, u,z) = 0, and we succeed
in finding a general integral corresponding to any function A, we will still
have missed all the solutions of the PDE F,(Du,u,z) = 0. ]

Example 5. An alternative form for a complete integral of the eikonal
equation |Du| =1 for n =2 is
(15) u(x;a) = 1 cosay + x2sina) +az  (z,a € R?).
We set h = 0, so that
v (z;a1) = 21 cosay + T2sina;

represents the subfamily of planar solutions of |Du| = 1, whose graphs pass
through the point (0,0,0) € R3. We then compute the envelope by writing

D, v = —z1sina; + z2cosa; = 0.

Thus a; = arctan %, and consequently
v'(z) = z; cos(arctan ﬁ) + z3 sin(arctan Ez) =+|z| (z € R?)
T I

solves |Du| =1 for z # 0. O

Example 6. Let H(p) = |p|*>, h = 0 in Example 3 above. Then

u(z,t;a) =z - a—ta).
We calculate the envelope by setting Dou’ = x — 2ta = 0. Hence a = Z,
and so | |2
p x T2 |z n
,t) = -«——t‘*‘z— ceR" t>0
vt =z 5 -ty =3 @ >0)

solves the Hamilton—Jacobi equation u; + |Du|? = 0. O
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3.2. CHARACTERISTICS

3.2.1. Derivation of characteristic ODE.

We return to our basic nonlinear first-order PDE
(1) F(Du,u,z)=0 inU,
subject now to the boundary condition
(2) u=g onT,

where ' C 8U and g : T — R are given. We hereafter suppose that F, g are
smooth functions.

We develop next the method of characteristics, which solves (1), (2) by
converting the PDE into an appropriate system of ODE. This is the plan.
Suppose u solves (1), (2) and fix any point z € U. We would like to calculate
u{z) by finding some curve lying within U, connecting z with a point A=
and along which we can compute u. Since (2) says u = g on I', we know
the value of u at the one end z°. We hope then to be able to calculate u all
along the curve, and so in particular at z.

Finding the characteristic ODE. How can we choose the curve so all
this will work? Let us suppose it is described parametrically by the function
x(s) = (z'(s),...,z™(s)), the parameter s lying in some subinterval of R.
Assuming u is a C? solution of (1), we define also

3) 2(s) = u(x(s)).
In addition, set

(4) p(s) := Du(x(s));

that is, p(s) = (p'(s),...,p"(s)), where

(5) p(s) = un,(x(s)) (i=1,...,n).

So z(-) gives the values of u along the curve and p(-) records the values of
the gradient Du. We must choose the function x(:) in such a way that we
can compute z(-) and p(:).

For this, first differentiate (5):

©) P(6) =D a0 (= 5
j=1

it
|
N’
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This expression is not too promising, since it involves the second derivatives
of u. On the other hand, we can also differentiate the PDE (1) with respect
to x;:

oOF

OF
(7} 2 op; 7 (Du, u, T)uz 2, + 5

We are able to employ this identity to get rid of the “dangerous” second
derivative terms in (6), provided we first set

oF :

—(p(s), 2(38),x(s j=1,...,n).

5y (P(5), ) x(5)) )

Assuming now (8) holds, we evaluate (7) at £ = x(s), obtaining thereby
from (3) (4) the identity:

g‘F ((5), 2(5),%(5) oz, (x(5)

+ %f"(P(S), z(s),x(s))p'(s) + gj: (p(s), 2(s),x(s)) = 0.

Substitute this expression and (8) into (6):

P(9) = — 5 (pls), 2(5),%(5))

(9)
_ g_f(p(s),z(s),x(s))pi(s) (i=1,...,n).

Finally we differentiate (3):

(10) (s Z (s))#7(s) = Zp’(s —(P , 2(8),%(s)),
amj

ZF;(Du u,z) = 0.

(Du, u, x)uy, +

(8) ! (s) =

the second equahty holding by (5) and (8).

We summarize by rewriting equations (8)—(10) in vector notation:
(a) p(s) = —D:F(p(s), 2(s), x(s)) — D=F(p(s), z(s), x(s))p(s)
(11) (b) 2(s) = Dy F(p(s), z(s),x(s)) - p(s)
(c) x(s) = DpF(p(s), 2(s), x(s)).

This important system of 2n + 1. first-order ODE comprises the char-
acteristic equations of the nonlinear first-order PDE (1). The functions
p() = (P (),...,p" (), z(-), x(-) = (&*(-),...,z"(-)) are called the charac-
teristics. We will sometimes refer to x(-) as the projected characteristic: it
is the projection of the full characteristics (p(-), z(-),x(-}) € R?"*1 onto the
physical region U C R™.
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We have proved:

THEOREM 1 (Structure of characteristic ODE). Let u € C%(U) solve
the nonlinear, first-order partial differential equation (1) in U. Assume x(-)
solves the ODE (11)(c), where p(-) = Du(x(-)), z(-) = u(x(-)). Then p(-)
solves the ODE (11)(a) and z(-) solves the ODE (11)(b), for those s such
that x(s) e U.

We still need to discover appropriate initial conditions for the system
of ODE (11), in order that this theorem be useful. We accomplish this in
§3.2.3 below.

Remark. The characteristic ODE are truly remarkable in that they form
a closed system of equations for x(-), z(-) = u(x(-)), and p(-) = Du(x()),
whenever u is a smooth solution of the general nonlinear PDE (1). The
key step in the derivation is our setting x = D,F, so that—as explained
above—the terms involving second derivatives drop out. We thereby obtain
closure, and in particular are not forced to introduce ODE for the second
and higher derivatives of u. O

3.2.2. Examples.

Before continuing our investigation of the characteristic equations (11),
we pause to consider some special cases for which the structure of these
equations is especially simple. We illustrate as well how we can sometimes
actually solve the characteristic ODE and thereby explicitly compute solu-
tions of certain first-order PDE, subject to appropriate boundary conditions.

a. F linear.

Consider first the situation that our PDE (1) is linear and homogeneous,
and thus has the form

(12) F(Du,u,z) = b(z) - Du(z) + c(z)ulz) =0 (z € V).
Then F(p, z,z) = b(z) - p + ¢(z)z, and so

(13) D,F =b(z).

In this circumstance equation (11)(c) becomes

(14) x(s) = b(x(s)),

an ODE involving only the function x(-). Furthermore equation (11)(b)
becomes

(15) £(s) = b(x(s)) - p(s)-



100 3. NONLINEAR FIRST-ORDER PDE

Since p(-) = Du(x(-)), equation (12) simplifies (15), yielding

(16) z(s) = —c(x(s))z(s).

This ODE is linear in z(-), once we know the function x(-) by solving (14).
In summary,

a) x b(x(s
a (&) 2 =blate)

s) =
(b)  2(s) = —c(x(s))2(s)

comprise the characteristic equations for the linear, first-order PDE (12).
(We will see later that the equation for p(-) is not needed.) O

Example 1. We demonstrate the utility of equations (17) by explicitly
solving the problem

T1Ug, — To2Uz, =u in U
(18) { u=g onl,

where U is the quadrant {z; > 0,22 > 0} and [’ = {z; > 0,22 = 0} C 9U.
The PDE in (18) is of the form (12), for b = (—z2,z;) and ¢ = —1. Thus
the equations (17) read

(19)

Accordingly we have

x1(s) = 2z%cos s, z%(s) = z’sins

z(s) = 2%° = g(z) e,
wheremOZO,Ogsgg.
2% > 0 so that (z1,z2) = (z!(s), 2%(s)) = (z%cos s,z
(z2 + z3)1/2, s = arctan (%) . Therefore

Fix a point (x;,z2) € U. We select s > 0,
Osins). That is, 2% =

u(x1, z2) = u(z'(s),&2(s)) = 2(s) = g(z°) €*

arcran 22
— g((af + )12y ),
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b. F quasilinear.

The partial differential equation (1) is quasilinear should it have the
form

(20) F(Du,u,z) = b(z,u(z)) - Du(z) + c(z,u(z)) = 0.
In this circumstance F(p, z,z) = b(z, 2) - p+ ¢(z, z); whence
DpF =b(z, z).

Hence equation (11)(c) reads

and (11)(b) becomes

4(s) = b(x(s), (s)) - B(s)
= —c(x(s),2(s)), by (20).

Consequently

a) x(s) = b(x(s), z(s
o (%) blxto. )

(b)  2(s) = —c(x(s), 2(s))

are the characteristic equations for the quasilinear first-order PDE (20).
(Once again the equation for p(-) is not needed.) O

Example 2. The characteristic ODE (21) are in general difficult to solve,
and so we work out in this example the simpler case of a boundary-value
problem for a semilinear PDE:

Ugy + Ugy, = w2 in U
(22) { u=g¢g onl.

Now U is the half-space {2 > 0} and I' = {z2 = 0} = 8U. Here b = (1,1)
and ¢ = —z2%. Then (21) becomes

{j:lzl, & =1

3= 22

Consequently

z(S)_ 2y = o)

{ml(s) =20+, 2%(s) = s
1-s20 = 1-sg(z9)’

where z° € R, s > 0, provided the denominator is not zero.
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Fix a point (z1,x2) € U. We select s > 0 and 2° € R so that (z1,z2) =
(z1(s),2%(s)) = (a9 + s,5); that is, 2° = 21 — 12, s = 0. Then

0
u(xy, ) = u(:rl(s),:cQ(s)) =z(s) = %;T)ﬁ
_ 9(-’171 - -’E2)
1 —zag(z1 — 32)
This solution of course makes sense only if 1 — zog(z1 — x2) # 0. a

c. F fully nonlinear.

In the general case, the full characteristic equations (11) must be inte-
grated, if possible.

Example 3. Consider the fully nonlinear problem

Ug Ug,=u inU
(23) { u=1r2 onT,

where U = {x; > 0}, I = {; = 0} = 8U. Here F(p,z,z) = p1p2 — z, and

hence the characteristic ODE (11) become
pt=p', p*=p’
z = 2p'p?

2l = p?, 42 = pl.
We integrate these equations to find
zl(s) = p(e® — 1), z*(s) = 2° +pi(e’ — 1)
z(s) = 2% + pip3(e?® — 1)
p'(s) = ple* p’(s) = pie’,
where z° € R, s € R, and 2° = (:1:0)2.

We must determine p® = (p,p3). Since u = 2% on T, pJ = u,,(0,2°) =
2z°. Furthermore the PDE ug, u,, = u itself implies pIpd = 2% = (2%)?, and
so p{ = % Consequently the formulas above become

2'(s) = 22%(e* — 1), 22(s) = Z(e® + 1)
2(s) = ("¢
pi(s) = %0 e’, p*(s) = 2z%>.

Fix a point (x1,z2) € U. Select s and z” so that (z1,z2) = (z!(s), £%(s))
= (22%(e* — 1), & (¢* + 1)). This equality implies z® = 422781 ¢s = 2ublay,
and so

w(z1, x2) = u(z'(s), 2(s)) = 2(s) = (z°)%e**

(.’El + 4:1,'2)2
16 '
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3.2.3. Boundary conditions.
We return now to developing the general theory.
a. Straightening the boundary.

We intend in the section following to invoke the characteristic ODE
(11) actually to solve the boundary-value problem (1), (2), at least in a
small region near an appropriate portion I’ of OU. In order to simplify
the relevant calculations, it is convenient first to change variables, so as to
“fatten out” part of the boundary OU. To accomplish this, we first fix
any point z° € 8U. Then utilizing the notation from §C.1, we find smooth
mappings ® ¥ : R" — R” such that ¥ = &! and & straightens out U
near z° (See the illustration in §C.1.)

Given any function u : U — R, let us write V := ®(U) and set

(24) u(y) =uw(¥(y) (yeV)
Then
(25) u(z) = v(®(x)) (ze€U).

Now suppose that u is a C! solution of our boundary-value problem (1), (2)
in U. What PDE does v then satisfy in V7

According to (25), we see

i Zvyk ) (z':l,...,n);

Ug, (

that is,
Du(z) = Duv(y)D®(x).

Thus (1) implies
0 = F(Du(z),u(x), x)
= F(Dv(y)D2(¥(y)), v(y), ¥(y)).
This is an expression having the form
G(Dv(y),v(y),y) =0 inV.
In addition v = h on A, where A := ®(T') and h(y) := g(¥(y)).

In summary, our problem (1), (2) transforms to read

(vay) inV
= h on A,

for GG, h as above. The point is that if we change variables to straighten out
the boundary near z°, the boundary-value problem (1), (2) converts into a
problem having the same form.

(26)

(27)
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b. Compatibility conditions on boundary data.

In view of the foregoing computations, if we are given a point z° € T we
may as well assume from the outset that I is flat near z°, lying in the plane

{z, = 0}.

We intend now to utilize the characteristic ODE to construct a solution
(1), (2), at least near z°, and for this we must discover appropriate initial
conditions

(28) p(0) = 1", 2(0) = 2°, x(0) = 2"
Now clearly if the curve x(-) passes through z°, we should insist that
(29) 2% = g(z9).

What should we require concerning p(0) = p°? Since (2) implies
u(21...2n_1,0) = g(x1...ZTn-1) near z°, we may differentiate to find

ug, (%) = g, (z%) G =1,...,n-1).

As we also want the PDE (1) to hold, we should therefore insist p° =
(pY,...,pY) satisfies these relations:

(30) { PP=g. (2% (i=1,...,n—-1)
F(p° 2% 2% =0.
These identities provide n equations for the n quantities p° = (p?, .., P0).

We call (29) and (30) the compatibility conditions. A triple (p°, 2%, %) €
R2"*+1 verifying (29), (30) is admissible. Note z° is uniquely determined
by the boundary condition and our choice of the point 22, but a vector pY
satisfying (30) may not exist or may not be unique.

c. Noncharacteristic boundary data.

So now assume as above that z° € T, that I near 2° lies in the plane
{zn = 0}, and that the triple (p®, 2% z°) is admissible. We are planning to
construct a solution u of (1), (2) in U near z° by integrating the character-
istic ODE (11). So far we have ascertained x(0) = z°, z(0) = 2%, p(0) = p°
are appropriate boundary conditions for the characteristic ODE, with x(-)
intersecting " at z°. But we will need in fact to solve these ODE for nearby
initial points as well, and must consequently now ask if we can somehow
appropriately perturb (p”, 2%, z%), keeping the compatibility conditions.
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In other words, given a point ¥ = (y1,...,Yn-1,0) € T, with y close to
29, we intend to solve the characteristic ODE

(a) B(s) = —DzF(p(s), 2(s),%(5)) — D=F(p(s), z(s), x(s))p(s)
(31) (b) 2(s) = DpF(p(s),2(s),%(s)) - P(s)
(c) %(s) = DpF(p(s), 2(s),x(s)),

with the initial conditions

(32) p(0) =q(y), z(0) =g(y), x(0) =y.
Our task then is to find a function q(-) = (¢'(-),...,¢*(*)), so that
(33) q(z") =p"

and (q(y), g(y),y) is admissible; that is, the compatibility conditions
{ ¢y) =gs(y) (i=1,....,n-1)
Fla(y),9(y),y) =0
hold for all y € T" close to z°.

(34)

LEMMA 1 (Noncharacteristic boundary conditions). There ezists a unique
solution q(-) of (33), (34) for all y € T sufficiently close to x°, provided

(35) Fpn (pﬂazoa‘TO) 75 0.

We say the admissible triple (p°, 2%, z°) is noncharacteristic if (35) holds.
We henceforth assume this condition.

Proof. To simplify notation, let us now temporarily write y = (y1,...,yn) €
R™. We apply the Implicit Function Theorem (§C.6) to the mapping

G :R" xR" - R"™, G(p,y) = (G p,y),...,G"(p,y),

where . .
{ G'p,y) =pi—gz,(y) (i=1,....,n—1)
G™(p,y) = F(p,9(y),v)-
Now G(p, z°) = 0, according to (29), (30). Also
1 0 0
D,G(",2%) = - : ,
pG(p',z") 0 1 0
Fy, (pO, ZOa 370)' .- Fp, (pO, an -TO) nxn
and thus
det D;UG(pO, xO) = Fpn (pO, zO) 'TO) # 03
in view of the noncharacteristic condition (35). The Implicit Function Theo-
rem thus ensures we can uniquely solve the identity G(p, y) = 0 for p = q(y),
provided y is close enough to z°. O
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Remark. IfT is not flat near z°, the condition that ' be noncharacteristic
reads

(36) DPF(p07 ZO, :EO) ) V(SC()) # 0)

v(z°) denoting the outward unit normal to 8U at z°. 0O

3.2.4. Local solution.

Remember that our aim is to use the characteristic ODE to build a
solution u of (1), (2), at least near . So as before we select a point 2% € T
and, as shown in §3.2.3, may as well assume that near 2° the surface I is flat,
lying in the plane {z, = 0}. Suppose further that (p°, z°, z°) is an admissible
triple of boundary data, which is noncharacteristic. According to Lemma 1
there is a function q(-) so that p° = q(z®) and the triple (q(y), 9(y),y) is
admissible, for all y sufficiently close to zU.

Given any such point ¥ = (y1,...,Yn—1,0), we solve the characteristic
ODE (31), subject to initial conditions (32).

Notation. Let us write

(s) = 2(y,8) = 2(y1,- .., ¥n-1,8)
x(s) = x(y,s) = x(¥1,-- -1 Yn—1,9)

to display the dependence of the solution of (31), (32) on s and y. O

p(s) =p¥,8) =pPW1,--.,¥n-1,8)
z =

LEMMA 2 (Local invertibility). Assume we have the noncharacteristic
condition Fp, (p°, 2% 2% # 0. Then there erist an open interval I C R
containing 0, a neighborhood W of z° in T C R™ !, and a neighborhood V
of % in R, such that for each x € V there exist unique s € I, y € W such
that

z = x(y, 5)-

The mappings  — s,y are C2.

Proof. We have x(z%, 0) = 2% Consequently the Inverse Function Theorem
(§C.5) gives the result, provided det Dx(z%,0) # 0. Now

x(y,0) = (y,0) (yel),

andsoifi=1,...,n—1,
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Furthermore equation (31)(c) implies

ox?
E(.’EO,O) = Fp.(po, 20,170).
Thus
1 0 Fpl (p()’ ZO’ -TO)
Dx(z%,0) = - f ;

0 1 :
0---0 F;Dn(pﬂ,zﬂvxu) nxn

whence det Dx(z?,0) # 0 follows from the noncharacteristic condition (35).
(]

In view of Lemma 2 for each z € V, we can locally uniquely solve the
equation

(37) { z = x(y, ),

for y=y(z), s = s(z).
Finally, let us define

(38) { u(z) := 2(y(x), s(x))

p(z) := p(y(z), s(z))
for ¢ € V and s,y as in (37).

We come finally to our principal assertion, namely, that we can locally
weave together the solutions of the characteristic ODE into a solution of the
PDE.

THEOREM 2 (Local Existence Theorem). The function u defined above
is C? and solves the PDE

F(Du(z), u(),5) =0 (z € V),
with the boundary condition

u(z) =g{(z) (zel'nV).

Proof. 1. First of all, fix y € T close to z¥ and, as above, solve the charac-
teristic ODE (31), (32) for p(s) = p(y, s), 2(s) = 2(y, s), and x(s) = x(y, s).

2. We assert that if y € ' is sufficiently close to z%, then

(39) fy,s) == F(p(y, 5), 2(y,8),x(y,5)) =0 (s €R).
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To see this, note

f(¥,0) = F(p(y,0), 2(y,0), x(y,0))
= F(q(y),9(y),y) =0,

by the compatibility condition (34). Furthermore

(40)

of _N=0OF . OF —~ OF _;
Bs(y’) gapjp?+3zz+jz=;3mjm
“OF [ OF OF ;\ OF [~ 8F
—E}E(‘a—%‘a )’La(za—%p’)
" OF 8F)
— | =— 1, according to {31
> B (apj g to (31)
=0.

This calculation and (40) prove (39).

3. In view of Lemma 2 and (37)-(39), we have
F(p(z),u(z),z) =0 (zeV).
To conclude, we must therefore show

(41) plz) = Du(z) (xzeV).

4. In order to prove (41), let us first demonstrate for s € I, y € W that

(42) g%(y,S) = j;p’(y,S)%(y,S)
and
(43) —(y, s) = Zp’(y, 5) (y, s) (i=1,...,n—1).

These formulas are obviously consistent with the equality (41) and will later
help us prove it. The identity (42) results at once from the characteristic
ODE (31)(b),(c). To establish (43), fix y € I, s € {1,...,n — 1}, and set

(44) ri(s) = Zw (5,5 %y, 5).
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We first note 7*(0) = g.,(y) — ¢*(y) = O according to the compatibility
condition (34). In addition, we can compute

i 0%z = [op’ 027 . §%x
(45) #s) = Oy 0s JS;: [ Os dy; +p78y¢33] '

In order to simplify this expression, let us first differentiate the identity (42)
with respect to y;:

0%z =\ [8pf Oxd - §%zd
(46) asOy; Z [Byi Os +7 asayi] '

Substituting (46

p—

into (45), we discover
[Op/ 0x7 op’ 0z’
| Oy; Os  Os Oy

3p3 oF AF .\ 8xr’
B, (apj) (‘67:;‘5 )ay] by (B1)(a)

Now differentiate (39) with respect to y;:

ZBFBp’ OF 0z — OF oz’
Bpj Oy, Oz Oy, = ozx; Oy,

#(s) =

-

“
i
AN

(47)

=
il
—

-

We employ this 1dent1ty in (47), thereby obtaining
: 83:3 oz _OF
4 7*( E =

Hence r*(-) solves the linear ODE (48), with the initial condition r*(0) = 0.
Consequently 7i(s) = 0 (s € R, i = 1,...,n — 1); and so identity (43) is
verified.

5. We finally employ (42), (43) in proving (41). Indeed, if j =1,...,n,

Bu _ 0205 =020y
a:lij N 0s a:vj im1 Byi ij

(Zpk oz ) Z (Z k ayz) 5 by (42), (43)

=1 \k=1

n 9z s <= dzF oy
_ k
=27 (as oz, +>: By: Oz

by (38)




110 3. NONLINEAR FIRST-ORDER PDE

This assertion at last establishes (41), and so finishes up the proof. O

3.2.5. Applications.

We turn now to various special cases, to see how the local existence
theory simplifies in these circumstances.

a. F linear.

Recall that a linear, homogeneous, first-order PDE has the form
(49) F(Du,u,z) = b(x) - Du(z) + c(z)u(z) =0 (zeU).
Our noncharacteristic assumption (36) at a point z° € " as above becomes
(50) b(z’) - v(z”) #0,

and thus does not involve z° or p® at all. Furthermore if we specify the
boundary condition

(51) u=g onl,

we can uniquely solve equation (34) for q(y) if y € T is near 2% Thus we
can apply the Local Existence Theorem 2 to construct a unique solution
of (49), (51) in some neighborhood V containing z°. Note carefully that
although we have utilized the full characteristic equations (31) in the proof
of Theorem 2, once we know the solution exists, we can use the reduced
equations (17) (which do not involve p(-)) to compute the solution. Observe
also the projected characteristics x(-) emanating from distinct points on T’
cannot cross, owing to uniqueness of solutions of the initial-value problem

for the ODE (17)(a).

Example 4. Suppose the trajectories of the ODE
(52) %(s) = b(x(s))

are as drawn for Case 1.

We are thus assuming the vector field b vanishes within U only at one
point, which we will take to be the origin 0, and b-v» <0 on I' :=0U. Can
we solve the linear boundary-value problem

b-Du=0 inU
|
(53) { u=g onl?

Invoking Theorem 2 we see that there exists a unique solution u defined
near I', and indeed that u(x(s)) = u(x(0)) = g(z®) for each solution of the
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Case 1: flow to an attracting point

Case 2: flow across a domain

ODE (52), with the initial condition x(0) = z% € I". However, this solution
cannot be smoothly continued to all of U (unless g is constant): any smooth
solution of (53) is constant on trajectories of (52), and thus takes on different
values near z = 0.

On the other hand, now suppose the trajectories of the ODE (52) look
like the illustration for Case 2. We are consequently now assuming that each
trajectory of the ODE (except those through the characteristic points A, B)
enters U precisely once, somewhere through the set

[:={z € 0U | b(z) - v(z) < 0},

and exits U precisely once. In this circumstance we can find a smooth
solution of (53) by setting u to be constant along each flow line.
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Case 3: flow with characteristic points

Assume finally the flow looks like Case 3. We can now define u to be
constant along trajectories, but then u will be discontinuous (unless g(B) =
g(D)).

Note that the point D is characteristic and that the local existence theory
fails near D. 0

b. F quasilinear.

Should F be quasilinear, the PDE (1) becomes
(54) F(Du,u,z) = b{z,u) - Du+ c(z,u) =0.

The noncharacteristic assumption (36) at a point z° € I reads b(z?, 2°) -
v(z®) # 0, where 20 = g(2%). As in the preceding example, if we specify the
boundary condition

(55) u=g onl,

we can uniquely solve the equations (34) for q(y) if y € I near z°. Thus
Theorem 2 yields the existence of a unique solution of (54), (55) in some
neighborhood V of %, We can compute this solution in V using the reduced
characteristic equations (21), which do not explicitly involve p(-).

In contrast to the linear case, however, it is possible that the projected
characteristics emanating from distinct points in I' may intersect outside V;
such an occurrence usually signals the failure of our local solution to exist
within all of U.

Example 5 (Characteristics for conservation laws). As an instance of a
quasilinear first-order PDE, we turn now to the scalar conservation law

G(Du,us,u, x,t) = ug + div F(u)

(56) =u +F'(u)-Du=0
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in U = R™ x (0, 00), subject to the initial condition
(57) u=g onl=R"x{t=0}

Here F : R — R® F = (F!,...,F"), and, as usual, we have set t =
ZTni1- Also, “div” denotes the divergence with respect to the spatial variables
(z1,...,2n), and Du = Dyu = (ug,, ..., Uz, )

Since the direction t = z,,,1 plays a special role, we appropriately modify
our notation. Writing now ¢ = (p, pr+1) and y = (z,t), we have

G(Qa Z, y) = Pnt+1t F,(Z) "D,
and consequently
D,G = (F'(2),1), D,G =0, D,G =F'(z) - p.

Clearly the noncharacteristic condition (35) is satisfied at each point y° =
(2°,0) € I. Furthermore equation (21)(a) becomes

ii(s) = F¥'(2(s)) (i=1,...,n)
(58) { " t(s) = 1.
Hence z"t!(s) = s, in agreement with our having written z,,1 = ¢ above.
In other words, we can identify the parameter s with the time ¢.

Equation (21)(b) reads z(s) = 0. Consequently
(59) 2(s) = 2° = g(a%);
and (58) implies
(60) x(s) = F'(g(z"))s + 2°.

Thus the projected characteristic y(s) = (x(s),s) = (F'(g(z%)s + 2°,s)
(s > 0) is a straight line, along which u is constant.

Crossing characteristics. But suppose now we apply the same reasoning
to a different initial point 2° € T, where g(z°) # g(2°). The projected char-
acteristics may possibly then intersect at some time t > 0. Since Theorem 1
tells us u = g(z®) on the projected characteristic through z° and u = g(2%)
on the projected characteristic through 2z, an apparent contradiction arises.
The resolution is that the initial-value problem (56), (57) does not in general
have a smooth solution, eristing for all times t > 0. O

We will discuss in §3.4 the interesting possibility of extending the local
solution (guaranteed to exist for short times by Theorem 2) to all times
t > 0, as a kind of “weak” or “generalized” solution.
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Remark. Let us also note we can eliminate s from equations (59), (60) to
obtain an implicit formula for u. Indeed given x € R™ and ¢t > 0, we see
that since s =t,

u(x(t),t) = 2(t) = g(x(t) - tF'("))
= g(x{t) — tF'(u(x(t),1))).
Hence
(61) u = g(z — tF'(u)).

This implicit formula for u as a function of x and ¢ is a nonlinear analogue
of equation (3) in §2.1. It is easy to check (61) does indeed give a solution,
provided

1+ tDg(x — tF'(u)) - F"(u) # 0.

In particular if n = 1, we require
1+tg'(z — tF'(u))F"(u) # 0.

Note that if F” > 0, but ¢’ < 0, then this will definitely be false at some
time ¢ > (. This failure of the implicit formula (61) reflects also the failure
of the characteristic method. 0O

c. F fully nonlinear.

The form of the full characteristic equations can be quite complicated for
fully nonlinear first-order PDE, but sometimes a remarkable mathematical
structure emerges.

Example 6 (Characteristics for the Hamilton—Jacobi equation). We look
now at the general Hamilton-Jacobi PDE

(62) G(Du,ut,u,z,t) = ug + H(Du,x) =0,

where Du = Dyu = (ug,,...,Us,). Then writing ¢ = (p, pny1), ¥ = (,t),
we have
G(qa 2y y) = Pn41 T+ H(pa il?),

and so
Thus equation (11)(c) becomes

{ (s) = gg(p(s),x(s)) (i=1,...,n)

(63) F(s) = 1.
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In particular we can identify the parameter s with the time ¢.
Equation (11)(a) for the case at hand reads
p'(s) = —8E(p(s),x(s)) (i=1,...,n)
I')n+1(8) = (
the equation (11)(b) is

4(s) = DpH(p(s), x(s)) - p(s) + 77+ (s)
— D,H(p(s), x(s)) - B(s) — H(p(s), x(s)).

In summary, the characteristic equations for the Hamilton—Jacobi equation
are:

() Bls) = ~D:H(p(s),x(s))
(64) {(b) i(s) = DpH(p(s),x(s)) - p(s) — H(p(s),x(s))
(c) x(s) = DpH(p(s),x(s))
for p(-) = (' (-),- .., p"(")), 2(-), and x(-) = (z'(-),...,2"(")).
The first and third of these equalities,
{ x = D,H(p,x)
p = _DzH(pa x)a

are called Hamilton’s equations. We will discuss these ODE and their rela-
tionship to the Hamilton—Jacobi equation in much more detail, just below
in §3.3. Observe that the equation for z(-) is trivial, once x(-) and p(-) have
been found by solving Hamilton’s equations. 0O

(65)

As for conservation laws (Example 5), the initial-value problem for the
Hamilton—-Jacobi equation does not in general have a smooth solution u
lasting for all times ¢ > 0.

3.3. INTRODUCTION TO HAMILTON-JACOBI
EQUATIONS

In this section we study in some detail the initial-value problem for the
Hamilton—-Jacobi equation:

u+ H(Du) =0 in R™ x (0, c0)
(1) { t u=g onR"”x{t=0}

Here u : R™ x [0,00) — R is the unknown, u = u(z,t), and Du = Dyu =
(Ugy,.--, Uz, ). We are given the Hamiltonian H : R" — R and the initial
function ¢g : R™ — R.
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Our goal is to find a formula for an appropriate weak or generalized
solution, existing for all times ¢ > 0, even after the method of characteristics
has failed.

3.3.1. Calculus of variations, Hamilton’s ODE.

Remember from §3.2.5 that two of the characteristic equations associated
with the Hamilton-Jacobi PDE

ui + H(Du,z) =0

are Hamilton’s ODE ]
{ x = Dp,H(p, x)
p=-D.H(p,x),

which arise in the classical calculus of variations and in mechanics. (Note
the z-dependence in H here.) In this section we recall the derivation of
these ODE from a variational principle. We will then discover in §3.3.2 that
this discussion contains a clue as to how to build a weak solution of the
initial-value problem (1).

a. The calculus of variations.

Assume that L : R® x R® — R is a given smooth function, hereafter
called the Lagrangian.

Notation. We write

L=1L(qgzx)=Llqi,.. -, qn,Z1,...,Zn) (g,z €R™)

{ D,L = (L, ---Lg,)
DyL = (Lg, - - Lyg,).

Thus in the formula (2) below “g” is the name of the variable for which
we substitute w(s), and “z” is the variable for which we substitute w(s).
B

Now fix two points z,y € R™ and a time ¢t > 0. We introduce then the
action functional

@) w0l = [ s wionas (=),

defined for functions w(-) = (w!(-),w?(),...,w"(:)) belonging to the ad-
missible class

A= {w(:) € C*([0,]; R") | w(0) = y, w(t) = z}.
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wi(. )

x(-)

A problem in the calculus of variations

Thus a C? curve w(-) lies in A if it starts at the point y at time 0, and
reaches the point z at time ¢. A basic problem in the calculus of variations
is then to find a curve x(-) € A satisfying

3 Ix(-)] = min I|lw(.)|.

Q (x()) = min, Tfw()

That is, we are asking for a function x(-) which minimizes the functional
I[-] among all admissible candidates w(-) € A.

We assume next that there in fact exists a function x(-) € A satisfying
our calculus of variations problem, and will deduce some of its properties.

THEOREM 1 (Euler-Lagrange equations). The function x(-) solves the
system of Euler-Lagrange equations

(4) —dii (D L(%(s), x(s))) + Do L(x(s),x(s)) =0 (0< s <t).

This is a vector equation, consisting of n coupled second-order equations.

Proof. 1. Choose a smooth function v : [0,t] » R", v = (v!,...,v"),
satisfying
(5) v(0) =v(t) =0,

and define for 7 € R
(6) w() :=x() +7v(").

Then w(-) € A and so
I[x(-)] < Iw(-)].

Thus the real-valued function

ir) = I[x() +7v()]
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has a minimum at 7 = 0, and consequently

) 10=0 ('=3).

provided #’(0) exists.

2. We explicitly compute this derivative. Observe

i(r) = /0 L(x(s) + 7v(s),x(s) + 7v(s)) ds

and so

/ ZL% X+ 7V, +7V)0" + Ly, (X + 7V, 2 4+ 7v)v' ds.

Set 7 = 0 and remember (7):

/ZLqixxv + L, (%, x)v" ds.

We recall (5) and then integrate by parts in the first term inside the integral,
to discover

n_ ot
0= ;/0 l—% (L (%,%)) + Ly, (%, %) | v* ds.

This identity is valid for all smooth functions v = (v!,... v™) satisfying the
boundary conditions (5), and so

(L (%)) + L, (5,%) = 0

for0<s<t,i=1,...,n. O

Remark. We have just demonstrated that any minimizer x(-) € A of I[/]
solves the Euler-Lagrange system of ODE. It is of course possible that a
curve x(-} € A may solve the Euler-Lagrange equations without necessarily
being a minimizer: in this case we say x(-) is a critical point of I[-]. So every
minimizer is a critical point, but a critical point need not be a minimizer.
O
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Example. If L(q,z) = %m|q|2 — ¢(z), where m > 0, the corresponding
Euler—Lagrange equation is

mi(s) = £(x(s))

for f := —D¢. This is Newton’s law for the motion of a particle of mass m
moving in the force field f generated by the potential ¢. (See Feynman-
Leighton—Sands [F-L-S, Chapter 19].) O

b. Hamilton’s ODE.

We now convert the Euler-Lagrange equations, a system of n second-
order ODE, into Hamilton’s equations, a system of 2n first-order ODE.
We hereafter assume the C? function x(-) is a critical point of the action
functional, and thus solves the Euler-Lagrange equations (4).

First we set
(8) p(s) := DyL(k(s), x(s)) (0<s<t);
p(-) is called the generalized momentum corresponding to the position x(-)
and velocity x(-). We next make this important hypothesis:

Suppose for all z,p € R™ that the equation
p = DQL(q) ZL')

can be uniquely solved for g as a smooth

(9)
function of p and z, ¢ = q(p, z).

We will examine this assumption in more detail later: see §3.3.2.
DEFINITION. The Hamiltonian H associated with the Lagrangian L is
H(p,z) :=p-q(p,z) —~ L(q(p,z),z) (p,z€R"),

where the function q(-,-) is defined implicitly by (9).
Example (continued). The Hamiltonian corresponding to the Lagrangian
L(g,z) = ymlq* - ¢(x) is
H(p,) = 5ol + 6(z).
2m

The Hamiltonian is thus the total energy, the sum of the kinetic and potential
energies; the Lagrangian is the difference between the kinetic and potential
energies. 0

Next we rewrite the Euler-Lagrange equations in terms of p(-), x(-):
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THEOREM 2 (Derivation of Hamilton’s ODE). The functions x(-) and
p(-) satisfy Hamilton’s equations:

{ x(s) = DpH(p(s),x(s))

p(s) = —D:H(p(s),x(s))
for 0 < s <t. Furthermore,

the mapping s — H(p(s),x(s)) is constant.

(10)

Remark. The equations (10) comprise a coupled system of 2n first-order
ODE for x(-) = (z*(-),...,z"(*)) and p(-) = (p'(*),...,p"(-)) (defined by
(8)). 0O

Proof. First note from (8) and (9) that x(s) = q(p(s),x(s)).

Let us hereafter write g(-) = (¢'(-),...,¢"(-)). We then compute for
i=1,...,m

BH, . <\ agk oL, 8¢ oL
B_x{(p’ z) = ;pka—%(p,m) - gq—k(q,m)a—%(p,w) — 8—%(% )
oL
- —B_xi(q’ .’L‘) by (9),
and
OH y “.  Og¢* oL dq*
-35(13, r) =q¢'(p,x) + ;pk@(p,x) - 6—%(q, m)E)E(p’ x)
= ¢'(p,z), again by (9).
Thus

gZ(P(S),X(s)) = ¢'(p(s),x(s)) = #*(s);

and likewise

gZ (p(s),x(s)) = —gfz (a(p(s),x(s)),x(s)) = —%(ﬁ(s),x(s))

— _c_;i; (%(x(s),x(s))) according to (4)

= —'(s).
Finally, observe

d “0H,, OH
$H(P(S),x(3)) = ;E’:p + 55>

_iaﬂ (_8H | OH (8H) _o
o i sz- 3:17; B:Bz 8p@- T
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Remark. See Arnold [AR, Chapter 9] for more on Hamilton’s ODE and
Hamilton-Jacobi PDE in classical mechanics. We are employing here differ-
ent notation than is customary in mechanics: our notation is better overall
for PDE theory. O

3.3.2. Legendre transform, Hopf-Lax formula.

Now let us try to find a connection between the Hamilton—Jacobi PDE
and the calculus of variations problem (2)—(4). To simplify further, we also
drop the z-dependence in the Hamiltonian, so that afterwards H = H(p).
We start by reexamining the definition of the Hamiltonian in §3.3.1.

a. Legendre transform.

We hereafter suppose the Lagrangian L : R® — R satisfies these condi-
tions:

(11) the mapping ¢ — L(q) is convex
and
(12) lim Ha) = 400

g—x g

The convexity implies L is continuous.

DEFINITION. The Legendre transform of L is

(13) L*(p) = sup {p-9-L(g)} (p€R").
qelkn®

Motivation for Legendre transform. Why do we make this definition?
For some insight let us note in view of (12) that the “sup” in (13) is really
a “max”; that is, there exists some ¢* € R" for which
L*(p)=p-q" — L(¢")

and the mapping ¢ — p - ¢ — L{q) has a maximum at ¢ = ¢*. But then p =
DL(q*), provided L is differentiable at ¢*. Hence the equation p = DL(q)
is solvable (although perhaps not uniquely) for ¢ in terms of p, ¢* = q(p).
Therefore

L*(p) = p- a(p) — L(a(p))-
However, this is almost exactly the definition of the Hamiltonian H asso-
ciated with L in §3.3.1 (where, recall, we are now assuming the variable z
does not appear). We consequently henceforth write

(14) H=1L".
Thus (13) tells us how to obtain the Hamiltonian H from the Lagrangian
L. O

Now we ask the converse question: given H, how do we compute L?
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THEOREM 3 (Convex duality of Hamiltonian and Lagrangian). Assume
L satisfies (11), (12) and define H by (13), (14).

(i) Then
the mapping p — H(p) is convez
and "
lim —@ = 4-00.
lpl—o0 [P
(ii) FPurthermore
(15) L=H"

Remark. Thus H is the Legendre transform of L, and vice versa:
L=H" H=1L".
We say H and L are dual convex functions. O

Proof. 1. For each fixed g, the function p — p - q — L(q) is linear, and
consequently the mapping

pr— H(p) = L*(p) = sup {p-q¢— L(g)}
geRn

is convex. Indeed, if 0 <7 <1, p,p e R”,
H(rp+(1-1)p) = s%p{(fp +(1-7)p) -9 L(a)}
< ngp{p -q— L(g)}
+ (1 —7)sup{p- ¢ — L(q)}

=TH(p) + (1 - 7)H(p).

2. Fix any A > 0, p # 0. Then
H(p) = sup{p-q— L(q)}
geRn
> Alp| - L(A) (g =Ae

|p| |p|

2 Alp| - nax L.

Thus lim infl e 72 > A for all A > 0.
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3. In view of (14)
H(p)+L(g)=2p-q

for all p,g € R™, and consequently

L(q) > sup{p-q— H(p)} = H*(q).
pelR»

On the other hand

H*(q) = sup {p-q—sup{p-r— L(r)}}

peRn reR"
(16) :pseug'rglf {p ( _7') +L( )}

Now since ¢ — L(q) is convex, according to §B.1 there exists s € R™ such
that
L(r)> L(g)+s-(r—q) (r€eR").

(If L is differentiable at ¢, take s = DL(q).) Taking p = s in (16), we
compute

H*(q) > T?ﬁn{s (g —r)+ L(r)} = L(g).

b. Hopf-Lax formula.

Let us now return to the initial-value problem (1)}. Recall that the
calculus of variations problem with Lagrangian L, discussed in §3.3.1, led to
Hamilton’s ODE for the associated Hamiltonian H. Since these ODE are
also the characteristic equations of the Hamilton-Jacobi PDE, we conjecture
there is probably a direct connection between this PDE and the calculus of
variations.

So if £ € R™ and t > 0 are given, we should presumably try to minimize
the action

/Ot L{w(s))ds

over functions w : [0,¢] — R™ satisfying w(t) = z. But what should we take
for w(0)? As we must somehow take into account the initial condition for
our PDE, let us try modifying the action to include the function g evaluated
at w(0):

/0 L(w(s)) ds + g(w(0)).
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Next let us construct a candidate for a solution to the initial-value prob-
lem (1), in terms of a variational principle entailing this modified action.
We accordingly set

07 utet)=inf{ [ L) ds+ o) | wO) =ywlt) =z,

the infimum taken over all C! functions w(-) with w(¢) = z. (Better justi-
fication for this guess will be provided much later, in Chapter 10.)

We propose now to investigate the sense in which u so defined by (17)
actually solves the initial-value problem for the Hamilton-Jacobi PDE:

(18) { u+ H(Du) =0 in R" x (0, 00)

u=g onR"x {t=0}

Recall we are assuming H is smooth,

H is convex and
(19)

. H
lim 3 = +00.
lp|l—oo 1P

We henceforth suppose also

(20) g:R" - R is Lipschitz continuous;

this means Lip(g) := sup; ycRkn {|9(92:5(y I} < oo,
T#Y

First we note formula (17) can be simplified:

THEOREM 4 (Hopf-Lax formula). Ifz € R" andt > 0, then the solution
u = u(z,t) of the minimization problem (17) is

(21) u(z,t) = min {tL (%) +g(y)} .

yeRn

DEFINITION. We call the expression on the right hand side of (21) the
Hopf-Lax formula.

Proof. 1. Fix any y € R™ and define w(s) :=y+ 3(z —y) (0 < s < t).
Then the definition (17) of u implies

x_

u(x,t) < /OtL(W(S))ng(y) = tL( ; y) +9(y),
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and so
u(z,t) < inf StL r—y + g( )
? — R’n t g y M

2. On the other hand, if w(-) is any C! function satisfying w(t) = z, we

e ( /w )_—/OtL(v'v(s))ds

by Jensen’s inequality (§B.1). Thus if we write y = w(0), we find

tL (m ; y) +9(y) < /Ot L(w(s)) ds + g(y);

and consequently

inf. {tL (%) + g(y)} < u(z, t).

3. We have so far shown

w0 = ing {e (27Y) +ow)},

and leave it as an exercise to prove the infimum above is really a minimum.
O

We now commence a study of various properties of the function u defined
by the Hopf-Lax formula (21). Our ultimate goal is showing this formula
provides a reasonable weak solution of the initial-value problem (18) for the
Hamilton—Jacobi equation.

First, we record some preliminary observations.

LEMMA 1 (A functional identity). For each x € R™ and 0 < s < t, we
have

(22) u(z,t) = min {(t —$)L (ﬂ) + u(y, s)}.

y€< t—s

In other words, to compute u(-,t), we can calculate u at time s and then
use u(-, s) as the initial condition on the remaining time interval [s, t].

Proof. 1. Fix y € R", 0 < s < t and choose z € R” so that

(23) u(y, s) = sL (%) +g(2).
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Now since L is convex and £22 = (1 — #) =¥ 4 222 we have

r—2z s -y s y— 2
L <{1—--)L - .
(55) < (-2 (522) +12(57)
Thus

u(z,t) < tL (‘” _ Z) +g(z) < (t—$)L ("’ ~ y) +sL (ys;z) +g(2)

1) o

by (23). This inequality is true for each y € R™. Therefore, since y — u(y, s)
is continuous (according to Lemma 2 below), we have

(24) u(z, 1) < min {(t _s)L (”;T_":) +u(y, s)} .
2. Now choose w such that
(25) e, =2 (232) + otw),

and set y == Sz + (1 — £) w. Then =¥ = I3* = "2, Consequently

(t — )L (m_y) +uly, s)
S(t—s)L(x;w)+sL(y_w) + g(w)

by (25). Hence

(26) min {(t Y (“’—:g) + u(y,s)} < u(z, ).
O
LEMMA 2 (Lipschitz continuity). The function u is Lipschitz continuous

in R™ x [0,00), and
u=g onR"x{t=0}
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Proof. 1. Fix t > 0, z,z € R™. Choose y € R" such that

(27) tL (a_r:__g_y) + g(y) = u(z, ).
Then

u(®,t) — u(z,t) = iI;f {tL (w 't' z) + g(Z)} —tL (-x—:i——y) - 9(y)
< g9(2 -z +y) — g9(y) < Lip(g)|2 — =|.

Hence
u(z,t) — u(z,t) < Lip(g)|Z — =;

and, interchanging the roles of  and z, we find
(28) |lu(z,t) — u(2,t)| < Lip(g)|z — 2|.

2. Now select x € R™, t > 0. Choosing y = z in (21), we discover
(29) u(z,t) < tL(0) + g(z).

Furthermore,

u(z,t) = min {tL (f—%—y) +g(y)}

g(x) + min {—Lip(g)|$ —yl+1L (:v : y)}

yeRr
-y
)

Vv

= 9(z) — t max{Lip(g)|z| — L(2)} (z =

=g(z)—t 2—L
)~y T2 L)

=g(x)—t max H.
gle) =t max

This inequality and (29) imply
|u(z, t) — g(z)| < Ct
for

30 C :=max(|L(0)|, max |H]).
(30) (LO)], , macx | |H])

3. Finally select z € R, 0 < £ < t. Then Lip(u(-,t)) < Lip(g) by (28)
above. Consequently Lemma 1 and calculations like those employed in step

2 above imply
lu(z, t) — u(z,t)| < C|t —#|
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for the constant C defined by (30). O

Now Rademacher’s Theorem (which we will prove later, in §5.8.3) asserts
that a Lipschitz function is differentiable almost everywhere. Consequently
in view of Lemma 2 our function u defined by the Hopf-Lax formula (21)
is differentiable for a.e. (z,t) € R™ x (0,00). The next theorem asserts u in
fact solves the Hamilton—Jacobi PDE wherever u is differentiable.

THEOREM 5 (Solving the Hamilton—-Jacobi equation). Suppose z € R”,
t > 0, and u defined by the Hopf-Lazx formula (21) is differentiable at a point
(z,t) € R* x (0,00). Then

u(x,t) + H(Du(z,t)) = 0.

Proof. 1. Fix ¢ € R", h > 0. Owing to Lemma 1,

. z+hg—y
u(r + hg,t + h) _;Iel]ﬁ'll {hL( 7 ) +u(y,t)}

< hL(q) + u(z,1).

Hence ( hat+ h) ( 0
u(z + hg,t + h) — u(z,
< )
h < L(q)

Let h — 0%, to compute
q - Du(z,t) + wi(z,t) < L(q).
This inequality is valid for all ¢ € R", and so
(31)  w(z,t) + H(Du{z,t)) = w(z,t) + grelﬁRgg{q - Du(z,t) — L(q)} <0.

The first equality holds since H = L*.

2. Now choose z such that u(z,t) = tL (£72) + g(z). Fix A > 0 and set
s=t—h,y==%z+ (1— %)z Then &£ = =2 and thus

u(z, t)—u(y,s)>tL( t )+g(z)—lsl}( - )+g(z)]
=(t—s)L($;z).

u(m,t)—u((l—ﬁ)m-i—%z,t—h) T—z
ht ZL( t )

That is,
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Let h — 07 to compute

r—z

- Du(z,t) +uelz,t) > L (’” - Z) .

Consequently

u(z,t) + H(Du(z,t}) = w(z, t) + m%{q - Du(z,t) — L(q)}
qeE

> w(z,t) + x;z - Du(z,t) — L (w;z)

> 0.

This inequality and (31) complete the proof. O

We summarize:

THEOREM 6 (Hopf-Lax formula as solution). The function u defined by
the Hopf-Lax formula (21) is Lipschitz continuous, is differentiable a.e. in
R"™ x (0,00), and solves the initial-value problem

(32) {ut+H(Du) =0 a.e inR"x (0,00)

u=g onR"x{t=0}.
3.3.3. Weak solutions, uniqueness.

a. Semiconcavity.

In view of Theorem 6 above it may seem reasonable to define a weak
solution of the initial-value problem (18) to be a Lipschitz function which
agrees with g on R™ x {t = 0}, and solves the PDE a.e. on R" x (0, 00). How-
ever, this turns out to be an inadequate definition, as such weak solutions
would not in general be unique.

Example. Consider the initial-value problem

(33) us + |ug[? =0 in R x (0,00)
u=0 onRx {t=0}
One obvious solution is
ui(z,t) = 0.
However the function
0 if |z| >t
uz(x,t) == z—t if 0<z <t

—r—t if —t<zx<0
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is Lipschitz continuous and also solves the PDE a.e. (everywhere, in fact,
except on the lines z = 0,£t). It is easy to see that actually there are
infinitely many Lipschitz functions satisfying (33). O

This example shows we must presumably require more of a weak solution
than merely that it satisfy the PDE a.e. We will look to the Hopf-Lax
formula (21) for a further clue as to what is needed to ensure uniqueness.
The following lemma demonstrates that u inherits a kind of “one-sided”
second-derivative estimate from the initial function g.

LEMMA 3 (Semiconcavity). Suppose there exists a constant C such that
(34) gla +2) — 29(2) + g(z — 2) < |2
for all x,z € R™. Define u by the Hopf-Lax formula (21). Then

u(z + 2,t) — 2u(z,t) + u(z — z,t) < C|z)?

forallz,zeR", t> 0.

Remark. We say g is semiconcave provided (34) holds. It is easy to check
(34) is valid if g is C? and supgn |D?g| < co. Note that g is semiconcave
if and only if the mapping = — g(z) — %|x|2 is concave for some constant

C. O

Proof. Choose y € R so that u(z,t) = tL (*3¥) + g(y). Then, putting
y + z and y — 2 in the Hopf-Lax formulas for u(z + 2,t) and u(z — z,t), we
find

u(z + z,t) — 2u(z, t) + u(z — 2, 1)

< [tL (%) +g(y + z)l -2 ltL (E—;—y) + g(y)}
+ [tL (x—g—y) +9(y - Z)]

=gy +2z) —29(y) + gly — 2)
< Clz], by (34).

O

As a semiconcavity condition for u will turn out to be important, we
pause to identify some other circumstances under which it is valid. We will
no longer assume g to be semiconcave, but will suppose the Hamiltonian H
to be uniformly convex.
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DEFINITION. A C? conver function H : R® — R is called uniformly
convex (with constant 8 > 0) if

(35) D" Hpp, (p)&i&s > 0)E* for all p,& € R™
i,j=1

We now prove that even if g is not semiconcave, the uniform convexity
of H forces u to become semiconcave for times ¢ > 0: this is a kind of mild
regularizing effect for the Hopf-Lax solution of the initial-value problem
(18).

LEMMA 4 (Semiconcavity again). Suppose that H is uniformly conver
(with constant 8) and u is defined by the Hopf-Laz formula (21). Then

1
(@ +2,t) - 2u(z,t) +ulz - 2,1) < f

forallz,ze R", t > 0.

Proof. 1. We note first using Taylor’s formula that (35) implies

;n+ 1 1 6
(36) H ( 5 pz) < SH(p1) + 5 H(p2) — glp - p2|*.
Next we claim that for the Lagrangian L we have the estimate
1 1 a1+ @ 1 2
= g < gy —
(37) @)+ 52w <L (252) + o -l

for all q1, g2 € R™. Verification is left as an exercise.

2. Now choose y so that u(z,t}) = tL (%) + g(y). Then using the
same value of y in the Hopf-Lax formulas for u(z + z,t) and u(z - 2,t), we
calculate

w(x + 2,t) — 2u(z,t) + u(x — z,1)

< [tL (W) +g(y)} -2 [tL (%) + g(y)}
+ [tL (——‘T _f_ y) +g(y)]
() ) ()
1 (222 1

<o— |2 < )22
<A |7 Swh

the next-to-last inequality following from (37). O
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b. Weak solutions, uniqueness.

In this section we show that semiconcavity conditions of the sorts dis-
covered for the Hopf-Lax solution u in Lemmas 3 and 4 can be utilized as
uniqueness criteria.

DEFINITION. We say that a Lipschitz continuous function u : R™ X
[0,00) — R s a weak solution of the initial-value problem.:

(38)

ut+ H(Du) =0 in R™ x (0, 00)
u=g9 onR"x{t=0}

provided
(a') u(:c,O) = g(CE) (Sl: € Rn))
(b) ue(z,t) + H(Du(z,t)) =0 for a.e. (z,t) € R" x (0,00),
and
(c) ulx+ 2,t) — 2u(z,t) + u(x — 2,8} < C (1 + %) | 2|2
for some constant C > 0 and all x,z € R, ¢t > 0.

Next we prove that a weak solution of (38) is unique, the key point being
that this uniqueness assertion follows from the inequality condition (c).

THEOREM 7 (Uniqueness of weak solutions). Assume H is C? and sat-
isfies (19), and g satisfies (20). Then there exists at most one weak solution
of the initial-value problem (38).

Proof*. 1. Suppose that u and @ are two weak solutions of (38) and write
wi=1u—U.

Observe now at any point (y, s) where both u and @ are differentiable
and solve our PDE, we have

'wt(ya 8) = ut(ya S) - ﬂt(y, S)
= —H(Du(y, s)) + H(Du(y, s))

=— /1 diH(rDu(y, s) + (1 — r)Dul(y, s)) dr
o dr

=— /01 DH(rDu(y, s) + (1 — r)Da(y, s)) dr - (Dul(y, s) — Du(y, s))
=: —b(y, s} - Dw(y, s).

Consequently

(39) wy+b-Dw=0 ae.

*Omit on first reading.
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2. Write v := ¢(w) > 0, where ¢ : R — [0, 00) is a smooth function to
be selected later. We multiply (39) by ¢'(w) to discover

(40) v1+b-Dv=0 a.e.

3. Now choose € > 0 and define u® := n. * u, 4 := 7. * 4, where 7. is the
standard mollifier in the = and t variables. Then according to §C.4

(41) |Duf| < Lip(u), |D%@| < Lip(a),
and
(42) Du® — Du, DU — Dt ae.,as e — 0.

Furthermore inequality (c) in the definition of weak solution implies
(43) D%, D*uF < C (1 + %) I

for an appropriate constant C and all € > 0, y € R?, s > 2e. Verification is
left as an exercise.

4. Write
1
44)  bu(y,s) = / DH(rDw(y, s) + (1 — r)Di (y, s)) dr.
0
Then (40) becomes
vt +b:-Dv=(b: —b)-Dv ae;

hence

(45) vy + div(vb:) = (divbe)v + (b: — b) - Dv  a.e.

5. Now

1 n
diV bE = A Z HkaI(T‘DuE + (1 - T)Daa)(rui[mk + (1 - T)ai'm:k) dT
k=1

(46) <C (1 + %)

for some constant C, in view of (41), (43). Here we note that H convex
implies D?H > 0.
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6. Fix ¢y € R", ¢y > 0, and set
(47) R :=max{|DH(p)| | |p| < max(Lip(u), Lip(@))}.
Define also the cone
C:={(z,t) |0 < t < to,{z — wo| < R(to — 1)}

Next write

e(t) = / v(z,t)dr
B(zo,R(to—t))

and compute for a.e. t > 0:

é(t)=/ vidr — R vdS
B(xg,R(tg—1)) dB(zg,R(to—1))

= f —div(vbe) + (divb.)v + (b — b) - Dvdzx
B(:co,R(to—t))

- R vdS by (45)
6B(:E(),R(t0—t))

=_[ v(be - v + R) dS
8B(zo,R(to—t))

+ / (divb,)v + (be —b) - Dvda
B(:L'(),R(t()—t))

< / (divbe)v + (be —b) - Dude by (41), (44)
B(zo,R(to—t))

1
gc(1+—)e(t)+/ (b: —b) - Dvdz
t B(zo,R(to—1))

by (46). The last term on the right hand side goes to zero as ¢ — 0, for a.e.
to > 0, according to (41), (42) and the Dominated Convergence Theorem.
Thus

(48) ety <C (1 + —t1~) e(t) fora.e 0<t<tip.

7. Fix 0 < € < r < t and choose the function ¢(z) to equal zero if
|2| < e[Lip(u) + Lip(@)]
and to be positive otherwise. Since v = & on R"™ x {t = 0},

v=¢(w)=¢(u—u)=0 at {t=¢c}.
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Thus e(¢) = 0. Consequently Gronwall’s inequality (see §B.2) and (48)
imply
T 1
e(r) < e(e)e’s C(1+3)ds = .

Hence
lu — | < e[Lip(u) + Lip(@)] on B(zo, R(to — ).

This inequality is valid for all ¢ > 0, and so u = @ in B(zq, R(to — 7)).
Therefore, in particular, u(xo, tp) = #(xo, o). O

In light of Lemmas 3, 4 and Theorem 7, we have

THEOREM 8 (Hopf-Lax formula as weak solution). Suppose H is C?
and satisfies (19), and g satisfies (20). If either g is semiconcave or H is
uniformly convezx, then

u@ﬁ%zg%{ﬂ(£%£)+ﬂw}

is the unique weak solution of the initial-value problem (38) for the Hamilton—
Jacobi equation.

Examples. (i) Consider the initial-value problem:

1 2 _ : n
(49) {ut +5|Dul* =0  in R™ x (0, 00)

u = |z|] onR"x {t=0}

Here H(p) = 3|p|? and so L(q) = 3|g|?>. The Hopf-Lax formula for the
unique, weak solution of (49) is

2
(50) ute.t) = mp { E20E 41},

Assume |z| > ¢t. Then

|z — y|? y—z  y
D =4z, v 0);
and this expression equals zero if x = y + Tyzﬂt’ y = (| - t)]%[ # 0. Thus
w(z,t) = |¢| — £ if |z| > ¢t. If |z| < ¢, the minimum in (50) is attained at
y = 0. Consequently

- if |z| > ¢
)= {12 >

% if |z| <t
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Observe that the solution becomes semiconcave at times ¢ > 0, even though
the initial function g(x) = || is not semiconcave. This accords with Lemma
4.

(ii) We next examine the problem with reversed initial conditions:

(51) u + 3|Dul> = 0 in R™ x (0, 00)
u= —|z| onR" x {t=0}.
Then
u(x,t) = min lz —yl* ~ |yl
’ yeR® 2t )
Now
|z —y)? ) y—z gy
D —lyl) = - (¥#0),

and this equals zero if z = y — T%[t’ y=(lz|+ t)ﬁ[. Thus

u(z,t) = —|z| - % (z eR™ t>0).

The initial function g(z) = —|z| is semiconcave, and the solution remains so
for times ¢ > 0. O

In Chapter 10 we will again study Hamilton-Jacobi PDE and discover
another notion of weak solution, which is applicable even if H is not convex.

3.4. INTRODUCTION TO CONSERVATION LAWS

In this section we investigate the initial-value problem for scalar conservation
laws in one space dimension:

) u + F(u), =0 in R X (0, 00)

u=g onRx {t=0}.
Here F : R — Rand g : R — R are given and u : R x [0,00) — R is
the unknown, © = u(z,t). As noted in §3.2, the method of characteristics
demonstrates that there does not in general exist a smooth solution of (1),
existing for all times ¢ > 0. By analogy with the developments in §3.3.5, we
therefore look for some sort of weak or generalized solution.
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3.4.1. Shocks, entropy condition.
a. Distribution solutions; Rankine-Hugoniot condition.

We open our discussion by noting that since we cannot in general find a
smooth solution of (1), we must devise some way to interpret a less regular
function u as somehow “solving” this initial-value problem. But as it stands,
the PDE does not even make sense unless u is differentiable. However,
observe that if we temporarily assume u is smooth, we can as follows rewrite,
so that the resulting expression does not directly involve the derivatives of
u. The idea is to multiply the PDE in (1) by a smooth function v and then
to integrate by parts, thereby transferring the derivatives onto v.

More precisely, assume

@) { v:R X [0,00) — R is smooth, with

compact support.

We call v a test function. Now multiply the PDE u; + F(u); = 0 by v and
integrate by parts:

0= /000 /_C:(ut—FF(u)x)vd:cdt

00 OO o0
(3) = —/ f UVt dxdt —/ uv d:l:ft:()
0 —00 —00
—f f F(u)v, dxdt.
0 —00

In view of the initial condition u = g on R x {t = 0}, we thereby obtain the
identity

o0 (e o} [e0)
(4) / [ vy + Fu)v, dzdt +/ gv dz|i=0 = 0.
0 —00 —0oo

We derived this equality supposing u to be a smooth solution of (1), but
the resulting formula has meaning even if u is only bounded.

DEFINITION. We say that u € L=(R x (0,00)) s an integral solution
of (1), provided equality (4) holds for each test function v satisfying (2).

Suppose then that we have an integral solution of (1). What can we
deduce about this solution from the identities (4)?

We partially answer this question by looking at a situation for which u,
although not continuous, has a particularly simple structure. Let us in fact
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suppose in some open region V C R x (0, 0co0) that u is smooth on either side
of a smooth curve C. Let V; be that part of V on the left of the curve and
V, that part on the right. We assume that u is an integral solution of (1),
and that u and its first derivatives are uniformly continuous in V; and in V.

First of all, choose a test function v with compact support in V;. Then
(4) becomes

(5) 0= fooo /_Z uvy + Fu)vg dzdt = —/OOO [—Z[ut + F(u)g)|vdadt,

the integration by parts being justified since u is C! in V; and v vanishes
near the boundary of V;. The identity (5) holds for all test functions v with
compact support in V;, and so

(6) ug+ Fu), =0 inV].
Likewise,
(7) u+ F(u), =0 in V;.

Now select a test function v with compact support in V, but which does
not necessarily vanish along the curve C. Again employing (4), we deduce

o o] oo
0= f / uvy + F(u)v, dodt
0 —00
(8) = // uvy + Fu)v, dedt
Vi
+ // uvy + Fu)vy dzdt.

Now since v has compact support within V', we have
/f wy + F(uw)v, dedt = —/ [us + F(u)]v dzdt
Vi Vi
(9) + f (yv® + F(u)v v di
C
= / (uw2 + F(u;)ul)v dl
C

in view of (6). Here » = (v!,1?) is the unit normal to the curve C, point-
ing from V; into V., and the subscript “I” denotes the limit from the left.
Similarly, (7) implies

/f uvy + F(u)v, dedt = — / (upr® 4+ Fu, v v dl,
v, c
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Rankine-Hugoniot condition

the subscript “r” denoting the limit from the right. Adding this identity to
(9) and recalling (8) gives us:

L[(F(Ul) — Flup)W' + (u ~ ur)vdl = 0.

This equality holds for all test functions v as above, and so
(10) (F(w) — Flu))v' + (w —u, ) =0  along C.

Now suppose C is represented parametrically as {(z,t) | ¢ = s(¢)} for
some smooth function s(-) : [0,00) — R. We can then take v = (v!,1?) =
(1+ 5%)~1/2(1, —3). Consequently (10) implies

(11) F(uy) — F(uy) = 3(u — up)
in V, along the curve C.
Notation.

[[u]] = w; — u, = jump in u across the curve C
[([FW)]] = F(w) — F(u,) = jump in F(u)

o = 3 = speed of the curve C.
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Let us then rewrite (11) as the identity

(12) [F(w)]] = of[u]

along the discontinuity curve. This is the Rankine-Hugoniot condition. Ob-
serve that the speed ¢ and the values u;, u,, F(u;), F(u,) will generally vary
along the curve C. The point is that even though these quantities may
change, the expressions [F(u)]] = F(w) — F(u,) and o[[u]] = §(w — u,)
must always exactly balance.

Example 1 (Shock waves). Let us consider the initial-value problem for
Burgers’ equation:

(13) {Ut+(%2')x=0 in R x (0, 00)

u=g onR x {t=0},

with the initial data

1 if 2<0
(14) gz)=_1-z if 0<z<1
0 if z>1.

According to the characteristic equations (cf. §3.2.5) any smooth solution
u of (13), (14), takes the constant value 2% = g(z°) along the projected
characteristic

y(s) = (9(z")s +2°,5) (s>0)
for each z° € R. Thus

1 if <t 0<t<1
u(z,t):=¢ 2 if t<2<1,0<t<1
0 if z>1,0<t<1.

Observe that for ¢ > 1 this method breaks down, since the projected
characteristics then cross. So how should we define u for ¢t > 17

Let us set s(t) = 1, and write

1 iz < s(t)
u(z,?) "{0 if :(t)8<a:

if t > 1. Now along the curve parameterized by s(-), u; = 1, we have u, = 0,
F(w) = 3(w)? = 3, F(u,) = 0. Thus [[F(u)]] = § = o[[u]], as required by
the Rankine-Hugoniot condition (12). O
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shock

Formation of a shock

b. Shocks, entropy condition.
We try now to solve a similar problem by the same techniques.

Example 2 (Rarefaction waves and nonphysical shocks). Again consider
the initial-value problem (13), for which now we take

0 if 2<0
(15) 9($)={1 if 2> 0.

The method of characteristics this time does not lead to any ambiguity
in defining u, but does fail to provide any information within the wedge
{0 < z < t}. To illustrate this lack of knowledge, let us first set

0 if z <
1 if 2>

ur(z,t) ;= {

o B

It is easy to check that the Rankine-Hugoniot condition holds and, indeed,
that u is an integral solution of (13), (15). However, we can create another
such solution by writing

1 if >t
ug(z,t):=¢ 7 if 0<z <t
0 if z<O.

The function us, called a rarefaction wave, is also a continuous integral
solution of (13), (15). O
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u=0
u=1
A “nonphysical” shock
I {
u=x/t
u=0
ums

Rarefaction wave

Thus we see that integral solutions are not in general unique. Presum-
ably the class of integral solutions includes various “nonphysical” solutions,
which we want somehow to exclude. Can we find some further criterion
which ensures uniqueness?

Entropy condition. Let us recall from §3.2.5 that for the general scalar
conservation law of the form

ut + Fu), =0,

the solution u, whenever smooth, takes the constant value 2° = g(z°) along
the projected characteristic

(16) y(s) = (F'(g(z*))s + 2% s) (s 20).

Now we know that typically we will encounter the crossing of characteristics,
and resultant discontinuities in the solution, if we move forward in time.
However, we can hope that if we start at some point in R" x (0, 00) and
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go backwards in time along a characteristic, we will not cross any others.
In other words, let us consider the class of, say, piecewise-smooth integral
solutions of (1} with the property that if we move backwards in ¢ along any
characteristic, we will not encounter any lines of discontinuity for u.

So now suppose at some point on a curve C of discontinuities that u has
distinct left and right limits, u; and u,, and that a characteristic from the
left and a characteristic from the right hit C at this point. Then in view of
(16) we deduce

(17) F'(u) > 0 > F'(u,).

These inequalities are called the entropy condition (from a rough analogy
with the thermodynamic principle that physical entropy cannot decrease as
time goes forward). A curve of discontinuity for u is called a shock provided
both the Rankine-Hugoniot identity (12) and the entropy inegualities (17)
hold.

Let us further interpret the entropy condition under the additional as-
sumption that

(18) F is uniformly convex.

This means F” > 6 > 0 for some constant . Thus in particular F’ is strictly
increasing. Then (17) is equivalent to our requiring the inequality

(19) U > Uy

along any shock curve. [

Example 3. We again return to Burgers’ equation (13), now for the initial
function

0 if <0
(20) glz)=q¢1 if 0<z<1
0 if z>1.

For 0 <t < 2, we may combine the analysis in Examples 1 and 2 above
to find

if x<0

if 0<zx<t

if t<z<l+i
if :c>1+%

(21) u(z,t) :=

O R
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usx/t

u=0 ‘ u=Q

;>/u-1

For times ¢t > 2, we expect the shock wave parameterized by s(-) to continue,
with u = x/t to the left of s(-), © = 0 to the right. This is compatible with
the entropy condition (19). We calculate the behavior of the shock curve by
applying the Rankine-Hugoniot jump condition (12). Now

2
) =2, (e =3 (%) o=

t

along the shock curve for ¢ > 0. Thus (12) implies

s(t) = % t > 2).

Additionally s(2) = 2, and so we can solve this ODE to find s(t) = (2t)1/2
(t > 2). Hence we may augment (21) by setting

0 if z<0
wz,t)={ & if 0<z<(2)Y2 (t>2).
0 if x> (2t)V/2

See the illustration. O

3.4.2. Lax—Oleinik formula.

We now try to obtain a formula for an appropriate weak solution of
the initial-value problem (1), assuming as above that the flux function F is
uniformly convex. With no loss of generality we may as well also take

(22) F(0) = 0.
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As motivation, suppose now g € L*(R) and define

(23) h(z) = [O “4w)dy (z<R).

Recall the Hopf-Lax formula from §3.3 and set

(24) w(z, t) = 1;161]% {tL (:—E;—y) + h(y)} (reR, t>0),
where
(25) L=F"

Thus w is the unique, weak solution of this initial-value problem for the
Hamilton—Jacobi equation:

(26) {wt+F(wx)=0 in R x (0, 00)

w=~h onRx{t=0}

For the moment assume w is smooth. We now differentiate the PDE
and its initial condition with respect to x, to deduce

Wyt + Fwg)z =0 in R x (0,00)
wy =g onRx {t =0}
Hence if we set u = w;, we discover u solves problem (1).

The foregoing computation is only formal, as we know that w defined
by (24) is not in general smooth. But recall from §3.3 that w is in fact
differentiable a.e. Consequently

(27) u(z, t) = a% [?éiﬁ {tL (“"%’) + h(y)}]

is defined for a.e. (z,t) and is presumably a leading candidate for some sort
of weak solution of the initial-value problem (1). Our intention henceforth
is to justify this expectation.

First, we will need to rewrite the expression (27) into a more useful form.

Notation. Since F is uniformly convex, F’ is strictly increasing and onto.

Write
(28) G := (F')™!

for the inverse of F’. O
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THEOREM 1 (Lax-Oleinik formula). Assume £ : R — R is smooth,
uniformly convez, and g € L°(R).
(i) For each time t > 0, there exists for all but at most countably many
values of x € R a unique point y(x,t) such that

min {tL (E;y) + h(y)} =tL (%M) + h(y(z, t)).

yeR t

(ii) The mapping x — y(x,t) is nondecreasing.
(iii) For each time t > 0, the function u defined by (27) is

(29) u(z,t) = G (“__i‘i(m_ﬂ)

for a.e. x. In particular, the formula (29) holds for a.e. (x,t) €
R"™ x (0, 00).

DEFINITION. We call equation (29) the Lax—Oleinik formula for the
solution (1), where h is defined by (23), L by (25).

Proof. 1. First, we note
L(g) = max (gp — F(p)) = qp* — F(p"),
peR

where F'(p*) = q. But then p* = G(g) according to (28), and so
L{q) = ¢G(g) — F(G(q)) (¢ €R)

(cf. §3.3.1). In particular, L is C2. Furthermore

(30) L'(g) = G(q) + 9G'(q) — F'(G(2))G'(q) = G(q)

by (28); and L"(q) = G'(g) > 0. This and (22) imply L is nonnegative and
strictly convex.

2. Fix t > 0, 1 < z9. As in §3.3 there exists at least one point y; € R
such that

(31) {tL (‘”’“’1 - yl) —I—h(yl)} = mig {tL (""1;”) —|—h(y)}.

We next claim

(32) tL(”;yl)+h(y1)<tL($2t_y)+h(y) if y < y1.



3.4. INTRODUCTION TO CONSERVATION LAWS 147

To see this, we calculate o —y1 = 7(z1— )+ (1 —7)(z2—y) and z, ~y =
(1 —=7)(z1 —y1) +7(z2 —y) for

-y
T2 —ZT1+y1— Y

< 1.

o< r1:=

Since L” > 0, we thus have

L(:"z;yl) <L (xl ;yl) +(1-1)L (‘”2_

L(ﬂil“—y)<(1 T)[(ﬂrl—yl) -1 (zg*y);
t t t
and hence

(33) L(F=n) :61—y)<L =y}, g (T2
t t t t
Now notice from (31) that

tL (“’1 ;yl) + h(y1) < tL (ml - y) + h(y).

o~
L~
Na—”’

We multiply (33) by ¢, add h(y1) + h(y) to both sides, and add the
resulting expression to the above inequality to obtain (32).

3. In view of (31), in computing the minimum of tL (£27¥) + h(y) we
need only consider those y > y;, where y; satisfies (31). Now for each z € R
and ¢ > 0, define the point y(z,t) to equal the smallest of those points y
giving the minimum of ¢tL (%¥) + h(y). Then the mapping z — y(z,t) is
nondecreasing and is thus continuous for all but at most countably many .
At a point z of continuity of y(-,t), y(z,t) is the unique value of y yielding
the minimum.

4. According to the theory developed in §3.3 for each fixed t > 0, the
mapping

T — w(z,t) = miﬁ {tL (_:p__—_y) + h(y)}

ye t

—¢L ("”;i(m—t)) + hiy(z, 1)

is differentiable a.e. Furthermore the mapping « — y(z,t) is monotone and
consequently differentiable a.e. as well. Thus given £ > 0, for a.e. = the
mappings x — L( %ﬂ)) and so also z — h(y(z,t)) are differentiable as
well.
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Consequently formula (27) becomes
_ 9 z —y(z,1)
’U,(:IS,'[J) = o [tL (—t_) + h(y(.’l?,t))]

— 1 (THED) (1 o, 6) + byl

But since y — tL (I—;ﬂ) + h(y) has a minimum at y = y(z,t), the mapping
z—tL (%z—’tl) + h(y(z,t)) has a minimum at z = z. Therefore

~2 (S5 )+ gntu(e ) =,

and hence

u(z,t) = L' (“’_—_?ft_(x_t)) =G (_‘” - Zi(fc,t)) ,

according to (30). O
We now investigate the precise sense in which formula (29) provides us

with a solution of the initial-value problem (1).

THEOREM 2 (Lax—Oleinik formula as integral solution). Under the as-
sumptions of Theorem 1, the function u defined by (29) is an integral solution
of the initial-value problem (1).

Proof. As above, define

w(z,t) = mip {tL (?) + h(y)} (z €R, t>0).

Yye

Then Theorem 6 in §3.3.2 tells us w is Lipschitz continuous, is differentiable
for a.e. (z,t), and solves

w: + F(wz) =0 a.e. in R x (0, 00)
(34) { t w=h annx {t =0}.

Choose any test function v satisfying (2). Multiply the PDE w; +
F(w;) = 0 by v, and integrate over R x (0, c0):

(35) 0= /0 h f_ Z [wi + F(wy)] vy, dzdt.
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Observe

[e- o] oo o0 o0 o0
f / wevy dzdt = — f / Wy dxdt — / wvuy dx|t=0
0 —00 0 —00 —0o0
OO0 o0 e o]
= f / wyv dxdt + f Wy dT|t—p.
0 —00 —00

These integrations by parts are valid since the mapping z — w(z,t) is
Lipschitz continuous, and thus absolutely continuous, for each time ¢ > 0.
Likewise t — w(z,t) is absolutely continuous for each z € R. Now w(z,0) =
h(z) = [} 9(y) dy, and so wy(z,0) = g(z) for a.e. z. Consequently

o0 s o] (e ] e o] o0
/ [ Wy dzdt = / [ wyv: drdt + [ gu d|¢=0.
0 —00 0 —00 —00

Substitute this identity into (35) and recall u = w; a.e., to derive the integral
identity (4). O

3.4.3. Weak solutions, uniqueness.
a. Entropy condition revisited.

We have already seen in §3.4.1 that integral solutions of (1) are not
generally unique. Since we believe the Lax—Oleinik formula does in fact
provide the “correct” solution of this initial-value problem, we must see if it
satisfies some appropriate form of the entropy condition discussed in §3.4.1.
This is not straightforward, however, since it is not usually the case that the
function u defined by the Lax—Oleinik formula is smooth, or even piecewise
smooth.

We identify now a kind of “one-sided” derivative estimate for the func-
tion u defined by the Lax—Oleinik formula (27). This estimate—which is
an analogue for conservation laws of the semiconcavity estimate from Lem-
mas 3, 4 in §3.3.3 for Hamilton—Jacobi equations—will turn out to be a
uniqueness criterion.

LEMMA (A one-sided jump estimate). Under the assumptions of The-
orem 1, there exists a constant C' such that the function u defined by the
Laz—Oleinik formula (29) satisfies the inequality

Z

=+ Q

(36) wz + z,t) — u(z,t) <

forallt>0andz,z € R, 2> 0.
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DEFINITION. We call inequality (36) the entropy condition,

It follows from (36) that for ¢ > 0 the function z — u(z,t) — $z is
nonincreasing, and consequently has left and right hand limits at each point.
Thus also x — u(z,t) has left and right hand limits at each point, with
uy(z,t) > ur(z,t). In particular, the original form of the entropy condition

(19) holds at any point of discontinuity.

Proof. We know from §3.3 that in computing the minimum in (29) we need
only consider those y such that |x—;9| < C for some constant C; verification
is left to the reader. Consequently we may assume, upon redefining G if
necessary off some bounded interval, that G is Lipschitz continuous.

2. As G = (F')7! and y(-,t) are nondecreasing, we have

u(x,t) =G (wﬂ)

t
zG(x_y(:;_}_Z’t)) for 2 > 0
S G(a:+z—y(:v+z,t)) _ Lip(G)=
- t t
Li
=u(z + z,t) — —ﬂ%

t

b. Weak solutions, uniqueness.

We now establish the important assertion that an integral solution which
satisfies the entropy condition is unique.

DEFINITION. We say that a function u € L (R x (0,00)) is an entropy
solution of the initial-value problem

(37) u+ Flu)y, =0 inR x (0,00)
{ u=g onR"x {t=0}
provided
oo o0 o
(i) / / uvt + F(u)v, dedt + / gudzli—o =0
0 —0C0 —00

for all test functions v : R x [0,00) — R with compact support, and
1
(ii) u(e + z,t) —u(z, t) <C(1 + ;)z

for some constant C > 0 and a.e. z,z € R, t > 0, with z > 0.
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THEOREM 3 (Uniqueness of entropy solutions). Assume F is convex
and smooth. Then there exists—up to a set of measure zero—at most one
entropy solution of (37).

Proof”. 1. Assume that u and 4 are two entropy solutions of (37), and
write w := u — &. Observe for any point (z,¢) that

1 d
Flu(z, b)) — Fli(z, t)) = /0 S F(rue, 1) + (1= r)i(z, 1) dr

= fl F'(ru(z,t) + (1 — r)i(z,t)) dr (u(z, t) — @z, t))
0
=: b(z, t)w(z,t).

Consequently if v is a test function as above,

0= /000 /_Z(u — @)vy + [F(u) — F(@)]vy dadt

_ / [ wlvg + bvy) dzd.
0 —00

2. Now take € > 0 and define u* = 7. x u, 4° = 7. * @, where 7, is the
standard mollifier in the z and ¢ variables. Then according to §C.4

(38)

(39) lellzee < Nlullzeo, 18]z < [ld]lzee,

(40) u® —u, & > % ae.,ase— 0.

Furthermore the entropy inequality (ii) implies

(41) W (z, 1), i (z,1) < C (1 + %)

for an appropriate constant C and alle > 0, z € R, ¢t > 0.
3. Write

1
be(z,t) ;= / F'(ruf(z,t) + (1 — )T (z, t)) dr.
0
Then (38) becomes

& 9] o0 0 ¢}
(42) 0= [ / wvs + bevy] dxdt + / / w[b — b.]v, dzdt.
0 —00 0 “00

*Omit on first reading.
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4. Now select T > 0 and any smooth function ¢ : R x (0,T) — R
with compact support. We choose v to be the solution of the following
terminal-value problem for a linear transport equation:

(43) v + bt =9y inRx(0,T)
v=0 onRx {t=T}.
Let us solve (43) by the method of characteristics. For this, fix z € R,
0 <t < T, and denote by z.(-) the solution of the ODE

(44) {z((g - f;i(we(s), s) (s=1)
and set
T
(45) ve(.’C, t) = —/; 'g[)(.’ljg(s),s) ds (;1; eR, 0<t< T).

Then ¢ is smooth and is the unique solution of (43). Since |b| is
bounded and 9 has compact support, v¢ has compact support in R x [0, T).

5. We now claim that for each s > 0, there exists a constant C such
that

(46) lvi] < Cs onRx (s,T).

To prove this, first note that if 0 < s <t < T, then

be o (x,t) = /1 F'(ruf + (1 - r)af)(rul + (1 - r)as) dr
(47) (?
t

<=

w | Q)

by (41), since F' is convex.
Next, differentiate the PDE in (43) with respect to z:

Now set a(z,t) := e vi(z,t), for
C
(49) A= +1

Then
a; + bea, = Aa + e)‘t [’Uit + be'U:c:c]
(50) = Xa + eM[—b. ;S + 1] by (48)
= [A — beg)a + My
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Since v® has compact support, a attains a nonnegative maximum over
R X [s, T] at some finite point (zg,%o). Ilf to =T, then v, =0. If0 <ty < T,
then
as(zo, to) < 0, az(zg,tp) =0.

Consequently equation (50) gives
(51) A —begla+ ey, <0 at (xo,t0)-
But since b , < % and A is given by (49), inequality (51) implies

alzo, to) < —eMah, < ||y L

A similar argument shows

a(z1,t1) = = ¢z |-

at any point (z1,t1) where a attains a nonpositive minimum. These two
estimates and the definition of a imply (46).

6. We will need one more inequality, namely

o0
(52) / [vi(z,t)|dx < D
—oC
for all 0 <t < 7 and some constant D, provided 7 is small enough.

To prove this, choose 7 > 0 so small that ¥» = 0 on R x (0,7). Then if
0 <t <7, we see from (45) that v is constant along the characteristic curve
z () (solving (44)) for t < s < 7. Select any partition o < 1 < +-- < TN.
Then yo <y1 < - < yn, where y; :=z;(s) (i =1,...,N) for

{d:e(s) = b.(z:(s),8) (t<s<T)

ze(t) = x;.

As v° is constant along each characteristic curve z;(:), we have

N N
D E (i, t) — v (zion, )] = D v (i ) — v (gica, 7))
i=1 i=1

< varv®(., 1),

“var” denoting variation with respect to x. Taking the supremum over all
such partitions, we find

e &

/ vz (z,t)| dz = varv(-,t) < varv®(,,7) = / i (e, 7)| dr < C,

—o0 -0
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since v has constant support and estimate (41) is valid for s = 7.

7. Now, at last, we complete the proof by setting v = v* in (42) and
substituting, using (43):

/ / wi dzdt = / / w(be — blv dzdt
=L‘[wmm—ﬂ@wﬁ
[ [ s

=:If + J;.
Then in view of (40), (46), and the Dominated Convergence Theorem,
IH'-0 ase—0

for each 7 > 0. On the other hand, if 0 < 7 < T, we see

oo
<0 ax [ pilde<rC, by (2)
ST J oo

o0 oo
/ / wip dxdt =0
0 —00

for all smooth functions ¥ as above, and so w =u—u4 =0 a.e. O

Thus

3.4.4. Riemann’s problem.

The initial-value problem (1) with the piecewise-constant initial function

_Jw it 2<0
(53) glz) = {ur if x>0

is called Riemann’s problem for the scalar conservation law (1). Here u;, u, €
R are the left and right initial states, u; # u,

We continue to assume F is uniformly convex and C?, and as before we
write G = (F')~!
THEOREM 4 (Solution of Riemann’s problem).

(i) If v, > u,, the unique entropy solution of the Riemann problem (1),
(53) 1is
<o

(r € R, t > 0),
>0

(54) m%n:{:’z

|8 |8
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X=Gt

N

u=suj umu,

/ .

Shock wave solving Riemann’s problem for u;>u,

where

(55) o= F(”Z — fr("’).

(ii) If w; < u,, the unique entropy solution of the Riemann problem (1),
(53) s

u; if % < F’(w)
(56) u(z,t) =< G(%) if Flu)<2<F'(u,) (z€R, t>0).
u. if > F'(ur)

Remarks. (i) In the first case the states w; and u, are separated by a shock
wave with constant speed o. In the second case the states u; and u, are
separated by a rarefaction wave.

(ii) We know from the theory set forth in §§3.4.2-3.4.3 that the Lax-
Oleinik formula must generate these solutions, and it is an interesting ex-
ercise to verify this directly. We will instead construct the functions (54),
(56) from first principles and verify they are in fact entropy solutions. By
uniqueness, then, they must agree with Lax—Oleinik formulas. This is a nice
illustration of the power of the uniqueness assertion, Theorem 3. (]

Proof. 1. Assume w; > u,. Clearly u defined by (54), (55) is then an inte-
gral solution of our PDE. In particular since o = [[F(u)]|/[[u]], the Rankine—
Hugoniot condition holds. Furthermore note

F’(‘u.,-) <o= F('U,l) - F(u'r) — fl F’('f‘)d’f‘ < F’(’U.l)

ul_'uﬂr
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i

Rarefaction wave solving Riemann’s problem for uyy<u;

usuj

in accordance with (17). Since u; > u,, the entropy condition holds as well.
Uniqueness follows from Theorem 3.

2. Assume now that u; < u,. We must first check that u defined by (56)
solves the conservation law in the region {F'(u;) < ¥ < F'(u,)}. To verify
this, let us ask the general question as to when a function u of the form

T

u(z,t) = v(?)

solves (1). We compute

ut + F(u)r = up + F'(u)u,

= ~v’(%) t% + F’(v)v'(%) %

-0} zlro-3].

Thus, assuming v’ never vanishes, we find F’ (v(¥)) = £. Hence

e =o(3) =)

solves the conservation law. Now v(f) = w; provided § = F'(w); and
similarly v(3) = u, if ¥ = F'(u;).

As a consequence we see that the rarefaction wave u defined by (56) is
continuous in R x (0,00}, and is a solution of the PDE u; + F(u); = 0 in
each of its regions of definition. It is easy to check that u is thus an integral
solution of (1), (53). Furthermore, since as noted in §3.4.3 we may as well
assume G is Lipschitz continuous, we have

u(z + z,t) — u(z, t) ——-G(x':z) —G(%) < Lip(tG)z
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if F/(w)t < ¢ < £+2z < F'(u,)t. This inequality implies that u also satisfies
the entropy condition. Uniqueness is once more a consequence of Theorem 3.
O

3.4.5. Long time behavior.
a. Decay in sup-norm.

We now employ the Lax—Oleinik formula (29) to study the behavior of
our entropy solution u of (1) as t — co. We assume below that F' is smooth,
uniformly convex, F(0) = 0, and g is bounded and summable.

THEOREM 5 (Asymptotics in L>°-norm). There erists a constant C such
that

(57) u(z, 8)] < <
forallzx e R, t>0.

Proof. 1. Set

(58) o := F'(0);

then

(59) G(o) =0,

and therefore

(60) L(c) = 0G(o) — F(G(c)) =0, L'(0) = 0.

2. In view of (60) and the uniform convexity of L,

iL (:’”_;_2) L (E_?»;—J+J)

o (B (o

t
=0|£:_yti|2

for some constant 6 > 0. Since A = f; gdy is bounded by M := ||g||.:, we
see from (61) that

|z —y — ot|?
t

tL (f—;-—y) +h(y) > 6 M.
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On the other hand,
L (_—ﬁ_t—_ﬂ) + h(z — ot) < M.

Thus at the minimizing point y(x,t) we have

_ 2
plevet=ot?
and so
xr —y(z,t) C
(62) — |<gn

for some constant C.

3. But since G(o) =0, for any z € R, ¢ > 0 we have

wne[o (22262

= ’G (%‘Et—)—a—ka) - G(o)

r — y(z,t) _J‘ C
t

< Lip(G)

according to (62). O

Example 3 in §3.4.1 shows this t—1/2 decay rate to be optimal.
b. Decay to N-wave.

Estimate (57) asserts that the L>°-norm of u goes to zero as t — 00. On
the other hand we note from Example 3 in §3.4.1 that the L!-norm of u need
not go to zero; indeed, the integral of u over R is conserved (Problem 13).
We instead show here that u evolves in L! into a simple shape, assuming
now that

¢ has compact support.

Given constants p, q,d, o, with p,g > 0, d > 0, we define the correspond-
ing N-wave to be the function

L(z _g) if - 1/2 oy — 1/2
(63) N(sc,t) — { d (t ) f (pdt) < ot < (th)

0 otherwise.



3.4. INTRODUCTION TO CONSERVATION LAWS 159

(pat)}/2
A
7f N
— -/
—
(qdt)1/2

N-wave

The constant o is the velocity of the N-wave.
Now define o by (58), set

(64) d:=F"(0) >0,
and also write
) s’}
(65) p = ——2min/ gdz, q :=2ma.x/ gdzx.
yeR J_ o yeR Jy
Note p,¢ > 0 and
1

THEOREM 6 (Asymptotics in Ll-norm). Assume that p,q > 0. Then
there exists a constant C such that

(67 [t - Nelde < o

— 00

for allt > 0.

Proof. 1. From estimate (62) in the proof of Theorem 5 we have
(x — at) — y(z, 1) < C
t — /27

(68)

Now

u(z,t) =G (W)
G ((m - at)t— y(@1) U)
(z — ot) — y(z, t))

t
2)

= G(o) + G'(0) (

o

(x — ot) — y(z,t)
t
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Consequently (59), (66) and (68) imply

9) (2= ot)=y(m.)

1
d i

u(z,t) —

2. Since g has compact support, we may assume for some constant & > 0
that ¢ = 0 on RN {|z| > R}. Therefore

h(:c):{h_ if z<—-R

h+ if xZR,

for constants hy. A calculation shows

. P q
(70) mﬁnh=—§+h_=~—§+h+.

We next set
A
(71) e=c(t):= 5 (£>0),

the constant A to be selected later.

3. We now claim that if A is sufficiently large, then

(72) w(z,t) =0 for ¢ —ot < —R— (pd(1+¢)t)}/?
and
(73) u(zr,t) =0 for  —ot > R+ (gd(1+ )t)1/2,

In fact, since (64) implies
1
L/I —_ =
(0) d)

we deduce from (61) and (62) that

z—y\ _ 1|(zx—ot) -yl -1/2 .
tL( )_d +O(t ) as t — o0.

t 2t
Hence
T — 1|(z — ot) — y|? _
(74) tL (—t—y) + h(y) = al( 2t) Yl +h(y)+ O (t 1/2) :
Assume

(75) g — ot < —R — (pd(1 + €)t)}/2.
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Then h(z — ot) = h_ and so

tL ((x — ("’;_ "t))) + h(z —at) = tL(oc) + h_ = h_.

Now if y < —R, then
tL (x—;-"’f) +h(y) > h_,

since L > 0. On the other hand if y > —R, we employ (74) and (70) to

estimate
-y l|{—ot)—yP »p 172
- J > = < _
tL( t )+h(y)_d . s +h +O(t )

> 2+h_+0(t )by(75)
_EA —-1/2
—Zt%+h_+0(t ) by (71)
>h_,

provided A is large enough.
We conclude that (75) forces y(z,t) = z —ot, and so u(z,t) = G(o) = 0.
This establishes assertion (72), and the proof of (73) is analogous.

4. Next we assert for A and t large enough that
(76) y(z,t) > —R if z—ot=R— (pd(1 —e)t)'/2

To see this, notice that y(z,t) < —R implies as above that

tL (xt;y) +h(y) > h_.

Select now a point 2z such that h(z) = minh = —£ + h_ and |2| < R. Then
we can as before invoke (74) to estimate

-z 1[(zx—ot)—2z*> »p 1/2
<_ —_ =
tL( r )+h(z) ot 2+h_+0(t )

pd(l—¢e)t p ~1/2
P i LS A 4
<5 2+h_+0(t )

_ _gt% +ho+O (t—1/2) <h_,
2
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for A large enough. This proves (76) and a similar argument establishes
that

(77) y(z,t) <R if z—ot = =R+ (gd(1 —e)t)1/2,

5. Remember from the proof of Theorem 1 in §3.4.2 that the mapping
z — y(z,t) is nondecreasing. Hence (69), (76) and (77) imply for large ¢
that

m (M- dGolsE

R— (pd(1 —e)t)1/? < — ot < —R+ (qd(1 — £)t)1/2.

6. Owing to Theorem 5, we have |u| = O(t_%) and by definition |N| =
1 1

O(t‘%). In addition (71) implies ((1 £&)t)2 —t2 = O(1). Using these
bounds along with (72), (73) and (78), we estimate

f " (e, t) - Nz, 8)| dz = O (t—1/2) ,

—0o0
as desired. O
Example 3 (continued). Observe we have p=0,¢=2,06=0,d=1in
Example 3 of §3.4.1. In this case

Z if 0<z < (20)1/2
N(:L‘,t):{t ' z ( )

0 otherwise,

and so in fact u = N for times ¢t > 2. O

We will study systems of conservation laws in Chapter 11.

3.5. PROBLEMS

1.  Prove
u(z,t,a,b) =a-z—tH(a)+b (a € R",beR)

is a complete integral of the Hamilton—Jacobi equation

u; + H(Du) = 0.

(a) Write down the characteristic equations for the PDE

(%) w+b-Du=f inR" x(0,00),
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where b € R”, f = f(z,t).
(b) Use the characteristic ODE to solve (%) subject to the initial
condition
u=g onR"x {t=0}
Make sure your answer agrees with formula (5) in §2.1.2.
3. Solve using characteristics:
(a) ziug, + Toug, = 2u, u(zy,l) = g(z1).
(b)  uug, +ug, =1, u(z,m1)= 571
(c) mug, +2x2ug, = 3u, u(xi,zo,0) = g(r1,z2).
4. Verify that formula (61) in §3.2.5 provides an implicit solution of the
scalar conservation law.
5. Write L = H*, if H : R® — R is convex.
(a) Let H(p) = X|p|", for 1 <r < oo. Show
1

1 1
L(g) = -|q|°, where —+-=1.
s ros

(b) Let H(p) = %EZj:l aijpiPj + ¥ iq bipi, where A = ((a;;)) is a
symmetric, positive definite matrix, b € R™. Compute L(g).

6. Let H : R® — R be convex. We say ¢ belongs to the subdifferential of
H at p, written
q € 0H(p),
if
H(r)>H(p)+q-(r—p) forallreR".
Prove ¢ € 3H(p) if and only if p € 8L(g) if and only if p- ¢ =
H(p) + L(g), where L = H*.
7. Prove that the Hopf-Lax formula reads

u(z,) = mip {tL (“’T_y) +g(y)}

. Tr—y
= tL [ —=
yegz;?m){ ( ; )+9<y>}

for R = supgs |[DH(Dg)|, H = L*. (This proves finite propagation
speed for a Hamilton—Jacobi PDE with convex Hamiltonian and Lip-
schitz continuous initial function ¢g. Hint: Use the previous problem.)

8. Let E be a closed subset of R". Show that if the Hopf-Lax formula
could be applied to the initial-value problem

us + [Duf? =0 in R™ x (0,00)

_ 0 z€FE n _
u—{+oo t¢E on R"™ x {t = 0},
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it would give the solution
1
u{zx,t) = 4—tdist(a:,E)2.
9. Fill in all details for the proof of Lemma 4 in §3.3.3.
10. Assume u!,u? are two weak solutions of the initial-value problems
ul + H(Du') =0 in R™ x (0, 00)
u'=¢" onR"x {t =0} (i=1,2),
for H as in §3.3. Prove the L*°-contraction inequality
sup [u' (-, ) — u®(-,t)| < suplg’ —g*| (t >0).
R R
11.  Show that
(e, ~3(t+Vae+P) if4z+E2 >0
z,t) =
0 if4r+t*<0
is an (unbounded) entropy solution of u; + (“2—2)I = 0.
12.  Assume u(z +z) —u(z) < Ez for all z > 0. Let u¢ = 5 * u, and show
u, < E.
13.  Assume F(0) = 0, u is a continuous integral solution of the conserva-
tion law
ur + F(u), =0 in R x (0, 00)
u=g onRx {t=0},
and u has compact support in R x [0, 0o]. Prove
oo o0
/ u(-,t)d:l:=/ gdz
—00 —00
for all £ > 0.
14. Compute explicitly the unique entropy solution of

ut+(‘§—2)$=0 in R x (0, 00)
u=g9 onRx{t=0},

for )
1 if z< -1
a(z) = 0 if —-1<z<0
2 if <zl
0 if z>1.
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Draw a picture documenting your answer, being sure to illustrate what
happens for all times ¢ > 0.

3.6. REFERENCES

Section 3.1

Section 3.2

Section 3.3

Section 3.4

A nice reference for this material is Courant-Hilbert [C-H,
Chapter 2.

This derivation of the characteristic differential equations is
found in Carathéodory [C]. The proof of Theorem 2 fol-
lows Garabedian [G, Chapter 2], John [J, Chapter 1], etc.
Chester [CH] and Sneddon [SN] are also good texts for more
on first-order PDE. Example 3 in §3.2.2 is from Zwillinger
[ZW].

See Lions [LI), Rund [RU] and Benton [BE] for more on
Hamilton—Jacobi PDE. The uniqueness proof, which is due
to A. Douglis, is from [BE].

See Lax [LA] and Smoller [S, Chapters 15,16] (from which
I took the proof of Theorem 3, due to O. Oleinik). Theo-
rems 5 and 6 are from DiPerna [DP] and I am indebted to
M. Struwe for help with the proofs. A good overall reference
on nonlinear waves is Whitham [WH].



Chapter 4

OTHER WAYS
TO REPRESENT
SOLUTIONS

4.1 Separation of variables

4.2 Similarity solutions

4.3 Transform methods

4.4 Converting nonlinear into linear PDE
4.5 Asymptotics

4.6 Power series

4.7 Problems

4.8 References

This chapter collects together a wide variety of techniques that are some-
times useful for finding certain more-or-less explicit solutions to various par-
tial differential equations, or at least representation formulas for solutions.

4.1. SEPARATION OF VARIABLES

The method of separation of variables tries to construct a solution u to a
given partial differential equation as some sort of combination of functions
of fewer variables. In other words, the idea is to guess that u can be written
as, say, a sum or product of as yet undetermined constituent functions, to
plug this guess into the PDE, and finally to choose the simpler functions to
ensure u really is a solution. This technique is best understood in examples.

167
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Example 1. Let U C R" be a bounded, open set with smooth boundary.
We consider the initial/boundary-value problem for the heat equation

w—Au=0 inU x (0,00)
(1) u=0 ondU x [0,00)
u=g onU x {t=0},

where g : U — R is given. We conjecture there exists a solution having the
multiplicative form

(2) u(z,t) = v(t)w(z) (zeU, t=>0)

that is, we look for a solution of (1) with the variables ¢ = (z1,...,z,) €U
“separated” from the variable ¢t € [0, T.

Will this work? To find out, we compute
u(z, t) = ' ()w(x), Au(z,t) = v(t)Aw(z).
Hence
0 = us(z,t) — Au(z,t) = v'(H)w(z) — v(t)Aw(z)
if and only if

V(t) Aw(x
) (t) _ Au)

u(t)  w(z)
for all z € U and t > 0 such that w(z),v(t) # 0. Now observe the left hand
side of (3) depends only on t and the right hand side depends only on z.
This is impossible unless each is constant, say

o (20 een
Then
(4) v = Ky,
) A

We must solve these equations for the unknowns w, v and .

Notice first that if p is known, the solution of (4) is v = de*! for an
arbitrary constant d. Consequently we need only investigate equation (5).
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We say that A is an eigenvalue of the operator —A on U (subject to zero
boundary conditions) provided there exists a function w, not identically
equal to zero, solving

—Aw =M inU
w=0 ondU.

The function w is a corresponding eigenfunction. (See Chapter 6 for the
theory of eigenvalues, eigenfunctions.)

If A\ is an eigenvalue and w is a related eigenfunction, we set u = —\
above, to find
(6) u = de”Mw
solves

(7)

with the initial condition u(-,0) = dw. Thus the function u defined by
(6) solves problem (1), provided g = dw. More generally, if Aq,..., A\, are
eigenvalues, wi,...,w,, corresponding eigenfunctions, and d,,...,d,, are
constants, then

w—Au=0 in U x (0,00)
u=0 ondU x [0,00),

m
(8) U= Z dke_)"“twk
k=1

solves (7), with the initial condition u(-,0) = Y }.; drwi. If we can find
m,w, ..., etc. such that > )" | dywy = g, we are done.

We can hope to generalize further by trying to find a countable sequence
A1,... of eigenvalues with corresponding eigenfunctions wy, ..., so that

oo
9) dewk =g inU
k=1

for appropriate constants d;,.... Then presumably
o0

(10) U= Z dye Mty
k=1

will be the solution of the initial-value problem (1).

This is an attractive representation formula for the solution, but depends
upon (a) our being able to find eigenvalues, eigenfunctions and constants
satisfying (9), and (b) our verifying that the series in (10) converges in some
appropriate sense. We will discuss these matters further in Chapters 6, 7,
within the context of Galerkin approximations. O
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Remark. Take note that only our solution (6) is determined by separation
of variables; the more complicated forms (8) and (10) depend upon the
linearity of the heat equation. O

Example 2. Let us next apply the separation of variables technique to
discover a solution of the porous medium equation

(11) u— A(u’) =0 inR" x (0,00),

where u > 0 and v > 1 is a constant. The expression (11) is a nonlinear
diffusion equation, in which the rate of diffusion of some density u depends
upon u itself. This PDE describes flow in porous media, thin-film lubrica-
tion, and a variety of other phenomena.

As in the previous example, we seek a solution of the form

(12) u(z,t) = v(tyw(z) (v €R", ¢ 0).
Inserting into (11), we discover that

! Y
(13) v'(t) _ Aw*(x)

w3 FT Tu()

for some constant u and all z € R™, t > 0, such that w(zx),v(t) # 0.
We solve the ODE for v and find

v=((1 =t + )77,

for some constant A, which we will take to be positive. To discover w, we
must then solve the PDE

(14) A{w") = pw.
Let us now guess that
w= |$|a’
for some constant a that must be determined. Then
(15) pw — Aw”) = plal* — ay(ay +n — 2)[2]*7 2.
So in order that (14) hold in R", we should first require that a = ay — 2,
and hence

2
16 = —.
(16) o=
Returning to (15), we see that we must further set
(17) p=oaylay+n-—2)>0.

In summary then, for each A > 0 the function

1
w= (1= )t + )T a]?

solves the porous medium equation (11), the parameters a, p defined by

(16), (17). O
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Remark. Observe that since v > 1, this solution blows up for x # 0 as
t—t,, fort, = ﬁ Physically, a huge amount of mass “diffuses in from
infinity” in finite time. See §4.2.2 for another, better behaved solution of the
porous medium equation, and see §9.4.1 for more on blow-up phenomena for
nonlinear diffusion equations. O

In the previous example separation of variables worked owing to the
homogeneity of the nonlinearity, which is compatible with functions u having
the multiplicative form (12). In other circumstances it is profitable to look
for a solution in which the variables are separated additively:

Example 3. Let us turn once again to the Hamilton—Jacobi equation
(18) ut + H(Du) =0 in R"™ x (0, 00)
and look for a solution u having the form

u(z,ty =w(x) +v(t) (ze€R"* t>0).

Then
0 = us(z,t) + H(Du(z,t)) = v'(t) + H(Dw(x))

if and only if
H(Dw(z))=p=-v'(t) (ze€eR"t>0)
for some constant p. Consequently if
H(Dw) =p

for some u € R, then
u(z,t) =w(x) —pt +b

will for any constant b solve u; + H(Du) = 0. In particular, if we choose
w(z) = a- z for some a € R™ and set u = H(a), we discover the solution

u=a-z— H(a)t+b

already noted in §3.1.
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4.2. SIMILARITY SOLUTIONS

When investigating partial differential equations it is often profitable to look
for specific solutions u, the form of which reflects various symmetries in the
structure of the PDE. We have already seen this idea in our derivation of
the fundamental solutions for Laplace’s and the heat equations in §2.2.1 and
§2.3.1, and our discovery of rarefaction waves for conservation laws in §3.4.4.
Following are some other applications of this important method.

4.2.1. Plane and traveling waves, solitons.

Consider first a partial differential equation involving the two variables
xz € R, t € R. A solution u of the form

(1) u(z,t) =v(r —ot) (z€R, teR)

is called a traveling wave (with speed ¢ and profile v). More generally, a
solution u of a PDE in the n + 1 variables x = (z;,...,z,) € R", t € R
having the form

(2) u(z,t)=v(y-z—ot) (reR", teR)

is called a plane wave (with wavefront normal to y € R", velocity 1%1, and
profile v).

a. Exponential solutions.

In view of the Fourier transform (discussed later, in §4.3.1), it is par-
ticularly enlightening when studying linear partial differential equations to
consider complex-valued plane wave solutions of the form

(3) u(z, 1) = e'WTHt),

where w € C and y = (y1,...,¥n) € R?, w being the frequency and {y;}
the wave numbers. We will next substitute trial solutions of the form (3) into
various linear PDE, paying particular attention to the relationship between
y and w forced by the structure of the equation.

(i) Heat equation. If u is given by (3), we compute
u — Au = (iw + |y|*)u = 0,

provided w = i|y|2. Hence

.‘_ 2
u = e’

solves the heat equation for each y € R™. Taking real and imaginary parts,
we discover further that e ¥I°t cos(y - z) and e 1¥!sin(y - z) are solutions as
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well. Notice in this example that since w is purely imaginary, there results
a real, negative exponential term e~ W%t in the formulas, which corresponds
to dissipation.

(ii) Wave equation. Upon our substituting (3) into the wave equation,
we discover

Ut — Au = (—w2 + |y|2)u = 0,
provided w = *|y|. Consequently

u = ' WTtiylt)

solves the wave equation, as do the pair of functions cos(y - % |y|t) and
sin(y - £ & |y|t). Since w is real, there are no dissipation effects in these
solutions.

(iii} Dispersive equations. We now let n = 1 and substitute u =
ez twt) into Airy’s equation

We calculate

Us + Ugze = H(w — y3)u =0,

whenever w = 3*. Thus

i 3
u = vz +y°t)

solves Airy’s equation, and once again as w is real there is no dissipation.
Notice however that the velocity of propagation is 2, which depends non-
linearly upon the frequency of the initial value e®¥*. Thus waves of different
frequencies propagate at different velocities: the PDE creates disperston.

Likewise, if » > 1 and we substitute u = €“¥=t%! into Schridinger’s
equation

tuy + Au = 0,

we compute
iug + Au = —(w + |y|*)u = 0.

Consequently w = —|y|?, and

u = efvr—lylt)

Again, the solution displays dispersion. O
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b. Solitons.
We consider next the Korteweg—de Vries (KdV) equation in the form

(4) up + 6uly + Uzge =0 in R x (0, 00),

this nonlinear dispersive equation being a model for surface waves in water.
We seek a traveling wave solution having the structure

(5) u(z,t) =v(z —ot) (x€R, t>0)

Then u solves the KdV equation (4), provided v satisfies the ODE

(6) —ov' +6vv 40" =0 (' d ) :

T ds

We integrate (6) by first noting
(7) —ov 4302+ =a,
a denoting some constant. Multiply this equality by v’ to obtain
—ovv’ + 3% + "V = at,

and so deduce

"2
(8) %z—v3+%vz+av+b

where b is another arbitrary constant.

We investigate (8) by looking now only for solutions v which satisfy
v,v',v" — 0 as s — +oc. (In which case the function u having the form
(5) is called a solitary wave.) Then (7), (8) imply a = b = 0. Equation (8)
thereupon simplifies to read

Hence v/ = +v(o — 2v)Y/2.

We take the minus sign above for computational convenience, and obtain
then this implicit formula for v:

v(s) dz
9 = — -
(9) * fo z(o — 22)1/2 T
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for some constant c. Now substitute z = %sech2 8. 1t follows that % =

—osech?@tanh @ and z(o — 22)Y/% = %/2 sech? f tanh §. Hence (9) becomes
2

7

where 6 is implicitly given by the relation

(11) % sech? § = v(s).

(10) s = 0 + c,

We lastly combine (10) and (11), to compute

v(s) = %sech2 (?(s - c)) (s € R).
Conversely, it is routine to check v so defined actually solves the ODE (6).
The upshot is that

u(z,t) = %sechZ(g(z — ot — c)) (x € R, t>0)

is a solution of the KdV equation for each ¢ € R, o > 0. A solution of this
form is called a soliton. Note the velocity of the soliton depends upon its
height. O

Remark. The KdV equation is in fact utterly remarkable, in that it is
completely integrable, which means that in principle the exact solution can be
computed for essentially arbitrary initial data. The relevant techniques are

however beyond the scope of this book: see Drazin [D)] for more information.
O

c. Traveling waves for a bistable equation.
Consider next the scalar reaction-diffusion equation
(12) up — Ugr = f(u) in R x (0, 00),

where f : R — R has a “cubic-like” shape.

Graph of the function f
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We assume, more precisely, f is smooth and verifies
(a) f(0)=fla)=/F(1)=0

(b) f < 0on (0,a), f>00n(a,1)
() f(0)<0, f'(1) <

(d) fo f(z)dz>0

for some point 0 < a < 1.

(13)

We look for a traveling wave solution of the form
(14) u(z,t) = v(z — ot),
the profile v and velocity ¢ to be determined, such that
u—0 asx— —00, u—1 asz — +oc.

Now since f' < 0 at z = 0,1, the constants 0 and 1 are stable solutions of
the PDE (and since f' > 0 at 2z = a, the constant a is an unstable solution).
So we want our traveling wave (14) to interpolate between the two stable
states z = 0,1 at * = Foo.

Plugging (14) into (12), we see v must satisfy the ordinary differential
equation

d
(15) vV +ov + f(v) =0 (’ = —) ,
ds
subject to the conditions
(16) lim v(s)=1, lim v(s)=0, lim v'(s)=0.
§—+00 §——00 s§—F00

We outline now (without complete proofs) a phase plane analysis of the
ODE problem (15), (16). We begin by setting

w:=17.

Then (15), (16) transform into the autonomous first-order system:

(17) { v=w

w' = —ow — f(v),

(18) lim (v,w) = (1,0), lim (v,w) = (0,0).

§—00 §——0C0
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Now (0,0) and (1,0) are critical points for the system (17), and the eigen-
values of the corresponding linearizations are

—o £ (0% — 4f'(0)"/?
2

—o (0% - 4f'(1))"?

A =
3 1 2

(19) A=

In view of (13)(c), AT, A are real, with differing sign, and thus (0,0)
and (1,0) are saddle points for the flow (17). Consequently an “unstable
curve” W* leaves (0,0) and a “stable curve” W¢ approaches (1,0), as drawn.
Furthermore, by calculating eigenvectors corresponding to (19) we see

(20) { W is tangent to the line w = A\'v at (0,0)

W* is tangent to the line w = A] (v — 1) at (1,0).

{0,0) (1,0) v

Stable and unstable curves

Note that /\SE, /\f, W* and W* depend upon the parameter o. Our in-
tention is to find o < 0 so that

(21) W* =W?* in the region {v > 0,w > 0}.

Then we will have a solution of (17), (18), whose path in the phase plane is
a heteroclinic orbit connecting (0, 0) to (1,0).

To establish (21), we fix now a small number € > 0 and let L denote the
vertical line through the point (a + ¢,0). We claim

(22) WENL#Q, W'NL#D
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if ¢ < 0. To check this assertion, define

E(v,w) := w? +fov f(z)dz (v,w € R)

and compute

%E(v(t), w(t)) = w(t)w'(t) + f () ()

= —ow?(t) by (17).

As o0 < 0, we see that E is nondecreasing along trajectories of the ODE
(17). Note also the level sets of E have the shapes illustrated.

KNS

1,0 v

Level curves of E

Consider next the region R, as drawn. The unstable curve enters R from
(0,0) and cannot exit through the bottom, top or left hand side. Using (17)
we deduce that W™ must exit R through the line L, at a point (a+¢,wo(o)).
Similarly we argue W* must hit L at a point (a + €, w;(0)). This verifies
claim (22).

We next observe
(23) wo(0) < wi(0);

this follows since trajectories of (17) for ¢ = 0 are contained in level sets of
E. We assert further that

(24) wo(o) > w (o)
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The region R

(1,0) Vv

The region S

provided ¢ < 0 and |o| is large enough. To see this, fix 8 > 0 and consider
the region S, as drawn.

Now along the line segment T := {0 < v < a + £, w = fv}, we have

W _ —ow— f(v) F()

v’ w Bu
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‘%”) is bounded for 0 < v < a + ¢, we see

Since

w C
?Z—U—E>ﬁ onT,
provided o < 0 and |o| is large enough.

The calculation (25) shows that W* cannot exit S through the line
segment T', and so wo(c) > B(a+¢) if o = o(B3) is sufficiently negative. On
the other hand, wi(o) < wi(0) for all o < 0. Thus we see that (23) will
follow once we choose 3 large enough and then o sufficiently negative.

(25)

Since wp and w; depend smoothly on ¢, we deduce from (22) and (23)
that there exists o < 0 with

(26) wo(o) = wi (o).

For this velocity o there consequently exists a solution of the ODE (17),
(18). Hence we have found for our reaction-diffusion PDE (12) a traveling
wave of the form (14). O

Remark. A more refined analysis demonstrates that the velocity o veri-
fying (26) is unique. Hence given the nonlinearity f satisfying hypotheses
(13), there exists a unigue velocity for which there is a corresponding trav-
eling wave. Compare this assertion with Example 2 above, where we found
soliton traveling waves for each given velocity. 0O

4.2.2. Similarity under scaling.

We next illustrate the possibility of finding other types of “similarity”
solutions to PDE.

Example (A scaling invariant solution). Consider again the porous medium
equation
(27) ur —A(u") =0 in R" x (0, c0),
where u > 0 and v > 1 is a constant.
As in our earlier derivation of the fundamental solution of the heat equa-

tion in §2.3.1, let us look for a solution u having the form

(28) u(z,t) = tiav(t%) (x eR", t>0),

where the constants «, 3 and the function v : R® — R must be determined.
Remember that we come upon (28) if we seek a solution u of (27) invariant
under the dilation scaling

u(z,t) — A*u(Wz, At);
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so that
u(z,t) = Xu(Nz, At)

for all A > 0, z € R", t > 0. Setting A = t~!, we obtain (28) for v(y) :=
u(y, 1).

We insert (28) into (27), and discover
(29) ot y(y) + Bty Du(y) + tCHDARY)(y) = 0

for y = t7Pz. In order to convert (29) into an expression involving the
variable y alone, let us require

(30) a+1=ay+208.
Then (29) reduces to
(31) av+ Py -Dv+ A(vY) = 0.

At this point we have effected a reduction from n + 1 to n variables. We
simplify further by supposing v is radial; that is, v(y) = w(|y|) for some
w :R — R. Then (31) becomes

-1
(32) aw + Brvw’ + (W) + nT(w'y)’ = (),

where r = |y|, ' = %. Now if we set
(33) a=ng,

(32) thereupon simplifies to read

(r" YWY + B(r"w) = 0.

Thus

" Hw?) + fr'w = a
for some constant a. Assuming lim,_w, w' = 0, we conclude a = 0;
whence

(W) = ~Brw.

But then

(w’}’—l)l - _ (7 - 1) ﬁ'r.

Y

Consequently

-1
wt=p— —72’7 Bre,
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b a constant; and so

1
Pt PR A
(34) w—(b 2 ﬁr) ,

where we took the positive part of the right hand side of (34) to ensure
w > 0. Recalling v(y) = w(r) and (28), we obtain

— 1 7_1 |‘T’.|2 +7-1 n
(35) u(z,t) = e (b— 5 P (z € R", t > 0),

where, from (30), (33),

(36) a= - !
T n(y-1)+2] T n(y-1)+2

The formulas (35), (36) are Barenblatt’s solution to the porous medium

equation. O

Remarks. Observe that Barenblatt’s solution has compact support for each
time t > 0. This is a general feature for (appropriately defined) weak, non-
negative solutions of the porous medium equation with compactly supported
initial data. The nonlinear parabolic PDE (27) becomes degenerate wher-
ever u = 0, and so the set {u > 0} moves with finite propagation speed.
Consequently the porous medium equation (27) is often regarded as a bet-
ter model of diffusive spreading than the linear heat equation (which predicts
infinite propagation speed). O

4.3. TRANSFORM METHODS

In this section we develop some of the theory of Fourier and Laplace trans-
forms, which provides extremely powerful tools for converting certain linear
partial differential equations into either algebraic equations or else differen-
tial equations involving fewer variables.

4.3.1. Fourier transform.

In this section all functions are complex-valued, and =~ denotes the
complex conjugate.
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a. Definitions and elementary properties.

Definition of Fourier transform on L. If v € L!(R"), we define its
Fourier transform

~ 1 —ix. n
and its inverse Fourier transform
~ 1 Wy n

Since |e¥**¥| = 1 and u € L'(R"), these integrals converge for each y € R".
We intend now to extend definitions (1), (2) to functions u € L?(R").

THEOREM 1 (Plancherel’s Theorem). Assume u € LY(R") N L?(R™).
Then 4,4 € L*(R™) and

(3) @/l 2gey = N2l 2Rry = [12ell 22 Ry
Proof. 1. First we note that if v,w € L'(R?), then ©,% € L®¥(R"). Also
() [ @@z = [ s@u)d,

since both expressions equal W Jgn Jgn €7 V0(2)w(y) dody. Further-
more, as we will explicitly compute below in Example 1 of §4.3.2,

, n/2 2
/ et vt g = (%) /e_hjiit_ (t > 0).
Rn

2
e_J%L

Consequently if € > 0 and ve(z) := e ¢ we have Ue(y) = (25):2. Thus
(4) implies for each € > 0 that

2

(5) ./Rn w(y)e_5|y|2dy = (25;"/2 /n w(:z:)e‘%le‘d:c.

2. Now take u € LY(R") N L2(R™) and set v(z) := 4(—z). Let w :=
uxv € LY(R™) N C(R™) and check (cf. Theorem 2 below) that

W = (2n)" %0t € L®(R™).
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But
1

0) = o f, € V) e = )
and so W = (27)™?|al2.
Now w is continuous and thus

. 1 =2 __ n/2
;Ei%(—zé)T/Q'/RW(I)C 2 dx = (277) w(O),

where we employed the lemma from §2.3.1. Since 1 = (27)"?|a|? > 0, we
deduce upon sending € — 0™ in (5) that i is summable, with

[ ly) dy = (27)"?w(0).
R

Hence

- |ﬁ12dy = w(0) = ] u(z)v(—z) dz = /]Rn |u|2d:1;.

The proof for # is similar. O

n

Definition of Fourier transform on L2. In view of the equality (3)
we can define the Fourier transforms of a function u € L*(R") as follows.
Choose a sequence {u;}2, C L*(R") N L2(R™) with

up — u  in L*(R7).
According to (3), ||t — ﬁj||L2(Rn) = |jux — “j||L2(R") = ||ux _’U,j”LZ(Rn), and

thus {i;}5, is a Cauchy sequence in L*(R"). This sequence consequently
converges to a limit, which we define to be u:

i — 4 in L2(R"™).
The definition of % does not depend upon the choice of approximating
sequence {i}%> ;. We similarly define 4.

Next we record some useful formulias.

THEOREM 2 (Properties of Fourier transform). Assume u,v € L2(R").
Then

(i) [fgo u0dz = [g. G0dy,
Do = (iy)*a for each multiindex o such that D*u € L*(R"),
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Proof. 1. Let u,v € L?(R") and a € C. Then
lu+ avl|Zomey = 18 + 80| 22(gn)-

Expanding, we deduce
/R Jof? + lowl? + aer) + u(aD) do = fRn (]2 + |&[2 + B(@D) + i(ab) dy;
and so according to Theorem 1,

/n atv + auv dr = / Q) + atd dy.

Take a = 1,7 and combine the resulting equalities to deduce
/ uﬁdccz/ v dy.
mn Rn

2. If u is smooth and has compact support, we calculate

This proves (i).

1

Dau(y) (271')”/2

/ e~ D%(z) dx

1)led

n/2[ Dy ( _wyu(x)
[ eV (iy)*u(x) dz = (iy)*a(y).

(21r)"/2

By approximation the same formula is true if D*u € L*(R").

3. We compute for u,v € L}(R™) N L?(R") and y € R™ that

(w*v)(y) o / —iey / (2)v(z — 2) dzdx

(zﬁ)n - / e iT U (z) ( /Rn ~ia—2) yv(:c—-z)d:c) dz

B / e~ Yu(z) dz 9(y) = (2r)"*i(y)d(y).
R

4. Fix z € R", € > 0 and write ve(z) := e'wz=¢lz” Then

N _ 1 —iz-(y—z)—¢|z|? _ 1 _lz—zp?
te(y) = (27)"/2 /Rne dr = (25)”/26 =,
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where we followed computations from the proof of Theorem 1. Utilizing
formula (4), we deduce for v € L'(R™) N L*(R™) that

" iz-y—€ 1 _le=zf?
/nU(y)e y=elyl® gy — 25) 2 fnu(x)e = dz.

The expression on the right converges to (27)"/2u(z) as ¢ — 0%, for each
Lebesgue point of u. Thus

1

(2m)"/2 fRn ﬁ(y)eiz'ydy =u(z) for ae. 2.

This proves (iv). ]

b. Applications.

The Fourier transform is an especially powerful technique for studying
linear, constant-coefficient partial differential equations.

Example 1 (Bessel potentials). We investigate first the PDE
(6) —Au+u=Jf inR"

where f € L*(R"). To find an explicit formula for u, we take the Fourier
transform, recalling Theorem 2,(ii) to obtain

(7) 1+ yP)aly) = fly) (y€R™).

The effect of the Fourier transform has been to convert the PDE (6) into
the algebraic equation (7), the solution of which is trivial:

~

f

T
1+ |y|?

Thus

} \
(8) u = (W) »

and so the only real problem is to rewrite the right hand side of (8) into a
more explicit form.

Invoking Theorem 2,(iii), we see

. f*B
(9) U—W,
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where
- 1
10 B = .
(10 1+ [yf?
We solve for B as follows. Slnce = fo ~tadt for each a > 0, we have

W f 6it(1+|y! )dt Thus

L \"__ 1 = —
5= () =g [ (o)«

Now if a,b € R, b > 0, and we set z = b1/2p —

izt we find

oo —a?/4b
P N, € _.2
/ gt =% gy — i /e “dz,
—00 b I

I' denoting the contour {Im(z) = —%‘1‘75} in the complex plane. Deforming

2
o€ Tdr= 771/2; and hence

> iax—br? _ —a2/4b E 1/2
(12) / e de =e (b) :

—00

I into the real axis, we compute [ e~ dy = o

Thus

n z|2
(13) / z:cy t|y|2dy _ H/ z:)::’y]——tdey — (_) /26 J_4!t_
Rn

by (12). Consequently, we conclude from (11), (13) that

1 et ==
(14) B(;;;):zm/0 it (s R,

B is called a Bessel potential. Employing (9), we derive then the formula,

—tJ—I—

(15) u(x) = n/2/ / By (y)dydt (z € R™)

for the solution of (6). O
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Example 2 (Fundamental solution of heat equation). Consider again the
initial-value problem for the heat equation

(16) u— Au =0 inR" x (0, 00)
u=g onR"x{t=0}

We establish a new method for solving (16) by computing @, the Fourier
transform of v in the spatial variables x only. Thus

it + |y?a =0 fort>0
au=g fort=0;

whence
. —tlul2 ~
i = et g.

A\
Consequently u = (e_“wz g) , and therefore

g*x F
17 =2,

( ) u (zﬂ,)n/’z
where F' = e~1¥°. But then

\% 1 . 2 1 x 2

F= ( —tly?\ " — [ iwy—tlyl® g, — -
€ ) (27r)'“/2 R € Y (Zt)”/2 e 4t

by (13). Invoking (17), we compute

1 _z=yl® n
1) wewt)= g [ i)y @R 1> 0)

in agreement with §2.3.1. The Fourier transform has provided us with a new
derivation of the fundamental solution of the heat equation. O

Example 3 (Fundamental solution of Schrodinger’s equation). Let us next
look at the initial-value problem for Schrodinger’s equation

(19) {zut+Au=O in R™ x (0, o0)

u=g onR"x{t=0}

Here u and g are complex-valued.

If we formally replace ¢ by 2t on the right hand side of (18), we obtain
the formula

1 iw—y2 n
@) et =g [T @R 1> 0)
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where we interpret i3 as e*. This expression clearly makes sense for all
times ¢ > 0, provided g € L}(R™). Furthermore if |y|?g € L!(R"™), we can
check by a direct calculation that u solves iu; + Au = 0 in R™ x (0, c0). (We
will not discuss here the sense in which u(-,t) — g as t — 0™, but see §4.5.3
below and Problem 5.)

Let us next rewrite formula (20) as

2

i|x

€ 4t ziey iyl?
u(z,t) = W/Rne 2 e a g(y) dy.
|22 iy?
Since |eJ4_tL, e|_4yt|_| =1, we can check as in Theorem 1 that if g € L1(R™) N
L2(R™), then
(21) [, )l ey = llgll2mey (2> 0).

Hence the mapping g — wu(-,t) preserves the L?-norm. Therefore we can
extend formula (20) to functions g € L2(R"), in the same way that we
extended the definition of Fourier transform. 0O

Remark. We call

1 iz 2
WG 4t (xERn, t?l:O)

(22) U(z,t) =
the fundamental solution of Schrédinger’s equation. Note that formula (20),
u = g x U, makes sense for all times ¢ # 0, even t < 0. Thus we in fact have
solved

(23) {zut+Au=0 in R™ x (—oc, oc)

u=g¢ onR"x {t=0}

In particular, Schrodinger’s equation is reversible in time, whereas the heat
equation is not (in spite of Theorem 11 in §2.3.4). O

Example 4 (Wave equation). We next analyze the initial-value problem
for the wave equation

(24) up —Au=0 in R" x (0, 00)
u=g, uy=0 onR"x {t=0},

where for simplicity we suppose the initial velocity to be zero. Take as before
1 to be the Fourier transform of u in the variable z € R™. Then

{ﬂtt+|y|2ﬂ20 fort >0

(25) i=§ G =0 fort=0.
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This is an ODE for each fixed y € R™. We look for a solution having the
form @ = Be* (3,7 € C). Plugging into (25) gives 72 + |y|* = 0 and so
v = +i|y|. Remembering the initial conditions from (25), we deduce

%(eitlyl e~y
Inverting, we find
ue,t) = e )

and consequently

__ 1! 8W) iteyriiul) | gilzy—tly)
@) ulet) = o [ P 4 i) gy
for x € R™, t > 0. We will further analyze this formula in certain asymptotic
limits later, in §4.5.3. See also Example 1(ii) in §4.2.1. 0

Example 5 (Telegraph equation). The initial-value problem for the one-
dimensional telegraph equation is

Ugt + 2duy —uzz =0 in R x (0,00)
{ u=g9g, us=h onR x {t=0},
for d > 0, the term “2du;” representing a physical damping of wave propa-
gation. As before

(27)

(28) { figt + 2die + lyP4a =0 fort>0

=g, tu=h fort=0.

We again seek a solution of the form @& = Be!” (3, v € C). Plugging into (28),
we deduce v2 + 2dvy + |y|? = 0; whence y = —d + (d? — |y|*)'/2. Consequently
e { e (B1(y)e" W + Ba(y)e W) if [y < d

a(y,t) = . .
T e (b)) + Bu)eE@) it fy > d
for ¥(y) == (d* — [y|*)/*(|y| < d), 6(y) == (Jy|* — d*)'/? (|y| > d), where
Bi(y) and Ba2(y) are selected so that

9(y) = B1(y) + B2(y)

() = { Ay (v(y) —d) + B(y)(—(y) —d) iffy]<d
Bi(y)(#6(y) — d) + Ba(y)(—ib(y) — d) if [y| > d.

We thereby obtain the representation formula:

e—dt

1) = iry+y(y)t @y—(y)t g

wet) = G [ BEETI 4 ) y
e—dt

+ (zﬂ.)n/Z

t

and

/ By ()W 4 g () eilev—00) gy
{ly|=d}

Notice the terms e~%, which correspond to damping as t — oc. O
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4.3.2. Laplace transform.
Remember that we write Ry = (0, 00).

DEFINITION. Ifu € LY(R,), we define its Laplace transform to be
(29) u(s) == / e Stu(t)dt (s> 0).
0

Whereas the Fourier transform is most appropriate for functions defined
on all of R (or R"), the Laplace transform is useful for functions defined
only on R,. In practice this means that for a partial differential equation
involving time, it may be useful to perform a Laplace transform in ¢, holding
the space variables z fixed. (This is the opposite of the technique from
Examples 2-5 above.)

Example 1 (Resolvents and Laplace transform). Consider again the heat
equation

(30) {Ut—A’lj:O in U x (0,00)

v=f onUx {t=0},

and perform a Laplace transform with respect to time:
o0
v¥(z,s) = ] e *u(z, t)dt (s> 0).
0
What PDE does v# satisfy? We compute

o0 oC
Av#(z, 5) =/ e "t Av(z, t) dt =f e Stuy(z, t) dt
0 0

t=0

= s] e *tv(x,t)dt + e"“vr:co = sv™(z,5) — f ().
0

Think now of s > 0 being fixed, and write u(z) := v*(z, s). Then
(31) —Au+su=f inU.

Thus the solution of the resolvent equation (31) with right hand side f is
the Laplace transform of the solution of the heat equation (30) with initial
data f. (If U = R™ and s = 1, we could now represent v in terms of the
fundamental solution, to rederive formula (15).) O

The connection between the resolvent equation and the Laplace trans-
form will be made clearer by the discussion in §7.4 of semigroup theory.
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Example 2 (Wave equation from the heat equation). Next we employ some
Laplace transform ideas to provide a new derivation of the solution for the
wave equation (cf. §2.4.1), based—surprisingly—upon the heat equation.

Suppose u is a bounded, smooth solution of the initial-value problem:

(32) up — Au=0 in R™ x (0, oc)
u=g, uy =0 onR” x {t =0},

where n is odd and g is smooth, with compact support. We extend u to
negative times by writing

(33) u(xz,t) =ulz,—t) if zeR" t<O.
Then
utt—Au=0 in R" x R.
Next define
1 o0
(34) v(z,t) = e / e"s2/4tu(a:, s)ds (x€R", t>0).
Hence

%inr(l)v =g¢ uniformly on R".

In addition

1 ® 2
Av(z,t) = W /;ooe S/t Au(x, 5) ds
1

_ > —s2/4t
e /_ooe Uss (T, ) ds

1 x S —52/4¢
= W/_oo z—te / ’U.S(.'L',S)ds

1 o0 52 1 2
= W [oo (Z{:E -— E) € s /4t’u,(:l’,',3) dS = Ut(m,t)_

Consequently v solves this initial-value problem for the heat equation:

vy —Av=0 in R"” x (0, 00)
v=g onR"x {t=0}

As v is bounded, we deduce from §2.3 that

1 _le—y?
(35) v(z,t) = Wf]kne 7t g(y) dy.
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We equate (34) with (35), recall (33), and set A = 3, thereby obtaining the
identity
n—1
[Tuteseas =1 (2)7 [ e rPow)ay
0 2 \n n
Thus

22l o
(36) f u(z, s)e ™ ds = na(n) (A) 2/ e LG ) dr,
0 2 m 0

for all A > 0, where

(37) Gla;r) = fa 9(y) dS(y).

B{z,r)

We will solve (36), (37) for u. To do so, we write n = 2k + 1 and note
—%%(e‘”z) = de~ ™. Hence

)\nT_l/ e M LG ;) dr =/ Noe M r 2k Gy r) dr
; 0

= (_21)16 /:O [(%%)k (e_)‘rz)] G (z; ) dr

00 k
= 51-’;/ r l(%g’:) (’rzk_lG(x;r))] e dr,
0

where we integrated by parts k times for the last equality.

Owing to (36) (with r replacing s in the expression on the left), we
deduce

* a2, na(n) /OO 10N k1 “ar?
/0 u(zx,r)e dr———7rn2;12k_‘_1 A r{(rar (r G(z;1))| € dr.

Upon substituting 7 = r* we see that each side above, taken as a function

of A, is a Laplace transform. As two Laplace transforms agree only if the
original functions were identical, we deduce

_ na(n) 18\* ok—1
(38) u(z,t) = Y t (t 3t> (t“* 7Gx, t)).
— _ a2 gkt : 1y _ ,.1/2
Now n = 2k + 1 and a(n) = = Since T'(3) = »'/2 and

L(3+1) — T(5+)
[(z +1) = zT'(z) for z > 0 (cf. [RD, Chapter 8]), we can compute

na{n) nil/? 1 1

Ak2EHl T ORHT (2 41)  (n-2)(n—4)---5-3
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We insert this deduction into (38) and simplify:

n—3
19 /18\ 2 _2][
39 M=——=-= t" dS zeR™ t>0).
(39)  ul=1) Yn Ot (tat) ( aB(m,tg) ) ( )

This is formula (31) in §2.4.1 (for h =0). 0

4.4. CONVERTING NONLINEAR INTO LINEAR PDE

In this section we describe several techniques which are sometime useful for
converting certain nonlinear equations into linear equations.

4.4.1. Hopf—Cole transformation.

a. A parabolic PDE with quadratic nonlinearity.

We consider first of all an initial-value problem for a quasilinear parabolic
equation:

{ us — aAu +b/Dul> =0 in R™ x (0, 00)

(1) u=g onR" x {t =0},

where a > (. This sort of nonlinear PDE arises in stochastic optimal control
theory.

Assuming for the moment u is a smooth solution of (1), we set

w = ¢(u),

where ¢ : R — R is a smooth function, as yet unspecified. We will try to
choose ¢ so that w solves a linear equation. We have

wy = ¢ (w)ug, Aw = ¢'(u)Au+ ¢"(u)|Dul?;
and consequently (1) implies
wy = ¢ (u)uy = ¢'(u)[aAu — b|Dul?]
= aAw — [a¢" (u) + b¢' (w)]| Du/?

= aAw,

provided we choose ¢ to satisfy a¢” + b¢’ = 0. We solve this differential
—bz
equation by setting ¢ = e™= . Thus we see that if u solves (1), then

—bu

(2) w=¢€a



4.4. CONVERTING NONLINEAR INTO LINEAR PDE 195

solves this initial-value problem for the heat equation (with conductivity a):
w — aAw =0 in R™ x (0, c0)

®) { w=ea on R™ x {t = 0}.

Formula (2) is the Hopf-Cole transformation.

Now the unique bounded solution of (3) is

1 —lz—p® —b
’LU(ZE,t) = W /Rn € 4dat ga g(y)dy (.’L‘ € Rn, t > 0),
and, since (2) implies

U= al

we obtain thereby the explicit formula

1 ~lz—yf?
4) u(z,t) = —%log (W /ne T —%9<y>dy) (z € R™, t > 0)

for a solution of quasilinear initial-value problem (1).

b. Burgers’ equation with viscosity.

As a further application, we examine now for n = 1 the initial-value
problem for the viscous Burgers’ equation:
(5) U — QUgy + vy =0 in R x (0, 00)
u=g on R x{0,00).

If we set

6) wa,t)= [ ulwt)dy
and

@) o) = [ o)y

(cf. §3.4), we have
@®) W; — aWze + w2 =0 in R x (0, 00)
w=h onRx{t=0}

This is an equation of the form (1) forn=1,b= %; and so (4) provides the
formula

—lz—y 2,@
(9) ’UJ(.CC,t) = —2alog (W Re dat 2a dy) .

But then since u = w;, we find upon differentiating (9) that

—|z—yi2 h
foo E;EE_IT:JL__Z%Zdy
—occ

(10) u{z,t) = (zeR, t>0)

oo zla—wl®_
f—OO € 4at
is a solution of problem (5), where h is defined by (7). We will scrutinize
this formula further in §4.5.2.

%%ldy
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4.4.2. Potential functions.

Another technique is to utilize a potential function to convert a nonlinear
system of PDE into a single linear PDE. We consider as an example Fuler’s
equations for inviscid, incompressible fluid flow:

(a) wp+u-Du=—-Dp+f inR3x(0,c0)
(11) (b) diva =0 in R3 x (0, c0)
(c) u=g on R3 x {t = 0}.

Here the unknowns are the velocity field u = (u!, 42, %) and the scalar
pressure p; the external force f = (f!, f?, f3) and initial velocity g =
(g', 9%, g°) are given. Here D as usual denotes the gradient in the spatial

variables x = (x1, 2, z3). The vector equation 11(a) means
. 3 . . -
ui+ > wiul = —pe+ f(i=1,2,3)
i=1

We will assume

(12) divg = 0.

If furthermore there exists a scalar function & : R3 x (0,00) — R such that
(13) f = Dh,

we say that the external force is derived from the potential h.

We will try to find a solution (u,p) of (11) for which the velocity field
u is also derived from a potential, say

(14) u = Dw.
Our flow will then be irrotational, as curlu = 0. Now equation (11)(b) says
(15) 0=diva = Av

and so v must be harmonic as a function of x, for each time t > 0. Thus
if we can find a smooth function v satisfying (15) and Dv(-,0) = g, we can
then recover u from v by (14).

How do we compute the pressure p? Let us observe that if u = Duv,
then u - Du = 3D(|Dv|?). Consequently (11)(a) reads D (v; + 3|Dv|?) =
D(—p+ k), in view of (13). Therefore we may take

1
(16) w+§MMF+p=h

This is Bernoulli’s law. But now we can employ (16) to compute p, since v
and h are already known.
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4.4.3. Hodograph and Legendre transforms.
a. Hodograph transform.

The hodograph transform is a technique for converting certain quasilinear
systems of PDE into linear systems, by reversing the roles of the dependent
and independent variables. As this method is most easily understood by
an example, we investigate here the equations of steady, two-dimensional,
irrotational fluid flow:

(a) (o%(u) — (u'))ug, — wluP(ug, +ud))
(17) +(o%(u) - (u*)?)u3, = 0
(b) ug, —ui, =0
in R?2. The unknown is the wvelocity field u = (u!,u?), and the function
a(-) : RZ — R, the local sound speed, is given.
The system (17) is quasilinear. Let us now, however, no longer regard
u! and u? as functions of z; and z5:

(18) ul = ul(xl,:rg), u? = uz(xl,:vg),
but rather regard z! and z? as functions of u; and wus:
(19) ! = xl(ul,uz), z? = xz(ul,ug).

We have exchanged sub- and superscripts in the notation to emphasize the
interchange between independent and dependent variables.

According to the Inverse Function Theorem (§C.5) we can, locally at
least, invert equations (18) to yield (19), provided

O(ul, u?
(20) J = f}E.’ETg% = ’U,;l uiz — uizugl 711 0

in some region of R%. Assuming now (20) holds, we calculate

2 _ 1 2 2

Uz, = JZy,, uz, = —Jry,
(21) 1 _ J 1 1 =J 2

Upy = —JTy,, Uy, = JTy,.

We insert (21) into (17), to discover
(22) (@) (o%(u) —uf)zy, +uwruz(zy, +23,) + (0°(w) — ud)zy, =0
(b) zy, —z5 =0.

This is a linear system for x = (z!, 22), as a function of v = (uy, uz).
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Remark. We can utilize the method of potential functions (§4.4.2) to sim-
plify (22) further. Indeed, equation (22)(b) suggests that we look for a single
function z = z(u) such that

Tl =z,
7?2 = z,,.
Then (22)(a) transforms into the linear, second-order PDE

(23) (02(u) - u%)zuzw + 2uiu2zy vy + (‘72(u) - u%)zuml = 0.

b. Legendre transform.

A technique closely related to the hodograph transform is the classical
Legendre transform, a version of which we have already encountered before,
in §3.3. The idea is to regard the components of the gradient of a solution
as new independent variables.

Once again an example is instructive. We investigate the minimal sur-
face equation (cf. Example 4 in §8.1.2)

Du
di =0
v ((1 n |Du|2)1/2) !

which for n = 2 may be rewritten as

(24) (1+ ugz)umml — Uy UgyUgyzy + (L + uil)umzm = 0.

Let us now assume that at least in some region of R? , we can invert the
relations

(25) Pt = Uy, (21, 22), P* = ugy(21,72),
to solve for
(26) a! =z (p1, p2), 2% = 2%(p1, p2).

The Inverse Function Theorem assures us we can do so in a neighborhood
of any point where

(27) J = det D?u # 0.
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Now define

(28) v(p) := x(p) - p — u(x(p))},

where x = (z!,2?) is given by (26), p = (p1,p2). We discover after some
calculations that

Uziz, = vazpz
(29) Uz zg = _valpz

Uggzs = valpl -

Upon substituting the identities (29) into (24), we derive for v the linear
equation

(30) (1+ P%)vpzpz + 2p1Patpp, + (1 + P%)'Uplm = 0.

Remark. The hodograph and Legendre transform techniques for obtaining
linear out of nonlinear PDE are in practice tricky to use, as it is usually not
possible to transform given boundary conditions very easily. O

4.5. ASYMPTOTICS

It is often the case that even when explicit representation formulas can be
had for solutions of partial differential equations, these are too complicated
to be of much immediate use. In such circumstances it sometimes becomes
profitable to study the formulas in various asymptotic limits, whereupon
simplifications often appear.

Following are several rather complicated examples, illustrating typical
issues involved in asymptotics for PDE. The results in this section are ex-
plained only heuristically, mostly without formal proofs.

4.5.1. Singular perturbations.

A singular perturbation is a modification of a given PDE by adding a
small multiple £ times a higher order term. In accordance with the informal
principle that the behavior of solutions is governed primarily by the high-
est order terms, a solution u® of the perturbed problem will often behave
analytically quite differently from a solution u of the original equation.

Example 1 (Transport and small diffusion). We illustrate this idea by
studying formally the effects of small diffusion upon the transport of dye
within a moving fluid in R2.
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x=x(t)+yv(x(t))

Flow of dye without diffusion

Suppose we are given a smooth vector field b : R? — R? b = (b!,5?),
representing the steady fluid velocity. Assume dye has been continuously
injected at unit rate into the fluid at the origin, and let u(x) represent the
density of dye at the point z € R?, z = (z1,z2). Then, formally at least as
we shall see,

(1) div(ub) =& in R?

where & is the Dirac measure on R? giving unit mass to the point 0. This
PDE implies that the dye density is transported with the fluid motion at
points x # 0.

Consider now for £ > 0 the singular perturbation:
(2) —eAuf + div(u®b) = § in RZ

The new term “cA” represents a small, isotropic diffusion of the dye within
the background fluid motion. We are interested in understanding in an
approximate way the structure of the solution u® of (2) and, in particular,
describing if and how u® approximates u for small £ > 0.

a. Analysis of problem (1).

We turn our attention first to the unperturbed PDE (1). Consider the
characteristic ODE

x(t) = b(x(t)) (t=0)
(3) {x(O) =0,

the solution x(t) = (z!(t), 2%(t)) of which we assume to trace out a curve
C, as drawn.

Given a point x € R? near C, we write

(4) z = x(t) + yr(x(t)),
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where v = (v1,1?) is the (upward pointing) unit normal to C, y € R, and
t is the time required for the solution of the ODE (3) to reach the point
x(t) along C closest to x. We hereafter regard (¢,y) as providing a new
coordinate system near the curve C; so that z = (z1(y, t), z%(y, t)).

Using (3) and (4), we compute

a(z!, 22 ozl Bzl bl AR
w,a) ):det(at ;;%):det( Ty 2).

a(t,y) %’ft_z % B +yi? v

Let us write 0 = |b|, v = (—b%,b!)/0 and & = —okT = —kb (where ¢ =

speed, kK = curvature, 7 = g = unit tangent). We then simplify, to obtain
o(x!, z?)

5 ———— =o(1l — Kky).

(5) 3t 9) (1 - ry)

Return now to the PDE (1), which we rewrite to read
(6) b-Du+ (divb)u =6, in RZ.
As in §3.2 we see u = 0 off the curve C. Let us next guess u has the form

(7) u(z) = p(t)é(y)

in the (t, y)-coordinates, § denoting the Dirac measure on R giving unit mass
to the origin.

What is p(¢)? To compute it, take R to be a small, smooth region in
the (x1,z2)-plane, with boundary intersecting the curve C' at the points
x(t1) and x(t2), 0 < ¢; < tp. Let R’ denote the corresponding region in the
(t,y)-plane. Then using (5) we calculate

12

/R wdz = /R P8(w)o(t)(1 — ry) dydt = / (B (t) dt.

t1

Now | p W dz represents the total amount of dye within the region R, which
is to say, the total amount released between times t; and ¢2. This is simply
t2 —t;. Thus

/ ® o) dt =ty — by,

t1

This identity holds for all 0 < t; < t2, and so p(t) = o(t)~ 1. Hence (7) says

(8) u(z,t) = &(y)/o ()
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is a solution of (1), for o(t) := |b(x(¢))|, t > 0. In other words, u represents
the density along the curve C of the dye, whose concentration varies inversely
with the speed of the fluid.

We can further confirm this formula as follows. Let v € C2°(R?). Then
using (5), we compute

Dv -budx = D ‘b (y)a(t)(l — ky) dydt
R o(t)

/ Du(x(t)) - b(x(2)) dt

=/0 d—tv(x(t))dt=—v(0)-

Hence we may indeed interpret u defined by (8) as a weak solution of the
unperturbed PDE (1).

b. Analysis of problem (2) for 0 < e << 1.

We look now at the perturbed problem (2). We expect that at time
¢t > 0, the diffusing dye will fill a ball of radius approximately O((et)!/?)
about the point x(t). The dye will thus be mostly concentrated in a plume
as drawn, about the curve C.

O((ct)1/2)

Flow of dye with diffusion

We wish to understand the structure of the solution «* of (2) within this
plume, as € — 0.

Since the width is presumably of order 0(51/ 2) fortimes 0 < t;1 <t <ty
and the total mass of dye corresponding to the same time interval is t2 — ¢;,
we expect u¢ to be of order O(¢~1/2) along C. This suggests that for us to
understand the asymptotics as € — 0, we should turn our attention to the
rescaled variables

(9) zi=e 2y, of o= eV

the powers of ¢ selected so that z,v° = O(1).
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We must therefore rewrite the PDE (2) in terms of the new variables ¢, z
and v°. For this, we need first to study the structure of the velocity field b
along the curve C. Let us therefore write

(10) b =o(t)r + {a(t)r + B(t)v}y + Oy°),

where, as noted before, 7 = b/o is a unit tangent vector to C. Now for any
smooth function w:

ox? oz?
Wt = Way 5 + Way o = Wy, 0(1 — kYT + Wiy (1 — kY)T?

and
Wy = W 3_acl+w 6_x2_w l/l-l—w 2
y =Ygy gy T Wn z2 V-
Thus
w? — wyo(1 — ky)72
Wy, = y
" — —wrt +wyo(l — ky)r!
T2 (1 - ky) '

Therefore using (10), (11) (for w = u®), we can compute:

b- Duf = [o7 + (ar + Bv)y + O(¥?)] - Du®

_ uf ayuf € 2 €
= 0= ry) + o0 — k) + Byuy, + O(y°|Dus|).

Since v° = e!/2uf, z = ¢e71/2y, we can rewrite the foregoing as
(12) b Dv® = vf 4 8205 + O(e!/?).
Similarly, we calculate using (10) and (11) (for w = b!, b?) that

: _ 1 1.2 2 1 1,2 271
divb = m[btu —'btl/ ]+ [T by—’l" by]
1

o(l — &y)[
+[r(ar’ + %) — 72 (ar! + Br')] + O(y)

= (g + 6) + O(y).

(O'Tl)tl/2 - (O'Tz)tlfl]

Here we used the identity + = okv. It follows that

(13) (div b)v® = (% + 6) o + O(eY2),
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In addition, a similar heuristic argument, the details of which we omit,
suggests that

(14) eAuF = v, + O(e?).

Combining now (12)~(14) and recalling (2), we at last deduce v* satisfies (

(15) 08 — o, + (B20°), + gvs — 0('/?).

We suppose now that as € — 0, the functions v* converge in some sense
to a limit:

(16) v* - v in RZ

Then presumably from (15) we will have

(17) vt—vzz+(6zv)z+gv=0 in R x (0, 00).
We therefore expect

(18) uf = e =73 (v 4 0(1)),

with v solving (17). The PDE (17) is consequently a parabolic approxrimation
(in the variables t, 2 = £~1/2y) to our elliptic equation (2). The proper initial
condition should be

(19) vz% on R x {t = 0}.

We will see in Problem 6 that an explicit solution of (18), (19) can be
found, in terms of the solution of an ODE involving £.

4.5.2. Laplace’s method.

Laplace’s method concerns the asymptotics as € — 0 of integrals involv-
ing expressions of the form e~?/¢, I denoting some given function.

Example 2 (Vanishing viscosity method for Burgers’ equation). We next
investigate the limit as ¢ — 0 of the solution u® of the initial-value problem
for the viscous Burgers’ equation

(20)

uf +uful —eul, =0 inR x (0,00)
u* =g onRx {t=0}.
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Remembering formula (10) from §4.4.1, we note

pove) Me—ngr,y,t[dy
(21) u(,t) = T —,
€ = dy
for
12
@ K@= i) @yer >0,

where h is an antiderivative of g.

What happens to u® as € — 0?7 Mathematically the term “cuz,” in (20)
makes the partial differential equation act somewhat like the heat equation,
in that the solution u* is infinitely differentiable in R™ x (0, oc), in spite of
the nonlinearity. This follows from the explicit formula (21). On the other
hand, an obvious guess is that the solutions u® should converge as ¢ — 0 to
a solution u of the conservation law

(23) {ut+(“72)x=0 in R x (0, 00)
u=g onRx {t=0}

Physically, we regard the term “cu;,” as imposing an “artificial viscosity”
effect, which we are now sending to zero. We expect that this vanishing
viscosity technique should allow us to recover the correct entropy solution u
of (23), which may have discontinuities across shock waves, as the limit of
the solutions u® of (20), which are smooth.

We must understand the limiting behavior of the expression on the right
hand side of (21), as € — 0.

LEMMA (Asymptotics). Suppose that k,l : R — R are continuous func-
tions, that | grows at most linearly and that k grows at least quadratically.
Assume also there erists a unique point yo € R such that

k(vo) = min k(y).

Then
o0 —k(yz
. o lyeTs  dy
(24) lim —>=——— = l(yo).

e—0 o
o€ dy
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Proof. Write kg = k(yo). Then the function

ko —k(y)
e €
pe(y) = PR Y Y P5) (y € R)
[o.. e = dz
satisfies
(25) { pe 20, 2 pe(y) dy = 1,
e (y) — 0 exponentially fast for y # yg, as € — 0.

Consequently

IR ye T dy e

lim —"=——7 =lim [ Uy)u(y)dy = l().

£E— o € . dy £— —00

O

Return now to (21), (22). We observe K(z,y,t) = tL (%) + h(y),
where L = F* for F(z) = % According to the analysis in §3.4, for each
time t > 0 the mapping y — K(z,y,t) attains its minimum at a unique
point y = y(z,t) for all but at most countably many points x. But then the

lemma implies

- ] t - ’
(26) lim u*(x,t) = z -yt =G (—{M) = u(zx,t)
e—0 t t
for G := (F')~1.

The final equality in (26) is the Lax—Oleinik formula for the unique en-
tropy solution of the initial-value problem (23). It is a powerful endorsement
of the methods from §3.4 that this formula has reappeared in the context of
vanishing viscosity. {See also Problem 3.} a

We will later discuss the vanishing viscosity method for symmetric hy-
perbolic systems in §7.3.2, for Hamilton—Jacobi equations in §10.1, and for
systems of conservation laws in §11.4.

4.5.3. Geometric optics, stationary phase.

This section investigates the behavior of certain highly oscillatory so-
lutions of the wave equation. We begin with some crude, but instructive,
calculations.
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a. Geometric optics.

Example 3 (Oscillating solutions). Let us once more turn our attention to
the wave equation

(27) ug — Au =0 in R" x (0, 00),

and we now regard the solution u as taking complex values. We fix ¢ > 0
and seek a solution u = u® of (27) having the form

ip® (a,t)
(28) W (z,t) =e o a(z,t) (zeRt>0),
the real-valued function p* representing the phase, and the real-valued func-
tion a° representing the amplitude. The proposed form (28) for the solution
is called the geometric optics ansatz*. The idea is that highly oscillatory
solutions of the wave equation can be understood by studying a PDE for the
phase function in the limit as ¢ — 0. Following is a formal demonstration.

Substituting (28) into (27), we find after some computations that

- ips A ieae
0=u; — Au® =¢€”? /E(&ae— (&) a® + 2 Pt +a§t)
£ 3 €

. 2 .
_ inle (ZAEPE o | Dpf| . 2 Dpf - Daf N Aae).

g2 £

We cancel the term e”°/¢ and take the real part of the resulting expression,
to find

(29) a*((95)? — |Dp°[?) = €2 (af; — Aa).
Now ifase — 0

(30) p°—p, o —a#0

in some sense, then presumably from (29) it follows that
(31) p £ |Dp| =0 inR" x (0, 00).

We may informally regard the straight line characteristics of these Hamilton—
Jacobi PDE as rays along which the solution (28) concentrates in the high-
frequency limit as € — 0.

More generally, let us consider the second-order hyperbolic PDE

n

(32) U — Z o™ (Z)ug,,, =0 in R™ x (0, 00)
k=1

*ansatz = formulation (German).
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with a*! = ok (k,1=1,...,n). We again look for a complex-valued solution
u = u® of the form (28), and calculate

n
— € § : kl, e
0 —_ utt - a umkml

k=1
. 2 .
e e [ 1D % 2ipiag
:ezp/s(Pttas_(&) L t 4 af,
£ £ £

n im€ E € in€ n€
, ip Po. P 2ip; a
_ pipf/e ki lzpxy e JTpl® e Tk Ty €
e ( E a ( - a -2 a + - +amm) .

k,i=1

We once again cancel ¢P°/¢ and take real parts to find

n n

€ 2 kl e e 2 £ kl e

a (pt) - Z @ Py Py | =€ Ay — Z a Ay,
kil=1 kl=1

Hence if (30) holds in some sense, we may then expect
1/2

n
(33) | Y d¥ppr, | =0 ImR*x(0,00).
k=1

See below and also §4.6.1, §7.2.4 for further elaboration of these ideas. O
b. Stationary phase.

The foregoing example suggests that the Hamilton-Jacobi PDE (31)
somehow “controls the high frequency asymptotics for the wave equation”.
However the range of validity of the geometric optics ansatz is highly un-
certain in the preceding strictly formal computations. To understand more
clearly the behavior of the solution, we employ next the method of station-
ary phase, which is a variant of Laplace’s method had by replacing the —1
in the exponent (cf. §4.5.2) with s.

Example 4 (Stationary phase for the wave equation). Look again at the
initial-value problem for the wave equation

(34) uf —Au® =0 in R™ x (0, 00)
u® =g¢°, u; =0 on R"” x {t =0},

where we hereafter assume ¢°¢ to have the rapidly oscillating structure

ip(x)

(35) 9°(x) =a(x)e = (zeR").



4.5. ASYMPTOTICS 209

Here € > 0, a,p € C°(R"™), and we suppose
(36) Dp # 0 on the support of a.

Utilizing formula (26) from §4.3.2, we can write

W (3, t) = — ] 955(29)(ei<m-y+tfy|>+ez’(w-y—t|y|))dy (z €R", t > 0).
R

Invoking (35), we see

(37) u(z,t) = %(Ii(:c,t) + I (z, 1)),
where ] | o

IS (z,t) = ) /n /n a(z)ele=2) v+ 52 gy g
Changing variables gives
(38) I (z,t) = (27‘.16)n /n /n a(z)ec=@v.2t) qudy
for
(39) ¢+(x,y, 2,t) := (z — 2) -y £ t|y| + p(2).

We want to study the asymptotics of I as € — 0. Let us pause in this
example and develop some general machinery, which we will later apply to
(38), (39). O

Example 4 motivates our considering general integral expressions of the

form
(40) = e*aly)dy (z€RY),

where a, ¢ are smooth functions, e has compact support, and € > 0. We
wish to understand the limiting behavior of I, as ¢ — 0.

We first examine the special case that ¢ is linear in y:
LEMMA 1 (Asymptotics for linear terms). Let a € C°(R™) and p € R",
p#0. Then form=1,2,...

/ eép'ya(y) dy=0(m) ase—0.
R
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Proof. Without loss we may assume p = (p1,...,Pn), p1 # 0. Then for
m=1,2,...

[ evatar= (= ) [ gttty

1p1 Rrm OYT"
- ___E " Epy_ai _— m
(ipl) mee By —a(y)dy = O(e ).

Next we suppose ¢ is quadratic in y:

LEMMA 2 (Asymptotics for quadratic terms). Let a € C°(R"™) and sup-
pose A 1s a real, nonsingular, symmetric matriz. Then

1 iy Ay ei%sgnA
() ey Jou &) W = (g (00 +OE) - as e =0,

Here sgn A, the signature of A, denotes the number of positive eigenvalues
of A minus the number of negative eigenvalues.

Proof. 1. First we claim for each ¢ € C°(R™) that

lim [ [ iz-Az—§|z|%—iz- y¢( )dxdy

50+
(42)

W e't SgnA]Rne WA YG(y) dy
To confirm this, we start by assuming A is diagonal:
(43) A= diag(A,...,An) (M #0, k=1,...,n).
Now for fixed y, A € R and § > 0, we have
f pre?—sat—izy g, 64—(,&2755 / e(i/\—ﬁ)(%m%y_—,sy)zdx
R R

2

S —
e dGA=38) _,2
e S

where T' = {z = (6 —i\)Y/2 (z — ﬂ;%) | z € R} and we take Re(6—i\)!/2 >
0. Thus I' is a line in the complex plane, which intersects the z-axis at an
angle less than . We consequently may deform the integral over T into the
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integral along the real axis: see Problem 7. Hence [ e dz = Jr e dr =

7/2 and thus
1/2 2

z')m:z—&n:z—izyd — m eIGyA—_SS
/R e v= e
Since A has the diagonal form (43), we consequently deduce

Jo(y) = /R iz Asblol* iz vy

y2

—_k
4(1.Ak 6)

n
— iAx2 —6x2 —izLyp _ .nf2
];[ / k0T dr =17 H —_ 'L)\k)l/2.

2. Now let ¢ € C°(R™). Then

Y%
eI, =0

L SWITsw)dy =n"% | 6 Iz] G2

Applying the Dominated Convergence Theorem, we deduce

_ g
r'yY

(44) hm[ ¢(y)Js (v dy_ﬁnﬂ/ ‘W)H(e WA

*

Recall we are supposing Re(— iAk)1/2 > 0. Thus if A\x >0, (- i)\k)l/2 =

|Ak|Y/2e~"T. If instead Ax < 0, then (—iAg)'/2 = |\x|'/2¢T. Therefore
JT(—iM)Y2 = | det AY/2e~F &0 4,
k=1

and so (44) gives (42), provided A is diagonal.

If A is not diagonal, we rotate to new coordinates to diagonalize A, and
again verify (42).

3. Let us now write ac(y) := e3¥AY Then if a € C°(R™),
| a@e@ydo= [ aa-vay

According to (42) (with = A replacing A):
En/2 it g ic
~ — TsgnA -2y A
() |detA|1/2e 4 e 2
En/2

"~ | det A2

_1y

T AL+ O(elyl?),
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¢ interpreted as in (42). Consequently

i

1 el sgn A
€ d [ — A 1 2 )
= /R @) de = ]Rn a(y)(1 + Oelyl?)) dy

But [g. d(y)dy = (2m)% a(0) and Jre a(y)|y>dy < oo. Formula (41) follows.
0

For a general phase function ¢, we will employ the following result to
change variables and thereby convert locally to one of the earlier cases.
LEMMA 3 (Changing coordinates). Assume ¢ : R* — R is smooth.

(i) Suppose that

D(0) # 0.
Then there exists a smooth function ® : R® — R" such that
{ ®(0)=0, D®(0} =1, and

(45) d(®(x)) = ¢(0) + Dp(0) - = for |z| small.

(ii) (Morse Lemma) Suppose instead that
D¢(0) =0, det D%¢(0) # 0.
Then there exists a smooth function ® : R® — R™ such that

{ &(0) =0, D®(0) =1, and

0 4(® (@) = 9(0) + o -D*6(0)z for [o] small

In other words, we can change variables near 0 to make ¢ affine in case (i),
quadratic in case (ii).

Proof. 1. Assume r, := D¢(0) # 0. Then there exist vectors ry,...,r,_;
so that {rx}}_; is an orthogonal basis of R". Define f : R x R* — R" by

f(z,y) :==(r1- (y—2),... . a1 (y — 2), 8(y) — $(0) — D¢(0) - z).

Therefore
r

D4£(0,0) = ( -,

I'n

the {ry}7_, regarded as row vectors, and so det D,f(0,0) # 0. The Implicit
Function Theorem (§C.6) implies we can find @ : R* — R" such that
$(0) = 0 and

f(x,®(z)) =0 for |z| small.
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In particular,

(47) { ¢(®(x)) = ¢iO) +D¢(0) - z

ry - (®(z)—z)=0 (k=1,...,n—-1).
Differentiating with respect to x, we deduce as well
(D®(0)—Dry=0 (k=1,...,n)

and so D®(0) = I. This proves assertion (i).
2. Fix x € R"™. Then ¢(t) := ¢(tx) satisfies

wn=wm+ww+40hﬂwmw.
Thus if D¢(0) = 0, we have

(48) 8(z) = $(0) + 55 -Al2)z

for the symmetric matrix
1
Azx) =2 / (1 — t)D%(tx) dt.
0

Observe A(0) = D?%(0). Let us hereafter suppose D%(0) is nonsingular,
and so the same is true for A(z), provided |z| is small. Furthermore, we
may assume upon rotating to new coordinates if necessary that

A(0) = D%(0) is diagonal.
3. We now claim that there exists for each m € {0,1,...,n} a smooth
mapping ®,, : R" — R", such that
{ ®,,(0) =0, D®,,(0) =1, and
49 iy
3(®m(z)) = ¢(0) + %Z:L ¢’-’Ei$i(0)x? + % sz:m+1a%($)$ixj,

for |x| small, where A,, = ((a%)) is smooth and symmetric.

Observe in particular that (49) implies

(50) a(0) = ¢z,2,(0) (i,j =m+1,...,n),

and thus aj ™™ (z) # 0 for |z| sufficiently small.
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4. Assertion (49) for m = 0 is (48) with Ag = A and ®; the iden-
tity mapping. So next assume by induction that (49) holds for some m €
{0,...,n — 1} and write

Then

(1) 6m(x) = 60)+5 Y Ot =5 3 cleeias  fo el smal

i,7=m+1

Define a mapping I, : R" — R", I, 1(y) = z, by writing

Hm+1 (y) =
am+1,m+1(

(yly-":yﬂfh( =

¢-’Em+1$m+l (

for small |y|. It follows then from (51) that

m+1

om(y) = ¢(0) + 2 Z ba:2:(0 Z bm+1(y il

,J—m+2

where

ij am M Wam ) o
m+1( ) _{am(y) "‘“’““(y) i,j=m+2,...,n

otherwise.
Since D%(0) is diagonal, (50) implies
I,031(0) = 0, DILp,1(0) = 1.

Consequently we can define for small |z| the inverse mapping &E,,41 =
H;IH, Yy = Em41(x). Therefore

m+1 1 n
Pm(Emt1(z)) Z‘bmz )zi + ‘2‘ Z azf“rl( )ziz;,
t,7=m+2

for Ay, i1 = B,,11 08m41. This is statement (49), with m + 1 replacing m
and with ®,,41 := ®,, 0 &;41.

The case m = n is assertion (ii) of the theorem. O
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The stationary phase method. We can at last combine the information
gleaned in Lemmas 1-3 to explain informally the stationary phase technique
for deriving the asymptotics of

IE:/I; eiis(ﬂa(y) dy

as € — 0. We will assume

(52) { D¢ vanishes within the support of a

only at the points y1,...,ywn,

and furthermore
(53) D?¢(yy) is nonsingular (k= 1,...,N).

Fix § > 0 so small the balls {B(yk,6)}4_, are disjoint. Then form =1,...,

[ e@éﬂa(y) dy| = O(e™) ase—0.
Rr—UN | B(y,5)

This follows since we can employ Lemma 3,(i) to change variables near any
point y ¢ Uﬁ__l B(y, 8} to make ¢ affine, with nonvanishing gradient. Thus
Lemma 1 and a partition of unity argument gives the stated estimate.

On the other hand if § > 0 is small enough, we can employ Lemma 3,(ii)
to compute

/ W g(y) dy = / e o(B(x))| det DB(2)| da
B(yk,8) 2~ 1(B(yx.5))

_ et / ez—i(w—yk)’Dzﬁb(yk)(m_yk)a(lI’(x))
Q’_I(B(yk»‘s))

| det D®(z)| dx

i n/2 im
_, () (2me) o sgn(D2¢(yk))(a(yk) + 0(g)),

| det D3(yi)['/2

according to Lemma 2. We thereby obtain the asymptotic formuia

N id(yy) _
(54) L =(me?y 2 e =D (a(ye) + O(e)),

as € — 0.
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Example 4 (Stationary phase for the wave equation, continued). We can
now apply the foregoing theory to (38), which states

1 i
IS (z,t) = o) /R" fRn a(z)ez?+ @9 dyds,

This is of the form (40), with (z,t) replacing x and (y, z) replacing y.

Define for fixed z € R™, ¢ > 0, the set where the mapping (y,z) —
o, (z,y,2,t) is stationary:

S+ = {(y7 Z) I Dy,z¢+($aya Zat) = 0}
Recall from (39) that ¢, (z,vy, 2,t) = (z — 2) - y + t|y| + p(z); and so

{ Dy¢y = (z—2)+tf (y#0),
D.¢+ = —y+ Dp(z).

Consequently

(55) S+={(y,z) |x=z—%§%, y=Dp(z)},

and we here and henceforth assume that y = Dp(z) # 0 if (y,2) € ST.

Now if y # 0,

D2 by = (D§¢+ D§z¢+) _ (é[P(y) —I)
vt D§z¢+ ngb"‘ 2nx2n —1 sz ,

for P(y) :=1 — ﬁ%. We have y = Dp(z) on the stationary set ST, and so

det(D} ,¢4) = (—1)" det (I — EI;T'DQp P(Dp)) ,

Now the symmetric matrix 3(z) := P D% P) D2pP(Dp) has n real eigen-
values A1(z),...,An(2). Since X(z)Dp = 0, we may take An(z) = 0. The
other eigenvalues A;(2),...,A,—1(2) turn out to be the principal curvatures
k1(2), ..., kn_1(2) of the level surface of p passing through z. Since P? =P,
the nonzero eigenvalues of TT)I?[sz P(Dp) are the nonzero principal curva-

tures. Thus on ST,

n—1

(56) det(D2,6+) = (~1)" [ (1 - tws(2).

i=1
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We apply the stationary phase estimates for xyp € R and small tg > 0.
If ¢o 18 small enough, we can invoke the Implicit Function Theorem to solve
uniquely the expressions

m, y = Dp(z)

for yo = y(wo,t0), 20 = 2(xp,to). Thus the asymptotic formula (54) (with
2n replacing n) implies
1 i
eiT‘K Sgn(DZ,zd)-i-)

B |d9t D§z¢+|1/2

(57)
e“?+[a(z9) + Oe)] ase—0,

¢4 and D2,¢, evaluated at (xo, 4o, 20, o). Recall further that (56) gives us
an explicit function for det(Dszcm). A similar asymptotic formula holds for
IZ (zo,tp). Since u®(xg,to) = %( {0, to) + IZ (z0,t0)), we derive detailed
information concerning the limits as € — 0, at least for small times ¢ > 0.

a

Remark (Optics and stationary phase). It remains to discuss briefly the
connections between the formal geometric optics and the stationary phase
approaches. Recall that the former brought us to the two Hamilton-Jacobi
equations

(58) pe+|Dp| =0

ipe ipt+o(l
for the phase function of uf = ace’t = (a + o(1))e 22 Now the charac-

teristic equations for the PDE p; — |Dp| = 0 are

(59) {ﬂﬂz_%%

p(s) =0,

as previously discussed in §3.2.2. In particular given a point x € R", ¢t > 0,
where ¢ is small, the projected characteristic x{-) is a straight line, starting
at the unique point z satisfying

Dp(z)
{Dp(2)]
But this relation is precisely what determines the stationary set S™ above.

Likewise, the characteristics of the partial differential equation p; +|Dp| = 0
determine the stationary set S~ for ¢_. O

z=x+1t
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4.5.4. Homogenization.

Homogenization theory studies the effects of high-frequency oscillations
in the coeflicients upon solutions of PDE. In the simplest setting we are given
a partial differential equation with two natural length scales, a macroscopic
scale of order 1 and a microscopic scale of order €, the latter measuring the
period of the oscillations. For fixed, but small, € > 0 the solution u® of the
PDE will in general be complicated, having different behaviors on the two
length scales.

Homogenization theory studies the limiting behavior u* — u as ¢ — 0.
The idea is that in this limit the high-frequency effects will “average out”,
and there will be a simpler, effective limiting PDE that u solves. One of
the difficulties is even to guess the form of the limiting partial differential
equation, and for this formal, multiscale expansions in € may be useful.

Example 5 (Periodic homogenization of an elliptic equation). This example
assumes some familiarity with the theory of divergence-structure, second-
order elliptic PDE, as developed later in Chapter 6.

Let U denote an open, bounded subset of R", with smooth boundary
OU, and consider this boundary-value problem for a divergence structure
PDE:

n

(60) -2 (@9(F)w),, =f U
h= w =0 indU.
Here f : U — R is given, as are the coefficients o™ (i,5 =1,...,n). We will

assume the uniform ellipticity condition

n

3" ¥ (y)eg; > 0lgl

i,j=1
for some constant @ > 0 and all y,£ € R". We suppose also
(61) the mapping y — a”(y) is Q-periodic  (y € R™),

@ denoting the unit cube in R™”. Thus the coefficients a* (%) in (60) are
rapidly oscillating in x for small € > 0, and we inquire as to the effect this
has upon the solution «. (In applications u® represents, say, the electric
field within a nonisotropic body having small-scale, periodic structure.)

In the following heuristic discussion let us assume

(62) v —u ase—0
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in some suitable sense and try to determine an equation which u satisfies.
The trick is to suppose u® admits the following two-scale expansion:

(63) u(z) = uolx, w/€) + eur(z, x/e) + 2uo(z, 2 /) + .. .,

where u; : U XxQ — R (2 =0,1,...), u; = uj{z,y). We are thus thinking
of the terms u; as being both functions of the macroscopic variable z and
periodic functions of the microscopic variable y = £. The plan is to plug (63)
into (60), and to determine thereby ug, uj, etc. We are primarily interested
in u = up.

Now if v(z) = w(z,z/e) for some function w = w(z,y), then ?92_,-” =

(T + 55, ) w, ¢ =1,...,n. Thus, writing

n

Lv=— Y (a9 (z/e)va,)s,.

6,j=1
we have
(64) L= 5Li+-Ls+Ls,
where
(a) Liw:=—37; (0¥ (y)wy,)y;,
(65) (b) Low :=—377";_1(a” (y)ws, )y, + (@ (y)wy,)a;,

(c) Lzw:= _Zz‘,jzl(a (y )Wz, )z; .
Next plug the expansion (63) into the PDE Luf = f, and utilize the decom-
position (64), (65) to find

1 1

E2—L1u0+—(L1u1 + LQUO) + (L1U2 + Louy + L3u())

+ {terms involving ,£%,...} = f.

Equating like powers of €, we deduce

(a) Lluo = 0,
(66) (b) Liuy + Loug =0,
(C) Lius + Louy + Laug = f, etc.

We examine these PDE to deduce information concerning wug,u1, us.
Now in view of (65)(a), (66)(a) for each fixed z, ug(z,y) solves Liup = 0
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and is Q-periodic. It turns out that the only such solutions are constant in
y. Thus in fact

(67) ug = u(z) depends only on z.

Next employ (67), (65)(b), (68)(b) to discover

n

(68) Lywy = Y a7 (y)y,us,.

i,j=1

We can as follows separate variables to represent u; more simply. For ¢ =
1,...,n, let x* = x*(y) solve

(69) { Lix' ==Y (y)y, nQ

i

x* @-periodic.

As the right hand side of the PDE in (69) has integral zero over @, this
problem has a solution x* (unique up to an additive constant). Here we are
applying the Fredholm alternative: see Chapter 6.

Using (69) we obtain

(70) ui(2,y) = ~ ) X (), (7) + (),
i=1
i1 denoting an arbitrary function of z alone.

Finally let us recall (66)(c):
(71) Liug = f — Lou; — L3uyp.

In view of (65)(c) this PDE will have a Q-periodic solution (in the variable
y) only if the integral of the right hand side over @} is zero. Thus we require

(72) /Qlaul + Laug dy = /Qfdy = f(=).

Owing to (65)(b) and (70),

/ Louy dy = (/ a’* y)ul,ykdy)
Q N

J

([ ajk ka (v) dy) Uz, z,-
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Since u = ug, this calculation and (72) imply

n

_ Z (/Q aij(y) — Zajk(y)xzk(y) dy) Uz;e; (2) = )

4,j=1 k=1
That is,
=Y =1 @ Uge; = f In U
(73) { w=0 ondU,
where

n

(14)  a¥ = [Q () - Y 0, Wy Gj=1,...,n)

k=1

are the homogenized coefficients, and x* solves the corrector problem (69)
(i=1,...,n). Thus we expect u* — u as ¢ — 0, and u to solve the limit
problem (73). O

This example clearly illustrates the power of the multiscale expansion
method. It is not at all readily apparent that the high-frequency oscillations
in the coefficients of (60) lead to a constant coefficient PDE of the precise
form (73), (74).

4.6. POWER SERIES

‘We discuss in this final section solving boundary-value problems for partial
differential equations by looking for solutions expressed as power series.

4.6.1. Noncharacteristic surfaces.

We begin with some fairly general comments concerning the solvability
of the k**-order quasilinear PDE

(1) Z aa(D*¥ Yy, ... u, ) D% + ag(DF ..., u,z) =0
ta|=k

in some open region U C R™. Let us assume that I' is a smooth, (n — 1)-
dimensional hypersurface in U, the unit normal to which at any point z° € I"
isv(z®) =v=(v,...,0)

Notation. The j** normal derivative of u at z° € T is

i .
Pu _ D%y = ﬂ_yal Lan O
j - — — a]_ an 1 e e n -
ov _ Ozt ... 0z
|ex|=3 a1+-+an=j
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Now let gg,...,gx—1 : I' — R be & given functions. The Cauchy problem
is then to find a function u solving the PDE (1), subject to the boundary
conditions

ou oLy
(2) uzQOvazgla"wW:gk—l onI'.

We say that the equations (2) prescribe the Cauchy data go,...,gx_1 onT.
We now pose a basic question:

Assuming u is a smooth solution of the PDE (1),
(3) do conditions (2) allow us to compute all the partial
derivatives of u along I'?

This must certainly be so, if we are ever going to be able to calculate the
terms of a power series representation formula for u.

a. Flat boundaries.

We examine first the special circumstance that U = R" and T is the
plane {x, = 0}. In this situation we can take ¥ = e,, and so the Cauchy
conditions (2) read

Jdu o1y

(4) Uzgoaf%:gl,---,ﬁﬁ_l:gk—l 0n{$n=0}-

Which further partial derivatives of u can we compute along the plane

I' = {z, = 0}7? First, notice that since © = gy on all of I" we can differentiate
tangentially, that is, with respect to z; (i =1,...,n — 1), to find

Ou _ ago

= i =1,...,n—1).
Bxi 8%1 (Z n )

Since we also know from (4) that

ou _
Oxn 91,

we can determine the full gradient Du along I' = {x,, = 0}. Similarly, we
have

2y __
3z — 92

2 F) ,
{Bf—ngx—:ggi i=1,...,n—1)
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and hence we can compute D?u on I'. Next, we see

3

7 o . ..
mﬁ%m if Z,],mZ].,...,n—].
2 . - .
Bu _ %g;—g if 4,7=1,....n—1, m=n
0z;02;0%m gii_ if i=1,...,n—-1, j=m=n
1
W if i=j=m=n

along T', and so we can compute D3u there. Continuing, it is straightfor-
ward to check that employing the Cauchy conditions (4) we can compute
u,Du,... Dy on T.

Difficulties will arise, however, when we try to calculate D*u. In this
circumstance it is not hard to verify that we can determine each partial
derivative of u of order k along I' = {z, = 0} from the Cauchy data (4),
except for the k**-order normal derivative

o
dzk’

Here, at last, we turn to PDE (1) for help. We observe from (1) that if
the coefficient a(,...0.x) is nonzero, we can then solve for

oFu 1
®) e erm| oD% +ao.
oxk a(,...0.k) |aZ|=:k
a#(0,...,0,k)
with the coefficients ay (|| = k) and ag evaluated at (D*lu,...,u,z) along

I'. Now in view of the remarks above, everything on the right hand side
of equality (5) can be calculated in terms of the Cauchy data along the
plane I', and thus we have a formula for the missing k% partial derivative.
Consequently we can in fact compute all of D*u on T, provided

(6) a,..0k) 7 0.

We say that the plane I' = {z,, = 0} is noncharacteristic for the PDE
(1), if the function a(o,...k) 18 nonzero for all values of its arguments.

Can we calculate still higher partial derivatives? Assuming the nonchar-
acteristic condition (6), we observe that we can now augment our list (4) of
Cauchy data with the new equality

u
(7) B—xfl=gk onI' = {x, = 0},
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gr. denoting the right hand side of (5). But then we can, as before, compute
all of D¥+1y along T, except for the term

1y
kt1°
Azt

Again we employ the PDE (1). We differentiate (1) with respect to zn,
evaluate the resulting expression on the plane I', and rearrange to find

okt+ly, 1

ozt ag,..0k)

the dots denoting the sum of various expressions, each of which can be
computed along I in terms of gy, ..., gx. Consequently we can ascertain all
of D¥*1y on T, and an induction verifies that in fact we can compute all the
partial derivatives of w on the plane I'.

b. General surfaces.

We now propose to generalize the results obtained above to the general
case that I is a smooth hypersurface with normal vector field ».

DEFINITION. We say the surface I' is noncharacteristic for the partial
differential equation (1) provided

(8) Z agV*#£0 onlT,

a|=k

for all values of the arguments of the coefficients aq (|a| = k).

THEOREM 1 (Cauchy data and noncharacteristic surfaces). Assume that
[ is noncharacteristic for the PDE (1). Then if u is a smooth solution of
(1) and u satisfies the Cauchy conditions (2), we can uniquely compute all
the partial derivatives of u along I' in terms of ', the functions go, ..., gk—1,
and the coefficients a, (|a| = k), ag.

Proof. We will reduce to the special case considered above.

For this, let us choose any point z° € T and recall §C.1 to find smooth
maps ®, ¥ : R® - R”, so that ¥ = & ! and

®(T'NB(z°, 7)) C {y, =0}

for some r > 0. Define

v(y) = u(P(y));



4.6. POWER SERIES 225

so that
(9) u(z) = v(®(x)).

It is relatively easy to check now v satisfies a quasilinear partial differ-
ential equation having the form

(10) > ba D% + by = 0.
|e|=k
|

2. We claim I
(11) b(o,...,o,k:) #0 on {y, = 0}.
Indeed from (9) we see that for any multiindex a with |a| = k, we have

8k k
D% = 8_;,’;(1)(1)“)0 + { terms not involving g—yg } .

Thus from (1) it follows that
0= Z anD%u + ag

|a|=k
o* k
- Z aa(Dq)n)a_z + ¢ terms not involving oy :
=k Oyn Ak
) !

and so

bo,...0.k) = Z aq(D®™)2. \i
|ee|=k

But D®" is parallel to v on I'. Consequently b,... k) is a nonzero multiple

of the term
Z aqV® #£ 0.
|a|=k

This verifies the claim (11).
3. Let us now define the functions hg, h1,..., ht_1 : R*™! — R by

Ov oy
12 =hy, =— =hy,..., —— = hp_ = 0}.
(12) v=ho, 5~ =M w: k-1 on {y, =0}
Thus we can compute hg, . .., hgx_1 near y = 0 in terms of ® and the functions
9o, - .-, 9k—1. But then, using (11) and the special case discussed above, we

see that we can calculate all of the partial derivatives of v on {y, = 0} near
y=0.

And finally, upon recalling (9), we at last observe we can compute all
the partial derivatives of u on I' near z°. a
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Remark. It is sometimes convenient to recast the noncharacteristic condi-
tion (8) into a somewhat different form, by representing I as the zero set of
a function w : R® — R. So assume that we are given a function w with

I' = {w =0}

and Dw # OonI'. Then v = Bﬁ on I' , and so the noncharacteristic
condition (8) becomes

(13) Z ao(Dw)*#0 onT.

la|=k

4.6.2. Real analytic functions.

We review in this section the representation of real-valued functions by
power series.

DEFINITION. A function f: R"™ — R is called (real} analytic near xq if
there exist 1 > 0 and constants {fa} such that

f@) =" falz—x0)* (lz—z0| <),

the sum taken over all multiindices a.

Remarks. (i) Remember that we write z* = 9" - - - 2%, for the multiindex
a=(a,...,0n).

(ii) If f is analytic near xzo, then f is C* near zy. Furthermore the
constants f, are computed as f, = 2"%93_01’ where a! = oplas! - - - a;,!. Thus
f equals its Taylor expansion about xg:

fla) = 3 D (o) (@ —2)* (13— ol < 7).

a

To simplify, we hereafter take zg = 0. d

Example. If r > 0, set

f(z) =

r—(z1+ -+ zn)
Then
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We employed the Multinomial Theorem for the third equality above and
recalled that ('g') = 1%‘-' This power series is absolutely convergent for
|z| < r/+/n. Indeed,

k
la|! | o e (] e+ |z
Zﬂala!lx |_Z r < 0,

a k=0
since |z1| + -+ - + |z, L |z[v/n < 1. O

We will see momentarily that the simple power series illustrated in this
example is rather important, since we can use it to majorize, and so confirm
the convergence of, other power series.

DEFINITION. Let
=3 faz® g=7 gaz®
[s 4 o
be two power series. We say g majorizes f, written

a>f,

provided
ga 2> |fa|  for all multiindices a.

LEMMA (Majorants).

(i) If g > f and g converges for |x| < r, then f also converges for
|z} < r.

(i) If f = 3_, faz™ converges for |z| < r and 0 < sy/n < r, then f has
a magjorant for |z| < s\/n.

Proof. 1. To verify assertion (i), we check

Z | fax®| < Zg(,,|av1|a1 x| < oo if x| < T
(8 [

2. Let 0 < s4/n < r and set y := s(1,...,1). Then |y| = s4/n < r and
so Y., fay® converges. Thus there exists a constant C such that

|fay®] < C  for each multiindex a.

In particular,

C C |cx|!
< = L el D
|fa| - y?l e y,g" S|a| - s|a|a|
But then o | !
s ol
)= =C —_
1) = s e = O g

majorizes f for |z| < s{/n. a
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Remark. We will later need to extend our notation to vector-valued se-
ries. So given power series {f*}7 {g"}7 ,, we set £ = (f1,...,f™),
g=(g',...,9™), and write

g>f

to mean
F>fF (k=1,...,m).

4.6.3. Cauchy-Kovalevskaya Theorem.

We turn now to our primary task of building a power series solution
for the k*”-order quasilinear partial differential equation (1), with analytic
Cauchy data (2) specified on an analytic, noncharacteristic hypersurface I'.

a. Reduction to a first-order system.

We intend to construct a solution u as a power series, but must first
transform the boundary-value problem (1), (2) into a more convenient form.

First of all, upon flattening out the boundary by an analytic mapping (as
in §4.6.1), we can reduce to the situation that I' C {z, = 0}. Additionally,
by subtracting off appropriate analytic functions, we may assume the Cauchy
data are identically zero. Consequently we may assume without loss that
our problem reads:

Z|a|=k aa(Dknlu, ce ,’u,,:E)Da’u

(14) +ag(D*u,...,u,z) =0 for |z| <r
=%=...=‘2—:é1—"i"=0 for|x’|<r’xn=0,
r > 0 to be found. As usual we write 2’ = (z1,...,Zn—1).

Finally we transform to a first-order system. To do so we introduce the
function

u = (u Su Ju  8%u Bk_lu)
- 755;,"'33&:,3—:5%"'-,51%—_13

the components of which are all the partial derivatives of u of order less
than k. Let m hereafter denote the number of components of u by m, so
that u: R" — R™, u = (u!,...,u™). Observe from the boundary condition
in (14) that u =0 for |[2/| < r,z, = 0.

Now for k € {1,...,m — 1}, we can compute u®_in terms of {uy, ;‘:‘11
Furthermore in view of the noncharacteristic condition ay, ..o,k 7 0 near
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0, we can utilize the PDE in (14) also to solve for 47 in terms of u and

{ug, ?z_ll

Employing these relations, we can consequently transform (14) into a
boundary-value problem for a first-order system for u, the coeflicients of
which are analytic functions. This system is of the general form:

. n—1 . / P
(15) {uz" = 3 io1 Bj(u,@')ug; +¢c(u,2) for |z| <r

u=0 forl|z|<r z,=0,

where we are given the analytic functions B; : R™ x R*™1 — M™*™ (j =
1,...,n—1) and ¢ : R™ x R*"! — R™. We will write B; = ((b%')) and
c = (c},...,c™). Carefully note that we have assumed {B; ;‘:—11 and c do
not depend on xz,,. We can always reduce to this situation by introducing if
necessary a new component ™11 of the unknown u, with «™*! = z,,.

In particular, the components of the system of partial differential equa-
tions in (15) read

n—1 m

(16) ur = Zbed(u,m’)uixj +cFu,z) (k=1,...,m).
j=1 =1

b. Power series for solutions.

Having reduced to the special form (15), we can now expand u into a
power series, and, more importantly, verify that this series converges near
0.

THEOREM 2 (Cauchy-Kovalevskaya Theorem). Assume {B; ;‘;11 and
c are real analytic functions. Then there exist r > 0 and a real analytic
Sfunction

(17) u= Z u,

solving the boundary-value problem (15).
Proof. 1. We must compute the coefficients

_ Deu(0)
Y

(18) U,

in terms of {B; ;‘:_11 and ¢, and then show that the power series (18) so
obtained in fact converges if |z| < r and r > 0 is small enough.
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2. As the functions {B;}7 ! and ¢ are analytic, we can write
(19) zx)—z:BJWsz”/x‘S (j=1,...,n-1)
7,6
and
(20) c(z,x') = Zcﬂ,,gz”x&,
7,6

these power series convergent if |z| + (x| < s for some small s > 0. Thus

D] DSB;(0, 0) oy — DI D3c(0,0)
(y+&r 7 (v +9)!

for j =1,...,n —1 and all multiindices ~, .

(21) B s=

3. Since u =0 on {z, = 0}, we have

D“u(0)

(22) Uo = —

= (0 for all multiindices a with &, = 0.

Now fix i € {1,...,n — 1} and differentiate (16) with respect to z;:

-1 m
Zz(bklum +bfﬂczuj+2bf2pup )+ +Zc r.
j=1 p=

In view of (22), we conclude uf _ (0) = c& (0,0).

If a is a multiindex having the form a = (a1,...,a,-1,1) = (/, 1), we
likewise prove by induction that

D*u*(0) = D**(0, 0).

Next suppose a = (¢/,2). Then

Dk = DY (uk ),
n—1 m
— Da’( > bl + ck’> by (16)
n—-1 m m
- (3 S+ zbﬁzpuauajuz&puﬁn)-
j=1 i=1 p=1
Thus
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The expression on the right hand side can be worked out to be a polynomial
with nonnegative coefficients involving various derivatives of {B; ;‘;11 and c,

and the derivatives DPu, where 3, < 1.

More generally, for each multiindex « and each k € {1,...,m}, we
compute

D*u*(0) = pk(...,D}D!B;,...,D]Dd¢,...,DPu,...)|

z=u=0"’

where p® denotes some polynomial with nonnegative coefficients.

Recalling (18)—(21), we deduce for each a, k that

(23) uﬁ=q§(...,Bjmg,...,c%tg,...,uﬂ,...),
where

(24) " is a polynomial with nonnegative coefficients
and

(25)  Bn < an — 1 for each multiindex 3 on the right hand side of (23).

4. Thus far we have merely demonstrated that if there is a smooth
solution of (15), then we can compute all of its derivatives at 0 in terms of
known quantities. This of course we already know from the discussion in
§4.6.1, since the plane {x, = 0} is noncharacteristic.

We now intend to employ (22)—(25) and the method of magjorants to show
the power series (17) actually converges if |x| < r and 7 is small. For this,
let us first suppose

(26) B;>»B; (j=1,...,n-1)
and

(27) c">c,

where

* * & .
B] ::ZBjméz'Yx j=1,...,n—-1)
7,6

and

c* = E c) 527120,
v,6
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these power series convergent for |z| + |z'| < s. Then

(28) 0< |Bj,*r,6| < B;,%G’

0 < leq6l < cfy,&
for all 7,7, 6.
We consider next the new boundary-value problem

In

* n—1 ’ *
(29) {u =30 Bi(ut, 2)uz, +c*(u',z’) for |z| <r

u* =0 for|z'|<r, zp=0,

and, as above, look for a solution having the form

(30) ut = Z ulaz®,
«
where
. D%u*(0)
(31) U, = o
5. We claim

0 < [uf| <u* for each multiindex a.
The proof is by induction. The general step follows since

|'LL£| = |q§( . '9Bj,"1,5: R ac'y,esa cee auﬁa P )I by (23)

<@ (., IBjnsly- - leysly ooy lugl. o) by (24)
<qi(... B} 5--sChs, ..., Up,...) by (24), (28) and induction
= uk.

Thus

(32) u* > u,

and so it suffices to prove that the power series (30) converges near zero.

6. As demonstrated in the proof of assertion (ii) of the lemma in §4.6.2,
if we choose

1 ... 1
B* - Cr .

T (1t + Tn1) — (214 -+ Zm)

1 ... 1
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for j=1,...,n—1, and

C
c = L (1,...,1),
(14 Fxpy) (214 + 2m)

then (26), (27) will hold if C is large enough, r > 0 is small enough, and
|| + |2| < r.
Hence the problem (29) reads
Cr I
* ) * 1
u;. r— (331 + -+ fEn—l) — (ul* 44 ,u'rn*) (E],l . + )
for |z| <r

u*=0 forl|z|<r, z,=0.
However, this problem has an explicit solution, namely
(33) u* =v*(1,...,1),

for
gy U@ =@t )
—[(r— (21 + - +n1))? — 2mnCrz,]'/?).

This expression is analytic for |z| < r, provided r > 0 is sufficiently small.
Thus u* defined by (33) necessarily has the form (30), (31), the power series
(30) converging for |z| < r. As u* > u, the power series (17) converges as
well for |z| < r.

This defines the analytic function u near 0. Since the Taylor expansions
of the analytic functions u,, and E” 1B (u,z)uz; + c(u,z) agree at 0,
they agree as well throughout the region le <r. 0

Remark. The Cauchy-Kovalevskaya Theorem is valid also for fully nonlin-
ear, analytic PDE: see Folland [F1] O

4.7. PROBLEMS

1. Use separation of variables to find a nontrivial solution u of the PDE
ugluxwl + 2ug, Ug, Ug 2y + uizuww2 =0 inR2

2. Consider Laplace’s equation Au = 0 in R?, taken with the Cauchy
data

u =0, 5‘21‘5 = %sin(n:cl) on {z3 = 0}.
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Employ separation of variables to derive the solution
u = n—lg sin{nz1) sinh(nzs).

What happens to u as n — 00?7 Is the Cauchy problem for Laplace’s
equation well-posed? (This example is due to Hadamard.)

Consider the viscous conservation law
(%) w + F(u); —aug, =0  in R x (0, 00),

where a > 0 and F' is uniformly convex.

(i)  Show u solves (*) if u(z,t) = v(z—ot) and v is defined implicitly
by the formula

v(s) a J R
8_/C F(z)—oz+b 2 (seR),

where b and ¢ are constants.

(ii) Demonstrate that we can find a traveling wave satisfying

lim v(s) =, lim v(s)=u,
S——00 §—00

for u; > u,, if and only if

F(u) — F(uy)

Uy — Uy '

(iii) Let u° denote the above traveling wave solution of (*) for a = ¢,
with u(0,0) = E‘% Compute lim._,ou® and explain your
answer.

Prove that if u is the solution of problem (23) for Schrédinger’s equa-

tion in §4.3 given by formula (20}, then

1
: t o ([@n < —— n
for each t # 0.

Utilize Lemma 2 in §4.5.3 to discuss the sense in which u defined by
formula (20) in §4.3.1 converges to the initial data g as t — 07

Show that we can construct an explicit solution of the initial-value
problem (18), (19) from Example 1 in §4.5.1, having the form

1 1 2
- —22/(t)
v(z,t) o0 ) (z €R, t >0),
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4.8.

the function (t) to be found. Substitute into the PDE and determine
an ODE ~ should satisfy. What is the initial condition for this ODE?

Justify in the proof of Lemma 2 in §4.5.3 the transformation of the
integral of e~*" over the line T to the integral over the real axis.

Let n = 1 and suppose that u® solves the problem

{ —(a(%)uz): =f in(0,1)
u(0) = ué(l) =0,

where a is a smooth, positive function, which is 1-periodic. Assume
also that f € L%(0,1).
(i)  Show that u® — u weakly in Hj(0,1), where u solves

—GUgy = f in (0,1)
{ u(0) = u(l) =0,

for a := (fo1 a(y)"tdy)~ L
(ii) Check that this answer agrees with the conclusions (73), (74) in
§4.5.4.

(This problem requires knowledge of energy estimates, Sobolev spaces,
etc. from Chapters 5, 6.)

Show that the line {f = 0} is characteristic for the heat equation
Uy = Ugz. Show there does not exist an analytic solution u of the
heat equation in R x R, with u = ﬂ_l?g' on {t = 0}. (Hint: Assume
there is an analytic solution, compute its coeflicients, and show that
the resulting power series diverges except at (0,0). This example is

due to Kovalevskaya.)
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SOBOLEV SPACES

5.1 Holder spaces

5.2 Sobolev spaces

5.3 Approximation

5.4 Extensions

5.5 Traces

5.6 Sobolev inequalities
5.7 Compactness

5.8 Additional topics
5.9 Other spaces of functions
5.10 Problems

5.11 References

This chapter mostly develops the theory of Sobolev spaces, which turn
out often to be the proper setting in which to apply ideas of functional
analysis to glean information concerning partial differential equations. The
following material is often subtle, and will seem largely unmotivated, but
ultimately will prove extremely useful.

Since we have in mind eventual applications to rather wide classes of
partial differential equations, it is worth sketching out here our overall point
of view. Our intention, broadly put, will be later to take various specific
PDE and to recast them abstractly as operators acting on appropriate linear
spaces. We can symbolically write this as

A: X =Y,

239
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where the operator A encodes the structure of the partial differential equa-
tions, including possibly boundary conditions, etc., and X, Y are spaces of
functions. The great advantage is that once our PDE problem has been
suitably interpreted in this form, we can often employ the general and ele-
gant principles of functional analysis (Appendix D) to study the solvability
of various equations involving A. We will later see that the really hard work
is not so much the invocation of functional analysis, but rather finding the
“right” spaces X, Y and the “right” abstract operators A. Sobolev spaces
are designed precisely to make all this work out properly, and so these are
usually the proper choices for X, Y.

We will utilize Sobolev spaces for studying linear elliptic, parabolic and
hyperbolic PDE in Chapters 6-7, and for studying nonlinear elliptic and
parabolic equations in Chapters 8-9 .

The reader may wish to look over some of the terminology for functional
analysis in Appendix D before going further.

5.1. HOLDER SPACES

Before turning to Sobolev spaces, we first discuss the simpler Hélder spaces.

Assume U C R" is open and 0 < v < 1. We have previously considered
the class of Lipschitz continuous functions u : U — R, which by definition
satisfy the estimate

(1) lu(z) —uw(y)| < Clz —y| (z,y €U)

for some constant C. Now (1) of course implies u is continuous, and more
importantly provides a uniform modulus of continuity. It turns out to be
useful to consider also functions u satisfying a variant of (1), namely

(2) lu(z) —u@) < Clz —yI" (z,yel)

for some constant C. Such a function is said to be Hélder continuous with
exponent -y.

DEFINITIONS. (i) Ifu:U — R is bounded and continuous, we write

|ulle@y = sup |u(z)].

TrE

(ii) The 4**-Hélder seminorm of u: U — R is

u(z) = u(y)| }
u A~ c— Su y
[ ]CU’Y(U) :v,prU{ ll' - yl’)'
Ty
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and the y**-Hélder norm is

lullcom oy = llullo@y + [Mlcon @y

DEFINITION. The Holder space
Cvkﬁ([})
consists of all functions u € C*(U) for which the norm

(3) lullgray == Y ID*llc@y + Y [D*Ucon @)

la|<k la|=k

is finite.

So the space C*7(U) consists of those functions u that are k-times con-
tinuously differentiable and whose k**-partial derivatives are Holder contin-
uous with exponent . Such functions are well-behaved, and furthermore
the space CH7(U) itself possesses a good mathematical structure:

THEOREM 1 (Holder spaces as function spaces). The space of functions
CkY(U) is a Banach space.

The proof is left as an exercise (Problem 1), but let us pause here to
make clear what is being asserted. Recall from §D.1 that if X denotes a real
linear space, then a mapping | || : X — [0, 00) is called a norm provided

(1) flu+vll < [lull + [[v]| for all u,v € X,

(ii) ||Aul| = |AHjull for all w € X, A € R,

(iii} ||u|| =0 if and only if u = 0.
A norm provides us with a notion of convergence: we say a sequence {uy}7°
C X converges tou € X, written uy, — u, if limg_,o ||ux—ul| = 0. A Banach
space is then a normed linear space which is complete, that is, within which
each Cauchy sequence converges.

So in Theorem 1 we are stating that if we take on the linear space
CkY(U) the norm || - || = || - lorn (g, defined by (3), then || - || verifies
properties (i)—(iii) above, and in addition each Cauchy sequence converges.

5.2. SOBOLEV SPACES

The Holder spaces introduced in §5.1 are unfortunately not often suitable
settings for elementary PDE theory, as we usually cannot make good enough
analytic estimates to demonstrate that the solutions we construct actually
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belong to such spaces. What are needed rather are some other kinds of
spaces, containing less smooth functions. In practice we must strike a bal-
ance, by designing spaces comprising functions which have some, but not
too great, smoothness properties.

5.2.1. Weak derivatives.
We start off by substantially weakening the notion of partial derivatives.

Notation. Let C°(U) denote the space of infinitely differentiable functions
¢ : U — R, with compact support in /. We will call a function ¢ belonging
to C°(U) a test function. O

Motivation for definition of weak derivative. Assume we are given a

function v € C*(U). Then if ¢ € C°(U), we see from the integration by
parts formula that

(1) /uqﬁmida::—/uxiqbda: (1=1,...,n).
U U

There are no boundary terms, since ¢ has compact support in U and thus
vanishes near U. More generally now, if k is a positive integer, u € C*(U),

and o = (a,...,0y) is a multiindex of order |a| = a1 + -+ + @, =k, then
(2) / uD%¢dz = (-1)* [ D%ug¢dz.
U U
This equality holds since
o gt g%n
D% = ¢

Or?  dran
and we can apply formula (1) |a| times.

We next examine formula (2), valid for u € C*(U), and ask whether
some variant of it might still be true even if u is not k times continuously
differentiable. Now the left hand side of (2} makes sense if u is only locally
summable: the problem is rather that if u is not C*, then the expression
“D*u” on the right hand side of (2) has no obvious meaning. We resolve this
difficulty by asking if there exists a locally summable function v for which
formula (2) is valid, with v replacing D%u:

DEFINITION. Suppose u,v € LL _(U), and o is a multitndex. We say

loc
that v is the ot -weak partial derivative of u, written

D% =,
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provided
a = (—1)le
(3) fUuD ¢dzr = (-1) /Uvqbdzr

for all test functions ¢ € C*(U).

In other words, if we are given u and if there happens to exist a function
v which verifies (3) for all ¢, we say that D*u = v in the weak sense. If there
does not exist such a function v, then u does not possess a weak att-partial
derivative.

LEMMA (Uniqueness of weak derivatives). A weak at*-partial derivative
of u, if it exists, is uniquely defined up to a set of measure zero.

Proof. Assume that v,? € LL _(U) satisfy

loc

/UuDad)d:c = 'a|/ vodr = (- 1)|a|] b dr
for all ¢ € C:°(U). Then

(@) /U(v _ )pdz =0

for all ¢ € C°(U); whence v — 9 = 0 a.e. O

Example 1. Let n =1, U = (0,2), and

T if 0<zx<1
u(m)={

1 if 1<zx<?2.
Define
{1 if 0<z<1
v(z) = .
0 if 1<z<2.

Let us show ' = v in the weak sense. To see this, choose any ¢ € C°(U).
We must demonstrate
2 2
/ u¢' dr = —/ vo dz.
0 0
But we easily calculate

L2u¢’d$=L1$¢'d$+£2¢'d$
=~ [ odz+o) -6 = - [ vode,

as required. O
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Example 2. Let n =1, U = (0,2), and

r if 0<z<1
u(z) = .
2 if l<xz<

We assert u’ does not exist in the weak sense. To check this, we must show

there does not exist any function v € L] (U) satisfying

(5) ‘/:uqb'd:n=—/02v¢d:r

for all ¢ € C°(U). Suppose, to the contrary, (5) were valid for some v and

all ¢. Then
2 2 1 2
—/ vqbda::/ u¢’d:c=/ :cgb’da:—f—.?/ ¢ dx
0 0 0 1

(6) 1
- —/0 pdz — (1).

Choose a sequence {¢n, }oo_, of smooth functions satisfying
0<dn <1, ¢n(1})=1, om(z)— 0 for all z # 1.

Replacing ¢ by ¢n, in (6) and sending m — oo, we discover

2
1= lim ¢,(1)= lim [/ vc,bmdx—/

a contradiction. 0

1

Om d.’r} =0,

More sophisticated examples appear in the next section.
5.2.2. Definition of Sobolev spaces.

Fix 1 < p < oo and let k be a nonnegative integer. We define now
certain function spaces, whose members have weak derivatives of various
orders lying in various LP spaces.

DEFINITION. The Sobolev space
WhP(U)

consists of all locally summable functions u : U — R such that for each
multiinder o with |a| < k, D% ezists in the weak sense and belongs to
LP(U).
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Remarks. (i) If p = 2, we usually write
HNU) =W*R(U) (k=0,1,...).

The letter H is used, since—as we will see—H k(U) is a Hilbert space. Note
that Ho(U) = L3(U).
(ii) We henceforth identify functions in W*?(U) which agree a.e. O

DEFINITION. Ifu € W*P(U), we define its norm to be

1/p
(ZIaISk fy; | Dol dx) (1< p < o0)
|| <k €SS SUPY | D2l (p = ).

[ullwer @y = {

DEFINITIONS. (i) Let {un}2_;, u € W*P(U). We say up, converges
to u in WhP(U), written

Um —u  in WEP(U),
provided

Bm|lum — ullyrry = 0.

(ii) We write

Um —u i WEP(U),

to mean
U, = u in WRP(V)

for each V CCU.
DEFINITION. We denote by
k.p
W, (U)
the closure of C°(U) in WFP(U).

Thus u € W(;c P(U) if and only if there exist functions u,, € C°(U) such that
Um — u in W*P(U). We interpret Wéc P(U) as comprising those functions
u € WHP(U) such that

“D*u =0 on 8U” for all |a| < k- 1.

This will all be made clearer with the discussion of traces in §5.5.
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Notation. It is customary to write
k k2
Hy(U) = Wy (U).

O

We will see in the exercises that if n = 1 and U is an open interval in
R!, then v € WP(U) if and only if u equals a.e. an absolutely continuous
function whose ordinary derivative (which exists a.e.) belongs to LP(U).
Such a simple characterization is however only available for n = 1. In
general a function can belong to a Sobolev space, and yet be discontinuous
and/or unbounded.

Example 3. Take U = B°(0,1), the open unit ball in R®, and
u(x)=|z|™* (z €U, z#£0).

For which values of & > 0,n,p does u belong to W1?(U)? To answer, note
first u is smooth away from 0, with

Uz, () = {;{% (z #0),

and so
|Du(z)| = m'%'ﬂ (z #0).

Let ¢ € C°(U) and fix € > 0. Then

/ Uz, dT = — [ Uz, ¢ dzr + f ugr’ dS,
U-B(0,) U-B(0,) 8B(0,z)

v = (v1,...,v™) denoting the inward pointing normal on dB(0,¢). Now if
a+1 < n, |[Du(x)| € LY(U). In this case
/ ugrdS| < ||¢||Loef e7*dS < Ce" 17 5 0.
8B(0,¢) 8B(0,¢)

Thus

/uq.’;zi dm=—/umi¢dm
U U

for all ¢ € C°(U), provided 0 < & < n—1. Furthermore |Du(z)| = m%g- €
LP(U) if and only if (o + 1)p < n. Consequently u € WP (U) if and only if
a < *2F. In particular u ¢ WLP(U) for each p > n. O
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Example 4. Let {r;}3, be a countable, dense subset of U = B(0, 1).
Write

0

1 _
u(z) = Z z—kla: -7 (xzeU).
k=1
Then u € W1P(U) if and only if a < B I 0 < a < %52, we see that u
belongs to W1P(U) and yet is unbounded on each open subset of U. O

This last example illustrates a fundamental fact of life, that although
a function » belonging to a Sobolev space possesses certain smoothness
properties, it can still be rather badly behaved in other ways.

5.2.3. Elementary properties.

Next we verify certain properties of weak derivatives. Note very carefully
that whereas these various rules are obviously true for smooth functions,
functions in Sobolev space are not necessarily smooth: we must always rely
solely upon the definition of weak derivatives.

THEOREM 1 (Properties of weak derivatives). Assume u,v € W*P(U),
la| < k. Then
(i) D% € Wk 1e2(U) and DP(D%u) = D*(DPu) = D**Py for all
multiindices o, 3 with |af + |8| < k.

(ii) For each A\, u € R, du+ pv € W*P(U) and D*(Du + pv) = AD% +
uD%y, |o| < k.

(iii) If V is an open subset of U, then u € W*P(V).
(iv) If ¢ € C(U), then Cu € WHP(U) and

(7) D*(Cu) = Z (g) DP¢D* Py (Leibniz’ formula),
B<a

where (g) = BaEy o‘t’lﬁ -
Proof. 1. To prove (i), first fix ¢ € C°(U). Then DP¢ € C(U), and so
/ DuDP ¢ dx = (=1)ld / uD*tB o dr
U U

= (—1)ll(=1)le+B! / D**Pyg dz
U

= (—1)|ﬁ|] D Pug dx.
U
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Thus D3(D%u) = DBy in the weak sense.
2. Assertions (ii) and (iii) are easy, and the proofs are omitted.

3. We prove (7) by induction on |a|. Suppose first |@| = 1. Choose any
¢ € C(U). Then

/ CuD*¢dx =/ uD*((@) — u(D*¢)¢p dx
U U
—/({Dau-f—uDaC)qbd:v.

Thus D*({u) = (D" + uD*¢, as required.

Next assume [ < k and formula (7) is valid for all jo| < [ and all functions
¢. Choose a multiindex o with ja| =1+ 1. Then o = 3+ for some || =1,
|v| = 1. Then for ¢ as above,

[ CuD%¢dx = / CuDP(D7¢) da
U

)8l ]U

(by the induction assumption)

A+ / Z( ) DD ¢DPu)pde

o<pg

( ) D¢DPuDV¢ dx
o<p

(by the induction assumption again)

)\aI/ Z

a<ﬁ

( ) [DP(DY Pu+ D°¢(D* °ul¢ dx

(where p = o + )

A
Q R
N—’
)
Q
TN
3
Q
q
—
©-
(-9
8

since

Not only do many of the usual rules of calculus apply to weak derivatives,
but the Sobolev spaces themselves have a good mathematical structure:
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THEOREM 2 (Sobolev spaces as function spaces). For each k = 1,...
and 1 < p < oo, the Sobolev space WHP(U) is a Banach space.

Proof. 1. Let us first of all check that ||ul|yyxs(yy is a norm. (See the
discussion at the end of §5.1, or refer to §D.1, for definitions.) Clearly
||)\u”wk,p(U) = l)\|||u“wkm(U),

and
|ullws @y =0 if and only if u =0 a.e.

Next assume u,v € W5P(U). Then if 1 < p < oo, Minkowski’s inequality
(§B.2) implies

1/p
vy = (X 1D%+ D7l )

] <k

i/p
< (Z (1D ull o) + ||Dav||Lp(U)>P)

lal<k
1/p 1/p
< (S 1Dl ) o+ (X 10%0n)
la| <k la| <k

= ullwer@y + lVllweswy-

2. It remains to show that W*?(U) is complete. So assume {u,,}°_,
is a Cauchy sequence in W*?(U). Then for each |o| < k, { D%, }3_; is a
Cauchy sequence in LP(U). Since LP(U) is complete, there exist functions
uo € LP(U) such that

D%y, — uq  in LP(U)
for each || < k. In particular,
Um — U, 0) = u in LP(U).
3. We now claim
(8) u e WrEP(U), Du=uy (o] < k).
To verify this assertion, fix ¢ € C°(U). Then

[ uD% dr = lim | u,D%dz
U

m—o0 b

= lim (—1) / D%up ¢ dx
U

m—0o0

= (—1)‘“'/ U@ dT.
U

Thus (8) is valid. Since therefore D*u,,, — D®u in LP(U) for all |o| < k, we
see that u,, — u in W*P(U), as required. O
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5.3. APPROXIMATION
5.3.1. Interior approximation by smooth functions.

It is awkward to return continually to the definition of weak derivatives.
In order to study the deeper properties of Sobolev spaces, we therefore need
to develop some systematic procedures for approximating a function in a
Sobolev space by smooth functions. The method of mollifiers, developed in
§C.4, provides the tool.

Fix a positive integer k¥ and 1 < p < co. Remember that U, = {z € U |
dist(x,0U) > €}.

THEOREM 1 (Local approximation by smooth functions). Assume u €
WHrP(U) for some 1 < p < 00, and set

uw* =n.+u inU..

Then
(i) u® € C™(U.) for eache >0,

and

(i) u* - u in Wl’;’f(U), as € — 0.

Proof. 1. Assertion (i) is proved in §C.4.
2. We next claim that if || < k, then

(1) D =ne x D% in U
that is, the ordinary o'®-partial derivative of the smooth function u® is the

e-mollification of the at®-weak partial derivative of u. To confirm this, we
compute for x € U;

D*uf(z) = Da/ ne(r — y)uly) dy
U
- fU D2n.(z — y)u(y) dy
_ el [ pag o _
(-1) fU D21e(z — y)uly) dy

Now for fixed = € U, the function ¢(y) := n.(z — y) belongs to C°(U).
Consequently the definition of the a**-weak partial derivative implies:

/ Den.(z — y)uly) dy = (-1)1* f ne(x — y) D%u(y) dy.
U U
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Thus
D (g) = (~1)lel+el f ez — y)D*u(y) dy
U
= [n. * D°u] (2).

This establishes (1).

3. Now choose an open set V CC U. In view of (1) and §C.4, D*u® —
D%y in LP(V) as € — 0, for each |a] < k. Consequently

Il = wlifpnngyy = D 1D = Dul ) —
|| <k
as € — 0. This proves assertion (ii). O

5.3.2. Approximation by smooth functions.

Next we show that we can find smooth functions which approximate in
W*?(U), and not just in Wlﬁ’cp(U ). Notice in the following that we make no
assumptions about the smoothness of U.

THEOREM 2 (Global approximation by smooth functions). Assume U
is bounded, and suppose as well that u € WHP(U) for some 1 < p < 0.
Then there exist functions uy, € C°(U) NWFEP(U) such that

U — u  in WEP(U).

Remark. Note carefully that we do not assert u,, € C>(U) (but see The-
orem 3 below). O

Proof. 1. We have U = | J;2, U;, where
Ui == {x e U |dist(z,0U) > 1/i} (i=1,2,...).

Write V; := U413 — [_]i+l~

Choose also any open set ¥y CC U so that U = [J;2, Vi. Now let {¢;:}52,
be a smooth partition of unity subordinate to the open sets {V;}2; that is,
suppose

@) {034151, G e C (Vi)

Yoiroti=1 onU.

Next, choose any function u € W*P(U). According to Theorem 1(iv) in
§5.2, Gu € W*P(U) and spt(Gu) C Vi
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2. Fix 6§ > 0. Choose then ¢; > 0 so small that u® := 7., * ({;u) satisfies

(3) { [ — Gullwrry < 5,671— (1=0,1,...)
sptu’ C W; (i=1,...),

for W, := 7;+4—I7i oV (i= 1,...).
3. Write v := Y o0, u*. This function belongs to C°°(U), since for each

open set V CC U there are at most finitely many nonzero terms in the sum.
Since u = Y .2, ¢:u, we have for each V CC U

o0
lv — ullwroy < Yl = Gullwrow
1=0

=1

<6 mmm v ()
i=0

= 6.

Take the supremum over sets V CC U, to conclude [|v — ul|yxr ) < 6.
4

5.3.3. Global approximation by smooth functions.

We now ask when it is possible to aipproximate a given function u €
W¥P(U) by functions belonging to C*°(U), and not just C*°(U). Such an
approximation requires some condition to exclude 8U being wild geometri-
cally.

THEOREM 3 (Global approximation by functions smooth up to the
boundary). Assume U is bounded and 8U is C'. Suppose u € whe(U)
for some 1 < p < co. Then there ezist functions um, € C°(U) such that

um —u  in WEP(U).

Proof. 1. Fix any point z° € 8U. As 8U is C1, there exist, according to
§C.1, a radius r > 0 and a C' function 7 : R”! — R such that—upon
relabeling the coordinate axes if necessary—we have

UnB(x%r) = {z € B(z%r) | 2o > y(z1,.. ., Zn-1)}.

Set V := U N B(z%,r/2).
2. Define the shifted point

£

=z + e, (z €V, e>0),
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B(xe,e)

and observe that for some fixed, sufficiently large number A > 0 the ball
B(z®,¢) lies in U N B(zP ) for all z € V and all small € > 0.

Now define u.(z) := u(xf) (z € V); this is the function u translated a
distance Ae in the e, direction. Next write v° = 7). * u.. The idea is that we
have moved up enough so that “there is room to mollify within U”. Clearly
ve € C®(V).

3. We now claim
(4) v —u  in WRP(V).
To confirm this, take a to be any multiindex with || < k. Then
| D" — D% Loy € | D" — D%l Loy + | D%ue — D¥u|Lo(v).

The second term on the right hand side goes to zero with ¢, since translation
is continuous in the LP-norm; and the first term also vanishes in the limit,
by reasoning similar to that in the proof of Theorem 1.

4. Select 6 > 0. Since QU is compact, we can find finitely many points
0 € AU, radii r; > 0, corresponding sets V; = U N B(zY, %), and functions
v; €C®(V;) (i=1,...,N) such that 8U C Ufil BY(z?,%), and

5) loi = wllesqvy < &

Take an open set Vo CC U such that U C Uﬁio V; and select, using Theo-
rem 1, a function vy € C*°(Vp) satisfying

(6) "Uo — Unwk,p(vo) < 6.

5. Now let {(;}}¥, be a smooth partition of unity subordinate to the
open sets {V;}?LO in U. Define v := f\;o ¢;v;. Then clearly v € C=(U). In
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addition, since u = Z?LO (iu, we see using Theorem 1 in §5.2.3 that for each
lo| < k:

N
1D — D%ul| Loy < I1D*(Gvi) — D*(Cow)ll Lo (v
=0

N
<C Y v — ullwesgyyy = CNS,
=0

according to (5) and (6). O

5.4. EXTENSIONS

Our goal next is to extend functions in the Sobolev space WP (U) to become
functions in the Sobolev space W1P(R"). This can be subtle. Observe for
instance that our extending u € WHP(U) to be zero in R* — U will not in
general work, as we may thereby create such a bad discontinuity along 68U
that the extended function no longer has a weak first partial derivative. We
must instead invent a way to extend u which “preserves the weak derivatives
across oU™.

Suppose 1 < p < 00.

THEOREM 1 (Extension Theorem). Assume U is bounded and 8U is C'.
Select a bounded open set V such that U CC V. Then there erists a bounded
linear operator

(1) E: WP (U) - WIPRY)

such that for each u € WP (U):
(i) Eu=wu a.e. inU,
(ii) Eu has support within V,

and
(iii)
HEU“WLP(R") < C”“"WLP(U)a
the constant C depending only on p, U, and V.
DEFINITION. We call Eu an extension of u to R".

Proof. 1. Fix z° € U and suppose first

(2) AU is flat near z°, lying in the plane {z, = 0}.




5.4. EXTENSIONS 255

A half-ball at the boundary

Then we may assume there exists an open ball B, with center z° and radius

T, such that _
{B+ =BN{z, >0} CcU

BT :=Bn{z, <0} CcR*-U.
2. Temporarily suppose also u € C®°(U). We define then

a(z) = { u(x) if x € B

This is called a higher-order reflection of u from Bt to B™.
3. We claim

(4) i€ CY(B).
To check this, let us write v~ := @|g-, u™ := %|g+. We demonstrate first
(5) uz =u}  on{z, =0}

Indeed according to (3),

ou~ ou ou Tn
=3— e 1, — —2— - y,——
amn (‘IE) 8-Tn ('Tla s n—1, -T'n) 2a$n ('Tla y Lr—1, 2
and so

u-’;n ’{:I:n:(]} - u:" |{$n:O} '

This confirms (5). Now since u* = u~ on {z, = 0}, we see as well that
(6) Uz, | {zn=0} = Ul {z,=0}
fori=1,...,n — 1. But then (5) and (6) together imply

D%y~ |{xn=0} = D%* I{:z:n=0}
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for each |a| < 1, and so (4) follows.

4. Using these calculations we readily check as well

(7) |%llwrep) < Cllullwies+
for some constant C' which does not depend on wu.

5. Let us next consider the situation that 8U is not necessarily flat near

z%. Then utilizing the notation and terminology from §C.1, we can find a

C! mapping ®, with inverse ¥, such that ® “straightens out U near z°”.

\q}/

x-coordinates

y-coordinates

Straightening out the boundary

We write y = ®(z), z = ¥(y), v/ (y) := u(¥(y)). Choose a small ball B
as drawn before. Then utilizing steps 1-3 above we extend u’ from B* to a
function % defined on all of B, such that @’ is C' and we have the estimate

1@ [lwiegy < Cllvlwie(a+y-
Let W := ¥(B). Then converting back to the z-variables, we obtain an
extension 4 of u© to W, with

(8) la@llwrewy < Cllullwrew)-

6. Since 8U is compact, there exist finitely many points z{ € 8U, open
sets W;, and extensions %; of u to W; (i = 1,...,N), as above, such that
I' c UY, Wi. Take Wy cC U so that U ¢ U, W;, and let {¢;}Y, be an
associated partition of unity. Write @ := Zflo Cit;, where 4 = u. Then
utilizing estimate (8) (with u; in place of u, @; in place of %) we obtain the
bound

(9) lzllwre@ey < Cllullwrzw)

for some constant C, depending on U, p, n, etc., but not on u. Furthermore
we can arrange for the support of % to lie within V DD U.
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7. We henceforth write Ev := %, and observe that the mapping u — Eu
is linear.

Recall that the construction so far assumed u € C°°(U). Suppose now
u € WHP(U), and choose u,, € C®(U) converging to u in WhP(U). Esti-
mate (9) and the linearity of £ imply

| Bt — Ewllwreey < Cllum = wllwrew)-

Thus {Eum}So_; is a Cauchy sequence and so converges to 4 =: Eu. This
extension, which does not depend on the particular choice of the approxi-
mating sequence {u, }oo_;, satisfies the conclusions of the theorem. a

Remarks. (i) Assume now that U is C?. Then the extension operator
E constructed above is also a bounded linear operator from W?2?(U) to
W2P(R™). To see this, note first in steps 3, 4 of the proof that although %
is not in general C?, it does belong to W?P(B). We also have the bound

|%llw2.28) < Cllullwzes+),

which follows from the definition (3). As before, we consequently derive the
estimate

(10) | Eully2p®ey < Cllullw2ewy,

provided 8U is C?, the constants C' depending only only on U, V,n and p.
We will need these observations later.

(ii) The above construction does not provide us with an extension for
the Sobolev spaces W*P(U), if k > 2. This requires a more complicated
higher-order reflection technique. O

5.5. TRACES

Next we discuss the possibility of assigning “boundary values” along OU to
a function u € W'P(U), assuming that 8U is C'. Now if u € C(U), then
clearly u has values on AU in the usual sense. The problem is that a typical
function u € W1P(U) is not in general continuous and, even worse, is only
defined a.e. in U. Since 8U has n-dimensional Lebesgue measure zero, there
is no direct meaning we can give to the expression “u restricted to oU”.
The notion of a trace operator resolves this problem.

For this section we take 1 < p < 00.
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THEOREM 1 (Trace Theorem). Assume U is bounded and OU is C'.
Then there exists a bounded linear operator

T: WhP(U) — LP(8U)
such that B
() Tu=ulsy if ue WPU)NnCU)
and
(if)

N Tullro00y < Cllullwre @y,
for each u € WHP(U), with the constant C depending only on p and U.
DEFINITION. We call Tu the trace of u on OU.

Proof. 1. Assume first u € C}(U). As in the first part of the proof of
Theorem 1 in §5.4 let us also initially suppose z° € U and 8U is flat near
z0, lying in the plane {z,, = 0}. Choose an open ball B as in the previous
proof and let B denote the concentric ball with radius r/2.

Select { € C(B), with ( 2 0in B, ( =1 on B. Denote by T that
portion of 8U within B. Set 2’ = (x1,...,2y-1) € R*! = {z, = 0}.
Then

/ P da’ < / ClufP dz’ = — / (Clul?)a, dz

r {2 =0} B+

(1) =- f [uPes, + plulP~} (sgnu)ug, ¢ dx
BT

<c [ [l + |Dup dz,
B+

where we employed Young’s inequality, from §B.2.

2. If 2% € AU, but U is not flat near x°, we as usual straighten out the
boundary near z° to obtain the setting above. Applying estimate (1) and
changing variables, we obtain the bound

/ (ulPdS < C / (ul? + [DulP d,
T U

where T is some open subset of OU containing z°.

3. Since AU is compact, there exist finitely many points ¥ € U and
open subsets ['; C U (i =1,...,N) such that 0U = Ufil I'; and

lull ey < Cllullwrz@wy (GE=1,...,N).
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Consequently, if we write
Tu := ulsy,

then

(2) |Tw|| L2 a0y < Cllullwre@)

for some appropriate constant C, which does not depend on u.

4. Inequality (2) holds for u € CY(7). Assume now u € WHP(U). Then
there exist functions u,, € C*®(U) converging to u in WHP(U). According
to (2) we have

(3) |T%m — Turl| ravy < Clltm — willwro@n;
so that {Tu,,}>_, is a Cauchy sequence in LP(0U). We define

Tu:= lim Tu,y,,
m—o0

the limit taken in LP(8U). According to (3) this definition does not depend
on the particular choice of smooth functions approximating u.

Finally if w € W'P(U) N C(U), we note that the functions u,, € C*°(U)
constructed in the proof of Theorem 3 in §5.3.3 converge uniformly to u on
U. Hence Tu = ulay. a

We next examine more closely what it means for a function to have zero
trace.

THEOREM 2 (Trace-zero functions in W1?). Assume U is bounded and
AU is C'. Suppose furthermore that u € WYP(U). Then

(4) u € Wol’p(U) if and only if Tu =0 on OU.
Proof*. 1. Suppose first u € WO1 P(U). Then by definition there exist
functions u,, € C°(U) such that

U — u  in WYP(U).

AsTu, =00n 08U (m=1,...) and T : WHP(U) — LP(8U) is a bounded
linear operator, we deduce Tu = 0 on OU.

2. The converse statement is more difficult. Let us assume that

(5) Tu=0 onodU.

*Omit on first reading.
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Using partitions of unity and flattening out AU as usual, we may as well
assume

(6)

u € W'P(R%), u has compact support in R”,
Tu=0on dR? =R"1,

Then since Tu = 0 on R™™!, there exist functions u,, € C'(R7%) such that

(7) Up —u  in WHP(RT)
and
(8) TUm = Upm|ge-1 — 0  in LP(R™1).

Now if 2’ € R* !, z,, > 0, we have
In
3, 20)| < i, 00|+ [ b ', 0]
0
Thus

/ lum(x’,xn)|pd:r’§C( j (2, 0) P da’
Rr-1 Rr-1

In
+a:ﬂ_1/ /R 1 | Duy (', )P dm'dt) .
0 JRe-

Letting m — oo and recalling (7), (8), we deduce:

(9) f lu(a’, z,)|P dx’ < Ca:ﬁ_lf n/ | DulP dz'dt
Rr-1 0 JRe

for a.e. x, > 0.
3. Next let { € C*®(R) satisfy

¢(=1lon[0,1}, (=0onR—-10,2], 0< (<1,

and write
{ Cm(x) :=((mzn) (z €RY)
W = u(z)(1 — ().
Then
{ Wiz, = Uz, (1 — (m) — mug’
Dywy, = Dpu(l — ().
Consequently
/ | Dwyn, — Duf? do < C'] |Cm|P| Dul? dx
R? Ry
(]_0) 2/m ,
+ Cmp/ / |ujP dx'dt
0 Rn-1

=: A+ B.
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Now
(11) A—-0 asm— o0,

since (m # 0 only if 0 < z, < 2/m. To estimate the term B, we utilize
inequality (9):

2/m 2/m
B < CmP f tP~Ldt / f |DulP dz'dz,
0 0 Rt

(12) )
< Cf f |DulP dz’'dz, -0 asm — 0.
0 Rn—1

Employing (10)—(12), we deduce Dwy, — Du in LP(R7). Since clearly
wm — u in LP(R%), we conclude

Wm —u  in WHP(RT).

But w, =0if 0 < z, < 1/m. We can therefore mollify the w,, to produce
functions uy, € C2°(R" ) such that u,, —u in W!P(R" ). Hence ue Wg P(R%).
O

5.6. SOBOLEV INEQUALITIES

Our goal in this section is to discover embeddings of various Sobolev spaces
into others. The crucial analytic tools here will be certain so-called “Sobolev-
type inequalities”, which we will prove below for smooth functions. These
will then establish the estimates for arbitrary functions in the varicus rele-
vant Sobolev spaces, since—as we saw in §5.2—smooth functions are dense.

To clarify the presentation we will consider first only the Sobolev space
WLP(U) and ask the following basic question: If a function u belongs to
WLP(U), does u automatically belong to certain other spaces? The answer
will be “yes”, but which other spaces depends upon whether

(1) 1<p<n,
(2) p=n,
(3) n<p<o00.

We study case (1) in §5.6.1, case (3) in §5.6.2, and the borderline case
(2) only later in §5.8.1.
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5.6.1. Gagliardo—Nirenberg—Sobolev inequality.

For this section let us assume
(4) 1<p<n
and first ask whether we can establish an estimate of the form

(5) ullzarey < CllDull Lo Re),

for certain constants C > 0, 1 < ¢ < oo and all functions u € C*(R").
The point is that the constants C and g should not depend on u.

Motivation. Let us first demonstrate that if any inequality of the form (5)
holds, then the number ¢ cannot be arbitrary, but must in fact have a very
specific form. For this, choose a function u € C°(R"), u # 0, and define for
A > 0 the rescaled function

ur(z) :=u(Az) (z €R").

Applying (5) to uy, we find:

(6) luxllLe®r) < CliDuallLe®ny-
Now .
[ hatde = [ woade = 5 [ jutrd,

Re Re A" JRe

and N
/ |Duy|Pdz = Ap/ |Du(Az)|Pdz = — | Du(y)|Pdy.
Rn Re A" JRe
Inserting these equalities into (6), we discover
1 A
n/a lullzamey < Co |1 Dul| L (e

and so
(7) )l Larny < CA' ™7 "9 || Dl Loy

But then if 1 — 2 + 7 # 0, we can upon sending A to either 0 or oo in (7)
obtain a contradiction. Thus if in fact the desired inequality (5) holds, we
must necessarily have 1 — % + % = (; so that % = % - %, q= %' O

This observation motivates the following
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DEFINITION. If1 < p < n, the Sobolev conjugate of p is

* np
o) = )
(8) =
Note that
1 1 1
9 —=—-—=, p*>p
( ) p* p n

The foregoing scaling analysis shows the estimate (5) can only possibly
be true for ¢ = p*. Next we prove this inequality is in fact valid.

THEOREM 1 (Gagliardo—Nirenberg—Sobolev inequality). Assume 1 < p
< n. There exists a constant C, depending only on p and n, such that

(10) [ull Lo* ey < CllDul|Le (R,

for all u € CL(R™).

Now we really do need u to have compact support for (10) to hold, as the
example u = 1 shows. But remarkably the constant here does not depend
at all upon the size of the support of u.

Proof. 1. First assume p = 1.
Since u has compact support, for each 1 = 1,...,n and £ € R" we have
i
u(x) =f Up, (1, -y Tie1, Uiy Titly - - - Tn) Y,
—Qo0
and so
(e <]
lu(z)| < / Du(@r, s,z dy G=1,...,m).
—00
Consequently
n n
a e <]I(f
i=1

o0
— 00

o1
|Du(x1,...,y,-,...,a:n)ldy,-) .

Integrate this inequality with respect to x;:
(12)

o'} n oo N o ﬁ
[ s [T [ 10udn) ™ am
—co —00 ;- —co
o0 ﬁ co N 53] ﬁ
= (/ |D'u,| dyl) / H (/ |Du|dyz) dz;
—oo TR =g WX
1 n ="
00 I 0o 00 n—1
< (/ |Du|dy1) (H/ f |DU|d$1dyi) ;
—00 =g J—00 J ~00
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the last inequality resulting from the general Holder inequality (§B.2).
Now integrate (12) with respect to zs:

O [ o] n
/ / |u|>-T dx1dz2
-0 J —00

oo 00 n;,l co ™ 3
< (/ / |Duld$1dy2) / [[57 da,

i#2

for

x (e @] o0
I := / |Duldyy, I :=[ / |Du|dzi1dy; (i =3,...,n).
—o0 J—o0

—00

Applying once more the extended Hélder inequality, we find

0 e, @] n
/ / |u|»-T dxidxs
—o0 J—co o L . N
T n 00 —o:o _OZO %1
(j / / | Du| da:lda:gdyz-) .
;=3 —00 J =00 J —00

(2

We continue by integrating with respect to z3, ..., z,, eventually to find

n n oo o ﬁ

_ (fRn |Duidm)m.

This is estimate (10) for p = 1.

(13)

2. Consider now the case that 1 < p < n. We apply estimate (13) to
v := |u|?, where ¥ > 1 is to be selected. Then

n—1

([ 1rae) ™ < [ Dpllds=r [ ul~Dulde
n ]R" R"‘
p—1 1
. P )
Sfy(/ | UFgwa) (/ |Du|"da:) :
R~ R~

We choose « so that ;I = (v — 1);2; . That is, we set

(14)

_pr=b .

8 )
n—-p
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in which case ;% = (v — 1) = ;& = p*. Thus, in view of (5), estimate

( / ) |u|1’*dx)

(14) becomes

S -

1
<C ([ |Du|pd:v) "
R~

THEOREM 2 (Estimates for W%, 1 <p < n). Let U be a bounded, open
subset of R", and suppose OU is C'. Assume 1 < p < n, and u € WHP(U).
Then u € LP" (U), with the estimate

O

(15) lull o vy < Cllullwrewy,
the constant C depending only on p,n, and U.

Proof. Since OU is C!, there exists according to Theorem 1 in §5.4 an

extension Fu = 4 € W1P(R"), such that
% = u in U, u has compact support, and
(16) _
lallwremey < Cllullwiew)-
Because % has compact support, we know from Theorem 1 in §5.3 that there
exist functions u,, € C(R™) (m = 1,2,...) such that

(17) Um — @ in WHP(R™).

Now according to Theorem 1, [|um — || po* gy < C|Dum — Dui|| Lo (rr) for
all [, m > 1. Thus

(18) Um — @ in P (R™)

as well. Since Theorem 1 also implies ||[um||ze* (Rny < C|lDmllLr(n), asser-
tions (17) and (18) yield the bound

2/l 2o+ (mry < ClIPE| Lr(Re)-
This inequality and (16) complete the proof. 0O

THEOREM 3 (Estimates for WO1 P 1 <p<n). Assume U is a bounded,
open subset of R®. Suppose u € Wol’p(U) for some 1 < p < n. Then we
have the estimate

lull ey < CllDull Loy
for each q € [1,p*], the constant C depending only on p,q,n and U.

Remark. This estimate is sometimes called Poincaré’s inequeality. The
difference with Theorem 2 is that only the gradient of u appears on the
righthand side of the inequality. (Other Poincaré-type inequalities will be
established later, in §5.8.1.) m]



266 5. SOBOLEV SPACES

Proof. Since u € Wol’p (U), there exist functions u,, € CF{U) (m =
1,2,...) converging to u in W1P(U/). We extend each function u,, to be
0 on R™ — U and apply Theorem 1 to discover [ull e vy £ CllDull ey As
|U| < oo, we furthermore have ||ul|Lew) < Cllullper )y if 1 < g < p*. a

Remarks. (i) In view of Theorem 3, on I/VO1 P(U) the norm {|Du|zry is
equivalent to ||u||w1.»v), if U is bounded.

(ii) We next consider the case
p=n.

Owing to Theorem 2 and the fact that p* = n—”}p — 400 as p — n, we might
expect u € L®°(U), provided u € WY™(U). This is however false if n > 1:
for example, if U = B°(0,1) the function u = log log (1 + %[) belongs to

WLn(U), but not to L>®°(U). We will return to this borderline situation in
§5.8.1 below. O

5.6.2. Morrey’s inequality.

Now let us suppose
(19) n < p < oo.

We will show that if u € WHP(U), then u is in fact Holder continuous, after
possibly being redefined on a set of measure zero.

THEOREM 4 (Morrey’s inequality). Assume n < p < oco. Then there
exists a constant C, depending only on p and n, such that

(20) ”u”CO»”Y(]R") < C||UI|W1,p(Rn)

for all uw € CY(R™), where
vi=1-n/p.

Proof. 1. First choose any ball B(z,r) C R™.
We claim there exists a constant C, depending only on n, such that

|Du(y)|

21 ][ u(y) —ulz)|dy <C —_— dy.
(21) o U0 —uE@dy s [ LR
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To prove this, fix any point w € 0B(0,1). Then if 0 < s < 7,

°d
-L Eu(m + tw) dt‘

L)
/ Du(z + tw) - wdt|
0

[u(z + sw) — u(z)| =

< / |Du(z + tw)| dt.
0

Hence

[ lu(z + sw) — u(z)| dS < f / \Du(z + tw)| dSdt
8B(0,1) 0 JoB(0,1)

] tn—l
= / f | Du(z + tw)| — dSdt.
o JoaB(o,1) t

Let y = x + tw, so that { = |z — y|. Then converting from polar coordinates,
we have

f lu(z + sw) — u(x)|dS < / _|_%Q)_|_1 dy
8B(0,1) B(z,s) [T — yI"

<[ Ao,
B(z,r) |'T - yln

Multiply by s*~! and integrate from 0 to r with respect to s:
r’ Du
[ -ueay <t [ PO,
Bla,r) n JBas) [T — Yl
This is (21).

2. Now fix € R". We apply inequality (21) as follows:
(22)

u(z)| < J[B(x,l)'“(‘”’ —u(y)|dy + J[Bu,l)'“‘y”dy

| Du(y)|

= c n—1
B(z,1) |.’17 - y'

ay + Cllull r(B(z,1)

p=1

1/19 dy r
SC(/ Dupdy) [ + C|lu n
[ 1Dy o T Jull o o

< Cllullwie -

The last estimate holds since p > n implies (n — 1)51"1—1 < n; so that

_t d
B(z,1) |33 _ y| (n-—l);{—l Yy < 00.
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As z € R" is arbitrary, inequality (22) implies

(23) sup u] < Clulwiage

3. Next, choose any two points z,y € R" and write r := |z — y|. Let
W := B(z,r) N B(y,r). Then

@4)  fu@) - u(y)) < fwm(x) — u(z)| dz + fwluw) ~u(2)| dz.

But inequality (21) allows us to estimate

][ lu(z) — u(2)|dz < C |u(x) — u(z)| dz
w B(x,r)
1 p—1
(25) <C / | DulPdz ’ / dz ’
- B(z,r) Blay) |z — 2|* V5
p—1
S C (Irn_(n—l);_iLl) P ||Du||Lp(]Rn)
= Cr' "% | Dull o(ien)-
Likewise,
][W|u(y) —u(z)|dz < crl e | Du|| o (Re)-
Our substituting this estimate and (25) into (24) yields
[u(z) — u(y)] < Cr'” > | Dull Logny = Clz = /'~ 7 | Dl o oy
e ju(e) — u(y)
_ u(z) —uly
[U]CO,l-—n/p(]Rn) - il:él;{ |x — yll—n/P } S C"Du“LP(R‘n)
This inequality and (23) complete the proof of (20). O

Remark. A slight variant of the proof above provides the estimate

) 1/p
u(y) —u(z)| < Cr' " r ([B( . IDU(Z)I"dZ)

for all u € CY(B(x,2r)), y € B(z,r), n < p < co. By an approximation
the same bound is valid for u € WY?(B(z,2r)), n < p < oco. We will use
this inequality later in §5.8.2. ( This estimate is in fact valid if on the right
hand side we integrate over B(z,), instead of B{z,2r), but the proof is a
bit trickier.) O
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DEFINITION. We say u* is a version of a given function u provided
u=u" a.e.
THEOREM 5 (Estimates for W1, n < p < 00). Let U be a bounded, open

subset of R™, and suppose OU is C_’l. Assume n < p < oo, and u € WHP(U).
Then u has a version u* € COV(U), for vy =1— 2, with the estimate

p?
Il llcon @y < Cllellwrow)-
The constant C depends only on p,n and U.

Remark. In view of Theorem 5, we will henceforth always identify a func-
tion u € WIP(U) (p > n} with its continuous version. O

Proof. Since 8U is C!, there exists according to Theorem 1 in §5.4 an
extension Eu = 4 € W1P(R") such that

u=uin U,
(26) % has compact support, and

lallwre@ey < Cllullwiew)-

Since # has compact support, we obtain from Theorem 1 in §5.3 the
existence of functions u,, € C:°(R") such that

(27) Um — & in WHP(R™).

Now according to Theorem 4, |lupy, — uilgor-n/o(Rny < Cllum — wllwrewe
for all I, m > 1; whence there exists a function u* € C%!~"/P(R") such that

(28) Um — w*  in COITVP(RM).

Owing to (27) and (28) we see that u* = u a.e. on U; so that u* is a ver-
sion of u. Since Theorem 4 also implies ||up|co.1-n/p(Rry < Clltm|lwie g,
assertions (27) and (28) yield:

[u*llgoa—nre@mey < Clltllwrern)-

This inequality and (26) complete the proof.

5.6.3. General Sobolev inequalities.

We can now concatenate the estimates established in §§5.6.1 and 5.6.2
to obtain more complicated (and hard-to-remember) inequalities.
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THEOREM 6 (General Sobolev inequalities). Let U be a bounded open
subset of R*, with a C' boundary. Assume u € W5P(U).

(i) If
n
29 k< —,
(29) >
then v € LI(U), where
1 1 B k
g p n
We have in addition the estimate
(30) lull Ly < Cllullwrew),

the constant C depending only on k,p,n and U.
(i) If

(31) k>

)

n
p
then u € Ck_[%] _1’7((_]), where

n n : n ; )
7:{ [5] +1- 2, if % is not an integer

any positive number < 1, if T is an integer.
y : g

We have in addition the estimate

(32 [ i fg]- g, < Cllullwioon,

the constant C depending only on k,p,n,vy and U.

Proof. 1. Assume (29). Then since D*u € LP(U) for all |a| = k, the
Scbolev-Nirenberg—Gagliardo inequality implies

”Dﬁu”LP*(U) < C“U”Wk,p(u) if |8| =k -1,

and so v € W*~LP (U). Similarly, we find u € W*=2P"(U), where # =

51: — % = % — % Continuing, we eventually discover after k steps that u €

W%(U) = LI(U), for % = 11—, - % The stated estimate (30) follows from

multiplying the relevant estimates at each stage of the above argument.

2. Assume now condition (31) holds, and 7 is not an integer. Then as
above we see

(33) u e Wb (U),
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for

1 [
(34) ; - - R7

R

provided Ip < n. We choose the integer ! so that

(35) l<%<l+1;

that is, we set | = [%] Consequently (34) and (35) imply r = H%l > n.
Hence (33) and Morrey’s inequality imply that D% € C%1~+(0) for all

o] < k—1—1. Observe also that 1 ~2=1-12 4= [g]+1—g.Thus

u e Ck—[%] *1,[%] +1‘%([_] ), and the stated estimate follows easily.

3. Finally, suppose (31) holds, with - an integer. Set | = [ﬂ] -1= ﬂ—l
Consequently, we have as above v € W*47(U) for r = Hp_pT = n. Hence
the Sobolev—-Nirenberg—Gagliardo inequality shows D%u € LI(U) for all

n<g<oocandall|o|<k-I-1=k- [%] . Therefore Morrey’s inequality
further implies D%u € 00,1——3([—]) foralln < g < ocoandall ja| < k— [ﬂ] —1.

Consequently u € c* [ -1 (U) for each 0 < 4 < 1. As before, the stated
estimate follows as well. a

Remark. Various general Sobolev-type inequalities can also be proved us-
ing the Fourier transform: see Problem 18. O

5.7. COMPACTNESS

We have seen in §5.6 that the Gagliardo—Nirenberg—Sobolev inequality im-
plies the embedding of W'P(U) into L*"(U) for 1 < p < n, p* = & We

will now demonstrate that W1P(U) is in fact compactly embedded in Lq(U)
for 1 < ¢ < p*. This compactness will be fundamental for our applications
of linear and nonlinear functional analysis to PDE in Chapters 6-9.

DEFINITION. Let X and Y be Banach spaces, X C Y. We say that X
s compactly embedded in Y, writien

X CCy,

provided
(i) llzlly € Cllzllx (x € X) for some constant C,
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and
(ii) each bounded sequence in X 1is precompact in Y.

THEOREM 1 (Rellich-Kondrachov Compactness Theorem). Assume U
is a bounded open subset of R", and 8U is C'. Suppose 1 <p <n. Then

wWhP(U) cc LI(U)
for each 1 < ¢ < p*.

Proof. 1. Fix 1 < g < p* and note that since U is bounded, Theorem 2 in
§5.6.1 implies

W (U) € LU), Jullzswy < Cllullwrr).

It remains therefore to show that if {u,,}>> ; is a bounded sequence in
W1LP(U), there exists a subsequence {un, }52, which converges in LI(U).

2. In view of the Extension Theorem from §5.4 we may with no loss of
generality assume that U = R™ and the functions {u,, }>°_; all have compact
support in some bounded open set V C R". We also may assume

) sup [ lw vy < 00.

3. Let us first study the smoothed functions
U, =N xuy, (>0, m=1,2,...),

ne denoting the usual mollifier. We may suppose the functions {u$,}5°_; all
have support in V as well.

4. We first claim
(2) u;, — Uy in LY(V) as € — 0, uniformly in m.

To prove this, we first note that if u,, is smooth, then

(@) — ttm(2) = f @)@ = <) ~ ) dy

k)

1 4
= /B (0,1)n(y) /0 a(um(w—ety))dtdy

1
= —E] n(y)/ Dun(z — ety) - y dtdy.
B(0,1) 0
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Thus
1
f [um () — um(z)|dz < € / n(y) f / | Dy (z — ety)| dzdidy
1% B(0,1) 0 JV
< E/ | D (2)|dz.
1%

By approximation this estimate holds if u,, € WH?(V). Hence
s, — umllr vy < ellDumllpivy < €CllDuml|Le¢vy,

the latter inequality holding since V' is bounded. Owing to (1) we thereby
discover

(3) us, — uy,  in LY(V), uniformly in m.

But then since 1 < ¢ < p*, we see using the interpolation inequality for
LP-norms (§B.2) that

-9
llur, — um”Lq(V) < lug, — “m”%l(V)““fn - Um“ip*(v)v

where % =0+ %}Q, 0 < # < 1. Consequently (1) and the Gagliardo—
Nirenberg-Sobolev inequality imply

sy = wmllzaqvy < Cllug, = wmllGrvy;

whence assertion (2) follows from (3).

5. Next we claim

{ for each fixed £ > 0, the sequence {uf,}>_;

is uniformly bounded and equicontinuous.

(4)
Indeed, if x € R™, then
) < [ e - vl dy
B(z€)
C
< Imell oo ey fem L1 gvy < pr < 00
for m =1,2,... . Similarly

D@1 < [ 1Dnele = llun(w)] dy

B(z.e)

C
< ||D776”L°°(Rn)““m||[,1(V) < entl < 09,
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form=1,... . Assertion (4) follows from these two estimates.

6. Now fix 6 > 0. We will show there exists a subsequence {um;}32, C
{um}5o_; such that

(5) lim sup “umj — Umy ”L'I(V) <é.
Jk—o0

To see this, let us first employ assertion (2) to select € > 0 so small that
(6) [, — | vy < 6/2

form=1,2,... .

We now observe that since the functions {um}S°_;, and thus the func-
tions {u:,}o_,, have support in some fixed bounded set V C R", we may
utilize (4) and the Arzela-Ascoli compactness criterion, §C.7, to obtain a
subsequence {uz, }52; C {uf,};-; which converges uniformly on V. In
particular therefore

™ limsup 5, - 5, llzev) = 0.
Jk—o0 7

and so (5) is proved.

7. We next employ assertion (5) with § = 1, %, %, ... and use a standard

diagonal argument to extract a subsequence {um, }{2, C {um}°_, satisfying

Hmsup |[tm; — tmy || La(vy = 0.
l,k—oo

a

Remark. Observe that since p* > p and p* — oo as p — n, we have in

particular
wlP(U) cc LP(U)

for all 1 < p < oo. (Observe that if n < p < oo, this follows from Morrey’s
inequality and the Arzela-Ascoli compactness criterion.) Note also that

Wy P(U) cc LP(U),

even if we do not assume 8U to be C!. O
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5.8. ADDITIONAL TOPICS

5.8.1. Poincaré’s inequalities.

We now illustrate how the compactness assertion in §5.7 can be used to
generate new inequalities.

Notation. (u)y = §,udy = average of u over U. 0

THEOREM 1 (Poincaré’s inequality). Let U be a bounded, connected,
open subset of R™, with a C' boundary OU. Assume 1 < p < co. Then there
exists a constant C, depending only on n,p and U, such that

(1) |lu — (w)vllewy < CllDu||Le ()
for each function u € WHP(U).

The significance of (1) is that only the gradient of v appears on the right
hand side.

Proof. We argue by contradiction. Were the stated estimate false, there
would exist for each integer k = 1,... a function u; € W1P(U) satisfying

(2) e = (ur)ullLew) > kllDuell (v

We renormalize by defining

we — (u)u k=1,...).

3 Vg - —
) Tae = (ol

Then
(e)u =0, [Jvkllzeqy = 1;
and (2) implies
1

(4) ”DUkHLP(U) < E (k = 1, 2, A )

In particular the functions {vg}$2 , are bounded in WHP(U).

In view of the Remark after the Rellich-Kondrachov Theorem in §5.7,
there exists a subsequence {vx;}52, C {vx}32, and a function v € LP(U)
such that

(5) vk, — v in LP(U).
From (3) it follows that

(6) ()u =0, [[v]lLew) = 1.
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On the other hand, (4) implies for each i = 1,...,n and ¢ € C*(U)
that

] 'Uqu,i dr = lim 'Uk-j ¢xi dr = — khm Ukj,xi(bdm' = 0.
u i—oe Jrr

kj—o0 Jp7

Consequently v € WLP(U), with Dv = 0 a.e. Thus v is constant, since U
is connected (see Problem 10). However this conclusion is at variance with
(6): since v is constant and (v)y = 0, we must have v = 0; in which case
|lv||z#(vy = 0. This contradiction establishes estimate (1). O

A particularly important special case follows.
Notation. (u)yr = fB(x’r)u dy = average of u over the ball B(z,r). O
THEOREM 2 (Poincaré’s inequality for a ball). Assume 1 < p < oo.
Then there exists a constant C, depending only on n and p, such that
(7) lu — (Wapll e (B(zr)) < Crl|Dull L2 (B(z,r)
for each ball B(x,r) C R™ and each function u € W1?(B%(z, r)).

Proof. 1. The case U = B°(0,1) follows from Theorem 1. In general, if
u € WHP(B®(z,r)) write

v(y) =u(z +ry) (y€ B(0,1)).
Then v € W1P(B%(0,1)), and we have
lv = (v)olle(B(0,1)) £ ClIDv||Le(B(0,1))-

Changing variables, we recover estimate (7). O

Remark. Assume u € W1*(R"”) N LY(R"), and let B(z,r) be any ball.
Then Theorem 2 with p = 1 implies

][ |u — (u)g,r|dy < Cr][ | Dul| dy
B(x,'r)

B(z,r)

<Cr ()[ |Du|"dy) <C (f | Du|™ dy) .
B(z,r) R~

Thus u € BMO(R™), the space of functions of bounded mean oscillation in
R™, with the seminorm

[Wsmomr) :=  sup {][ |lu — (u)x,r|dy} :
B(z,r)cRr B(z,r)

See Stein [SE, Chapter IV] for the theory of BMO. O
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5.8.2. Difference quotients.

When we later apply Sobolev space theory to PDE, we will be forced to
study difference quotient approximations to weak derivatives. Following is
the relevant theory, which the reader may wish to postpone studying until
the need arises, in §6.3.

a. Difference quotients and WP,
Assume u : U — R is a locally summable function, and V cC U.

DEFINITIONS.
(i) The it*-difference quotient of size h is

Du(z) = u(x + he’:-) — u(x)

2
forzx € V and h € R, 0 < |h| < dist(V, 8U).
(ii) D"u := (D}u,..., Dru).

THEOREM 3 (Difference quotients and weak derivatives).
(i) Suppose 1 < p < oo and u € WIP(U). Then for each V CC U

(8) ID"ullovy < CllDull o 1)

for some constant C and all 0 < || < 1 dist(V, 8U).

(ii} Assume 1 < p < oo, u € LP(V), and there exists a constant C such
that

(9) ID"ul| oy < C
for all 0 < |h| < 3 dist(V,8U). Then
uwe WHP(V), with |Dul|pepy < C.

Remark. Assertion (ii) is false for p = 1 (Problem 11). O

Proof. 1. Assume 1 < p < 00, and temporarily suppose u is smooth. Then
for each € V,i=1,...,n, and 0 < |h| < 3 dist(V, 8U), we have

1
u(z + he;) —u(x) = / ug, (T + the;) dt - he;;
0

so that :
(@ + hes) — u(z)| < h / |\ Du(z + the;)| dt.
0
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Consequently

n 1
/ Drufds < CY / / \Du(z + the;)|” dtdz
4 =1V /0

n 1
=c; /0 /V |Du(z + the;)|P dzdt.

Thus
/ \DMufP dz < C ] \Dup da.
14 U
This estimate holds should « be smooth, and thus is valid by approximation
for arbitrary u € W1P(U).

2. Now suppose estimate (9) holds for all 0 < || < 1 dist(V,8U) and
some constant C. Choose i = 1,...,n, ¢ € CX(V), and note for small
enough h that

Lu(w) [q&(x + he;) — ¢>(w)] dr — ""/V [u(x) — u(z — he;) b(z) de

h h
that is,

(10) fv w(Dr¢) dr = — /V (D; "u)g dz.

This is the “integration-by-parts” formula for difference quotients. Estimate
(9) implies
s%p ||Di_hu||Lp(v) < 00;

and therefore, since 1 < p < oo, there exists a function v; € LP(V) and a
subsequence hi — 0 such that

(11) D™y — v, weakly in LP(V).

1]
(See §D.4 for weak convergence.) But then

/ Us, dr = / ugy, dr = lim [ uDM¢dx
1% U hx—0 Jy

=—lim [ D/™u¢dx
hx—0 Jy/

=—/‘/vi¢m=—£]vi¢d$-

Thus v; = u,, in the weak sense (i = 1,...,n), and so Du € LP(V). As
u € LP(V), we deduce therefore that u € WiP(V). O
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Remark. Variants of Theorem 3 can be valid even if it is not true that
V cc U. For example if U is the open half-ball B%(0,1) N {z, > 0},
V = B%0,1/2) N {z» > 0}, we have the bound [, |DMuPdz < f; |us,|P do
fori=1,...,n — 1. The proof is similar to that just given.

We will need this comment in Chapter 6, §6.3.2. O

b. Lipschitz functions and W1,

THEOREM 4 (Characterization of W), Let U be open and bounded,
with OU of class C*. Then u: U — R is Lipschitz continuous if and only if
u € Whee(U).

Proof. 1. First assume U = R" and u has compact support.

Suppose u € WH>(R™). Then uf := n.*u, where 7, is the usual mollifier,
is smooth and satisfies

{ u¢ — u uniformly as € — 0,
| Duf || oo (Rry < 1Dl oo (e

Choose any two points z,y € R", x # y. We have
wE(z) — u(y) = / (b + (1 — t)y) dt
= '/0 Duf(tz + (1 —t)y)dt- (z — y);
and so
[uf (x) — u(y)| < || Duf|Loo ()l ~ Y| < || Dul| poo (ry i — 9.
We let ¢ — 0 to discover
lu(z) — u(y)| < || Dyl oo eyl — yl-

Hence u is Lipschitz continuous.

2. On the other hand assume now wu is Lipschitz continuous; we must
prove that u has essentially bounded weak first derivative. Since u is Lip-
schitz, we see

1D 2| oo ey < Lip(u),

and thus there exists a function v; € L°°(R™) and a subsequence hy — 0
such that

(12) D™y — v weakly in L _(R™).

2
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Consequently
f Uy, dz = lim uD?’“qbdx
n hk—->0 Rn
= — lim Di_h"uc{)d:n = —/ v dx
h)—0 Br R

by (12). The above equality holds for all ¢ € C°(R™), and so v; = ug, in
the weak sense (i = 1,...,n). Consequently u € WL ®°(R").

3. In the general case that U is bounded, with U of class C?, we as
usual extend u to Eu = 4 and apply the above argument. 0

Remark. The argument above adapts easily to prove that for any open set
U,u € Wlifo(U ) if and only if u is locally Lipschitz continuous in U. There
is no corresponding characterization of the spaces WP for 1 < p < o0. If
n < p < o0, then each function © € WP belongs to C%!~™/? but on the
other hand a function Holder continuous with exponent less than one need

not belong to any Sobolev space WP, O

5.8.3. Differentiability a.e.

Next we examine more closely the connections between weak partial
derivatives and partial derivatives in the usual calculus sense.

DEFINITION. A function u : U — R is differentiable at x € U if there
erists a € R™ such that
(13) uy)=ul@)+a-(y—x)+o(ly—z|) asy—=x.

In other words,
i 2@ (@) —a-(y—2)| _
y— ly — 2|

Notation. It is easy to check that a, if it exists, is unique. We henceforth
write
Du(zx)

for a and call Du the gradient of u. O

To be sure that this notation is consistent, we need to study the rela-
tionships between the various notions of derivatives:

THEOREM 5 (Differentiability almost everywhere). Assume u € Wli’f(U )
for some n < p < oo. Then u i3 differentiable a.e. in U, and its gradient

equals its weak gradient a.e.

Recall we always identify u with its continuous version.
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Proof. 1. Assume first n < p < oo. From the Remark after the proof of
Theorem 4 in §5.6.2, we recall Morrey’s estimate

1/p
|Dv(z)|pdz) (y € B(z,r)),
(z,27)

14 |oly) - v(@)] < O ( /

valid for any C? function v and thus, by approximation, for any v € Wl?,

2. Choose u € VVli’f(U ). Now for a.e. x € U, a version of Lebesgue’s
Differentiation Theorem (§E.4) implies

(15) ][B(I )|Du(:v) — Du(z)|Pdz — 0

as r — 0, Du denoting as usual the weak derivative of u. Fix any such point
x and set

v(y) := u(y) —u(z) - Du(z) - (y - 2)

in estimate (14), where
(16) r=lz -yl
We find

lu(y) — u(z) — Du(z) - (y — =)

1/p
< grinp ( / | Du(z) — Du(z)|pdz)
B(x,2v)

1/p
<Cr (][ |Du(x) — Du(z)|pdz)
B(z,2r)

o(r) by (15)
o(jz —y|) by (16).

i

Thus u is differentiable at z, and its gradient equals its weak gradient at x.

3. In case p = 0o, we note W1’°°(U) C VVli’f(U) for all 1 < p < 00, and

loc

apply the reasoning above. |

Finally, in view of Theorem 5, we obtain

THEOREM 6 (Rademacher’s Theorem). Let u be locally Lipschitz con-
tinuous in U. Then u is differentiable almost everywhere in U.
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5.8.4. Fourier transform methods.

Next we employ the Fourier transform (§4.3) to give an alternate charac-
terization of the spaces H*(R™). For this section all functions are complex-
valued.

THEOREM 7 (Characterization of H* by Fourier transform).
Let k be a nonnegative integer.
(i) A function u € L*(R") belongs to H¥(R™) if and only if

(17) (1+ [y/¥)a € L2(RM).

(ii) In addition, there exists a positive constant C' such that

1 R
(18) EH“”Hk(Rn) < (L + [yl ey < Cllull g ey
for each u € H*(R™).

Proof. 1. Assume first u € H*(R"). Then for each multiindex |a| < k, we
have D%u € L?(R™). Now if u € C* has compact support, we have

(19) Dew = (iy)%i

according to Theorem 2 in §4.3.1. Approximating by smooth functions we
deduce formula (19) provided u € H*(R™). Thus (iy)*@ € L*(R™) for each
la| < k. In particular choosing o = (k,0,...,0),(0,k,...,0),...,(0,...,k),
we deduce

[ witapay <o [ prupas < o
R~ R
Thus
(1 + ly*lal’dy < Cllullas @),
R~

and so (1 + |y/F)& € L2(R™).
2. Suppose conversely (1 + |y|*)& € L2(R™) and |a| < k. Then
(200 l(iy) il 2gan) < /Rn w22 dy < CII(L + lyl*)all o

Set
ua = ((iy)*4)”.
Then for each ¢ € C°(R™)

| 0ooade = [ Dopyidy= [ () dady

= (-1)"’| ./IRH Pl dz.
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Thus u, = D%u in the weak sense and, by (20), D*u € L?(R"). Hence
u € H*(U), as required. 0

It is sometimes useful to define also fractional Sobolev spaces.

DEFINITION. Assume 0 < s < 0o and u € L?(R™). Then u € H*(R")
if (14 |y|*)a € L%2(R™). For noninteger s, we set

[leell 7o ey = (L + [y1°) | L2en)-

5.9. OTHER SPACES OF FUNCTIONS
5.9.1. The space H™!.

As we will see later in our systematic study in Chapters 6 and 7 of linear
elliptic, parabolic and hyperbolic PDE, it is important to have an explicit
characterization of the dual space of H}. (See Appendix D for definitions.)

DEFINITION. We denote by H 1 (U) the dual space to H}(U).

In other words f belongs to H~1(U) provided f is a bounded linear
functional on Hj(U).

Notation. We will write (, ) to denote the pairing between H~!(U) and
HA(U). o

DEFINITION. If f € H }(U), we define the norm
|12y = sup {(f, ) | w € BY(U), gy <1}
THEOREM 1 (Characterization of H™!).

(i) Assume f € H Y(U). Then there exist functions fO, f1,...,f" in
L*(U) such that

(1) (o) = [ o+ Fonds (e HO))
u i=1
(ii) Furthermore,
oo\
-1 =1 1 d
£l -1 oy mf{(/{f;lf[ x) |

f satisfies (1) for f°,...,f" € LZ(U)}.
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Notation. We write f = f®— 3", fji whenever (1) holds. 0

Proof. 1. Given u,v € H}(U), we define the inner product (u,v) := [,; Du-
Dv+wvdzx. Let f € H 1(U). We apply the Riesz Representation Theorem
(§D.3) to deduce the existence of a unique function u € H}(U) satisfying
Bfu,v] = (f,v) for all v € Hj(U); that is,

(2) /Du-Dv+uvdx=(f,v)
U
for each v € H}(U). This establishes (1) for
f=u
®) S
fif=uy (i=1,...,n).

2. Assume now f € H=}(U),
@ (o) = [ o+ Y ghvs, de
i=1

for ¢° ¢1,...,g"™ € L?(U). Setting v = u in (2) and using (4), we deduce

n
/ |Dul? + Ju|?dx < / > o' da.
U Ui:()

Thus (3) implies
n ‘ n .
(5) [Sirpdes [ Y loPds.
Ui=o Ui=o

3. From (1) it follows that

n 1/2
i2x
I(f,v)IS(/Uglfld)

if ||'U||H3(U) < 1. Consequently

n 1/2
i < ‘24 .
1l (U)_( jU > 17 :c)

Setting v = Teluico; in (2), we deduce that in fact
0

n 1/2
iy = 124 :
(6) T ( fU §|f| :c)

Assertion (ii) follows now from (4)—(6). O
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5.9.2. Spaces involving time.

We study next some other sorts of Sobolev spaces, these comprising
functions mapping time into Banach spaces. These will prove essential in
our constructions of weak solutions to linear parabolic and hyperbolic PDE
in Chapter 7 and to nonlinear parabolic PDE in Chapter 9.

Let X denote a real Banach space, with norm || ||. The reader should
first of all read §E.5 about measure and integration theory for mappings
taking values in X.

DEFINITION. The space
LP(0,T; X)

consists of all measurable functions u : [0,T) — X with

T 1/p
(i) lallze0,1,x) = (/0 ||u(t)||pdt) < 00
for1 <p< oo, and

(ii) [lull Lo o,r;x) := ess sup|lu(t)|| < oo.
0<t<T

DEFINITION. The space
¢([0, T); X)
comprises all continuous functions u : [0,T] — X with

¥ = t .
lullogomyx) = max ()] < o0

DEFINITION. Letue LY(0,T;X). We say v € L'(0,T; X) is the weak
derivative of u, written
u =v,

provided
T T
/ & (Hyu(t) dt = — / B(t)v(t) dt
0 0

for all scalar test functions ¢ € C°(0,T).
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DEFINITIONS. (i) The Sobolev space
WLP(0,T; X)

consists of all functionsu € LP(0,T; X) such that u’ exists in the weak sense
and belongs to LP(0,T; X). Furthermore,

| (@ lwora)” q<r<o)

llallwr e 0.T;X
O ess sup([|lu(t)|| + [lu’(#)]]) (p = 00).
0<t<T

(ii) We write H1(0,T; X) = W12(0, T; X).

THEOREM 2 (Calculus in an abstract space). Let u € W1P(0,T; X) for
some 1 < p <oco. Then

(i) u € C([0,T]; X) (after possibly being redefined on a set of measure
zero), and

(i) u(t) = u(s) + ['u'(r)dr forall0<s<t<T.
(iii) Furthermore, we have the estimate

) 0‘;‘%”“(”” < Clluflwie@rx)s

the constant C depending only on T.

Proof. 1. Extend u to be 0 on (—00,0) and (T, o¢), and then set u® = 7, *u,
ne denoting the usual mollifier on R!. We check as in the proof of Theorem 1
in §5.3.1 that u®’ = . *u’ on (g, T — ¢).

Then as ¢ — 0,
8 u* —»u in LP(0,T; X),
) { (u?) - v’ in LP(0,T; X).
Fixing 0 < s <t < T, we compute
t
u®(t) = u(s) +/ u®(7) dr.
38
Thus
¢
© u(t) = u(s) + [ w(r)dr

for a.e. 0 < s <t < T, according to (8). As the mapping ¢t — fot u'(7) d7 is
continuous, assertions (i), (ii) follow.

2. Estimate (7) follows easily from (9). O

The next two propositions concern what happens when u and u’ lie in
different spaces.
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THEOREM 3 (More calculus). Suppose u € L2(0,T; H}(U)), with u’ €
L*0,T; HY(U)).
(i) Then
u € C([0,T]; L*(U))

(after possibly being redefined on a set of measure zero).
(ii) The mapping
2
t = @)z,

is absolutely continuous, with
d 2 !
S la@lizay = 2(u’(®), ult))

forae 0<t<T.

(iii) Furthermore, we have the estimate

(10) OféltaéXT||u(t)”L2(U) < C(llullzzom30y) + W |20, 1381 v)) 5

the constant C depending only on T.

Proof. 1. Extend u to the larger interval [~o, T + o] for ¢ > 0, and define
the regularizations u® = 7, * u, as in the earlier proof. Then for ¢,6 > 0,

& s(0) ~ OBy = 200 (1) — ¥ (0 0 () — (1) 2y
Thus
lu®(®) — w® ()l 2(py = Iu®(s) — ()| 72y

11 ¢ :
() +2 [ (u(r) = u (), u(r) - ui(r)

for all 0 < s,t < T. Fix any point s € (0,T) for which
u®(s) — u(s) in L2(U).

Consequently (11) implies

T
limsup sup ||u6(t)—u6(t)||"£2(U) < lim / lu(r) — u® (")liEn )
£,6—0 0<t<T £6=0Jo

+ 1 (r) = 0 (1) B 0 7
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Thus the smoothed functions {uf}occ<1 converge in C([0,T}; L*(U)) to a
limit v € C([0,T); L2(U)). Since we also know u®(t) — u(t) for a.e. t, we
deduce u = v a.e.

2. We similarly have

t
9 Oy = G gy +2 [ (o (7). ur)

and so, identifying u with v above,

i
(12) a2y = () Zag) +2 [ (), u(r)) dr

forall0<s,t<T.

3. To obtain (10), we integrate (12) with respect to s, recall the inequal-
ity (o', w)| < ||| p-1 (v lull 1), and make some simple estimates. O

For use later in the regularity theory for second-order parabolic and hy-
perbolic equations in Chapter 7, we will also need this extension of Theorem
3.

THEOREM 4 (Mappings into better spaces). Assume that U is open,
bounded, and OU is smooth. Take m to be a nonnegative integer.

Suppose u € L*(0,T; H™(U)), with o’ € L2(0,T; H™(U)).
(i) Then
u € O([0, T H™(U))

(after possibly being redefined on a set of measure zero).

(ii) Furthermore, we have the estimate

(13) 0@%”“(?5)”11"1“(0') < C(llull 20, 1;5m+2wy) + Il L2075 5m (0))

the constant C depending only on T, U, and m.

Proof. 1. Suppose first that m = 0, in which case
u € L%(0,T; H2(U)), u' € L*(0,T; L*(U)).

We select a bounded open set V DD U, and then construct a corre-
sponding extension . = Eu, as in §5.4. In view of estimate (10) from that
section, we see ,
a € L*(0,T; H3(V)),
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and
(14) Nl 2075200y < Cllull 20,7520y

for an appropriate constant C. In addition, 6’ € L?(0,T; L*(V)), with the
estimate
(15) 19l 20, 7:220vy) < ClW Nl 2075220y

This follows if we consider difference quotients in the t-variable, remember
the methods in §5.8.2, and observe also that E is a bounded linear operator
from L?(U) into L2(V).

2. Assume for the moment that @ is smooth. We then compute

li(f |Dul* de)| = 2|f Da- D dz| = 2|/ At del

There is no boundary term when we integrate by parts, since the extension
i = Eu has compact support within V. Integrating and recalling (14), (15),
it follows that

(16) Orgt%““(t)HHl(U) < C(lull 2o m2wy + 10 (| 20,1522 ) -

We obtain the same estimate if u is not smooth, upon approximating by
u® := 7. * u, as before. As in the previous proofs, it also follows that
u € C([0,T); H (U)).

3. In the general case that m > 1, we let o be a multiindex of order
la| < 'm, and set v := D%u. Then

v € L*(0,T; HX(U)), v’ € L*(0,T; L*(U)).

We apply estimate (16), with v replacing u, and sum over all indices |a| < m,
to derive (13).
O

5.10. PROBLEMS

In these exercises U always denotes an open subset of R™.

1. Suppose k € {0,1,...}, 0 < v < 1. Prove C*7(U) is a Banach space.
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Let U, V be open sets, with V' CC U. Show there exists a smooth
function ¢ such that { = 1 on V, ( = 0 near 8U. (Hint: Take
V cc W cc U and mollify x,,.)

Assume 0 < § < 7 < 1. Prove the interpolation inequality
1y 1=8

||u||co,w(U) < ”U”Cl;—ofga(y) ”U”(;ﬁ(U)'

Assume U is bounded and U cc |UY,V;. Show there exist C
functions ¢; (i =1,..., N) such that

{ 0<G<1, spt;CV; (i=1,...,N)
SN ¢G=1 onU.
The functions {(;}YY, form a partition of unity.

Prove that if n =1 and u € W1P(0, 1) for some 1 < p < 00, then u is
equal a.e. to an absolutely continuous function, and u’ (which exists

a.e.) belongs to LP(0,1).

Prove directly that if u € W'P(0,1) for some 1 < p < oo, then
-1 1/p

lu(z) — u(y)| < |z —y|* > (fol |u’|Pdt) for a.e. z,y € [0,1].

Denote by U the open square {z € R? | |z1| < 1, |z2| < 1}. Define

l—z ifz; >0, |z2| <xy

l1+x; ifz; <0, |22 < —2;
u(z) = .
l—xzy ifza>0, |z71] <22
14z ifze <0, |71 < —29.
For which 1 < p < oo does u belong to W1P(U)?

Integrate by parts to prove the interpolation inequality:

1/2 1/2
/ |Du|?dz < C (/ qum) (/ |D2u|2dx)
U U U

for all v € C°(U). By approximation, prove this inequality if u €
H2(U) N H3(U).

Integrate by parts to prove:

1/2 1/2
j |DulPdx < C (/ |u|pdx) (/ |D2u|pdx)
U U U
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10.

11.

12.

13.

14.

15.

16.

17.

for 2 < p < 0o and all u € W2P(U) N W, P(U). (Hint: f,, |DulPdz =
i1 Jy v s, | DulP~2dz.)

Suppose U is connected and u € WP (U) satisfies

Dy=0 ae inU.

Prove u is constant a.e. in U.

Show by example that if we have |[D"u||11() < C for all 0 < |h| <
% dist(V, dU), it does not necessarily follow that u € Wl’l(V).

Give an example of an open set U C R” and a function u € WbH(U),
such that u is not Lipschitz continuous on U. (Hint: Take U to be the
open unit disk in R?, with a slit removed.)

Verify that if n > 1, the unbounded function u = log log(l + ]%[)
belongs to W1n(U), for U = B%(0,1).

Let U be bounded, with a C! boundary. Show that a “typical” func-
tion v € LP(U) (1 < p < o) does not have a trace on dU. More
precisely, prove there does not exist a bounded linear operator

T : LP(U) — LP(8U)
such that Tu = u|sy whenever u € C(U) N LP(U).

Fix a > 0 and let U = B%(0,1). Show there exists a constant C,
depending only on n and a, such that

/ wlde < C/ | Du|?dz |
U U

HeeUlu@@) =0} 2a, ueH (V).

provided

Assume F : R — R is C?!, with F’ bounded. Suppose U is bounded
and u € WHP(U) for some 1 < p < co. Show

vi=F(u) € WY(U) and vy, =F(wus, (E=1,...,n).

Assume 1 < p < 00, and U is bounded.
(i) Prove that if u € WIP(U), then |u| € WLP(U).
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18.

(ii) Prove u € WYP(U) implies u*,u~ € W1P(U), and

D+-_{Du a.e. on {u > 0}
“" o a.e. on {u < 0},
{ 0 a.e. on {u > 0}

Du™ =
—Du a.e. on {u < 0}.
(Hint: v* = lim,..g F¢(u), for

[+ - if22>0
Fe(2) "{0 if z < 0.)

(iii) Prove that if « € W1P(U), then

Du =0 a.e. on the set {u = 0}.

Use the Fourier transform to prove that if u € H*(R"™) for s > n/2,
then u € L*(R"), with the bound

[ulloo®ey < Cllullms gny,

the constant C depending only on s and n.
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Chapter 6

SECOND-ORDER
ELLIPTIC
EQUATIONS

6.1 Definitions

6.2 Existence of weak solutions
6.3 Regularity

6.4 Maximum principles

6.5 Eigenvalues and eigenfunctions
6.6 Problems

6.7 References

This chapter investigates the solvability of uniformly elliptic, second-
order partial differential equations, subject to prescribed boundary condi-
tions. We will exploit two essentially distinct techniques, energy methods
within Sobolev spaces (§§6.1-6.3) and maximum principle methods (§6.4).

6.1. DEFINITIONS

6.1.1. Elliptic equations.

We will in this chapter mostly study the boundary-value problem

{Luzf inU

(1) u=0 on U,

where U is an open, bounded subset of R” and u : U — R is the unknown,
u = u(x). Here f : U — R is given, and L denotes a second-order partial

293
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differential operator having either the form

n

(2) Lu=— )" (a"(z)us,) ., +sz T)ug, + c(z)u

3,7=1
or else
T n
(3) Lu =~ Z 0 (Z)ug;z; + sz(x)usci + c(@)u,
i,j=1 i=1
for given coefficient functions a¥/,b,¢c (4,5 = 1,...,n).

We say that the PDE Lu = f is in divergence form if L is given by (2),
and is in nondivergence form provided L is given by (3). The requirement
that u =0 on 9U in (1) is sometimes called Dirichlet’s boundary condition.

Remark. If the highest order coefficients a”/ (7,57 = 1,...,n) are C! func-
tions, then an operator given in divergence form can be rewritten into non-
divergence structure, and vice versa. Indeed the divergence form equation
(2) becomes

(2" Z o (z)ug, z; +z:bZ Tz, + c(x)u

i,j=1

for b = b — Z; 1 ag,,-J (i=1,...,n), and (2') is obviously in nondivergence
form. We will see, however, there are definite advantages to considering
the two different representations of L separately. The divergence form is
most natural for energy methods, based upon integration by parts (§§6.1-
6.3), and the nondivergence form is most appropriate for maximum principle
techniques (§6.4). O

We henceforth assume as well the symmetry condition

oV =a" (i,j=1,...,n).

DEFINITION. We say the partial differential operator L is (uniformly)
elliptic if there exists a constant 8 > O such that
n
(4) > a¥()&; > 6)¢
ij=1
for a.e. x €U and all £ € R".

Ellipticity thus means that for each point x € U, the symmetric n x n
matrix A(z) = ((a¥(z))) is positive definite, with smallest eigenvalue greater
than or equal to 6.
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An obvious example is ¥ = §;;, b* = 0, ¢ = 0, in which case the operator
Lis —A. Indeed we will see that solutions of the general second-order elliptic
PDE Lu = 0 are similar in many ways to harmonic functions. However,
for these partial differential equations we do not have available the various
explicit formulas developed for harmonic functions in Chapter 2: we must
instead work directly with the PDE. Readers should continually be alert in
the following calculations for uses of the structural condition of ellipticity

(4).

Physical interpretation. As just noted, second-order elliptic PDE gener-
alize Laplace’s and Poisson’s equations. As in the derivation of Laplace’s
equation set forth in §2.2, u in applications typically represents the density
of some quantity, say a chemical concentration, at equilibrium within a re-
gion U. The second-order term A : D*u = Zi,j:l atl Uy, represents the
diffusion of u within U, the coefficients ((a*)) describing the anisotropic,
heterogeneous nature of the medium. In particular, F := —ADu is the
diffusive flux density, and the ellipticity condition implies

F-Du<

that is, the flow is from regions of higher to lower concentration. The first-
order term b - Du = Y© | bu,, represents transport within U, and the
zeroth-order term cu describes the local creation or depletion of the chemical
(owing, say, to reactions). A careful analysis of these interpretations requires
the probabilistic study of diffusion processes.

Nonlinear second-order elliptic PDE also arise naturally in the calculus
of variations (as the Euler-Lagrange equations of convex energy integrands)
and in differential geometry (as expressions involving curvatures). We will
encounter some such nonlinear equations later, in Chapters 8 and 9. |

6.1.2. Weak solutions.

Let us consider first the boundary-value problem (1) when L has the
divergence form (2). Our overall plan is first to define and then construct
an appropriate weak solution u of (1), and only later to investigate the
smoothness and other properties of u.

We will assume in the following exposition that

(5) o b ce L) (i,j=1,...,n)

(6) f e L¥U).
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Motivation for definition of weak solution. How should we define
a weak or generalized solution? Assuming for the moment u is really a
smooth solution, let us multiply the PDE Lu = f by a smooth test function
v € C°(U), and integrate over U, to find

7 0l gy, vy + b’uz v+ cuvdr = fv dx,
K i

,Jl

where we have integrated by parts in the first term on the left hand side.
There are no boundary terms since v = 0 on U. By approximation we
find the same identity holds with the smooth function v replaced by any
v € H§(U), and the resulting identity makes sense if only u € H3(U). (We
choose the space Ha(U) to incorporate the boundary condition from (1) that
“u=0on JU”.)

DEFINITIONS. (i) The bilinear form B[ , | associated with the diver-
gence form elliptic operator L defined by (2) is

(8) Blu,v] / Z a”umlvm] + Zblux v+ cuv dz
U,
4,j=1
for w,v € H}(U).

(ii) We say that v € H}(U) is a weak solution of the boundary-value
problem (1) if

(9) Blu,v] = (f,v)
for allv € HY(U), where (, ) denotes the inner product in L*(U).

Remark. The identity (9) is sometimes called the variational formulation
of (1). This terminology will be explained later, in Example 2 of §8.1.2.
a

More generally, let us consider the boundary-value problem
Lu=f"-3%", fi inU
(10) { u=0 on AU,

where L is defined by (2) and f* € L*(U) (i = 0,...,n). In view of the
theory set forth in §5.9.1 we see that the righthand term f = f° — P fz,
belongs to H~1(U), the dual space of Hj(U).



6.2. EXISTENCE OF WEAK SOLUTIONS 297

DEFINITION. We say v € H}(U) is a weak solution of problem (10)
provided
Blu,v] = (f,v)

for all v € HY(U), where (f,v) = [, fov+ > iy flvs, dz and {, ) is the
pairing of H1(U) and H}(U).

Remark. We will hereafter, as above, focus attention exclusively on the
case of zero boundary conditions, but in fact a problem with prescribed,
nonzero boundary values can easily be transformed into this setting. We
spell this out by supposing now that U is C! and v € H(U) is a weak

solution of
Lu=f inU
u=g¢g ondl.

This means that ¥ = g on U in the trace sense, and furthermore that the
bilinear form identity (9) holds for all v € H(U). That this be possible,
it is necessary for ¢ to be the trace of some H! function, say w. But then
% := u —w belongs to H}(U), and is a weak solution of the boundary-value
problem
Li=f inU
{ =0 ondU,
where f := f — Lw € H"Y(U).

See Problems 2, 3 to learn how to cast some other sorts of PDE and
boundary conditions into weak formulations. a

6.2. EXISTENCE OF WEAK SOLUTIONS
6.2.1. Lax—Milgram Theorem.

We now introduce a fairly simple abstract principle from linear func-
tional analysis, which will later in §6.2.2 provide in certain circumstances
the existence and uniqueness of a weak solution to our boundary-value prob-
lem.

We assume for this section H is a real Hilbert space, with norm || || and
inner product (, ). We let ( , )} denote the pairing of H with its dual space.
Readers should review as necessary the basic Hilbert space theory described
in §D.2-3.

THEOREM 1 (Lax—Milgram Theorem). Assume that

B:-HxH-—-R
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1s a bilinear mapping, for which there exist constants a, 3 > 0 such that

(i) |Blu,v]| < || |lv|| (u,ve€ H)
and
(ii) Bllull®* < Blu,u] (u€ H).

Finally, let f : H — R be a bounded linear functional on H.
Then there erists a unique element u € H such that

(1) Blu,v] = (f,v)

for allv e H.

Proof. 1. For each fixed element v € H, the mapping v — Blu,v] is a
bounded linear functional on H; whence the Riesz Representation Theorem
(§D.3) asserts the existence of a unique element w € H satisfying

(2) Blu,v] = (w,v) (v € H).
Let us write Au = w whenever (2) holds; so that
(3) Blu,v] = (Ay,v) (u,v € H).

2. We first claim A : H — H is a bounded linear operator. Indeed if
A1, A2 € R and uq,ug € H, we see for each v € H that

(A(A1u1 + Aguz),v) = B[Aju; + Agqug,v] by (3)
= A1 Blui, v] + A2 B|ug, v]
= M {Auy,v) + Ao(Auz,v) by (3) again
= (M Aug + Ao Aus, v).

This equality obtains for each v € H, and so A is linear. Furthermore
| Aul® = (Au, Au) = Blu, Au] < aflu| || Aulf.

Consequently || Au| < al|u|| for all u € H, and so A is bounded.

3. Next we assert

(4)

{ A is one-to-one, and
R(A), the range of A, is closed in H.

To prove this, let us compute

Bllull® < Blu, u] = (Au,u) < || Au|| ||u].
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Hence B||u|| < ||Au||. This inequality easily implies (4).

4. We demonstrate now
(5) R(A) =H.

For if not, then, since R(A) is closed, there would exist a nonzero element
w € H with w € R(A)'. But this fact in turn implies the contradiction
Blwl?* £ Blw,w] = (Aw,w) = 0.

5. Next, we observe once more from the Riesz Representation Theorem
that
{(f,v) = (w,v) forallve H

for some element w € H. We then utilize (4) and (5) to find v € H satisfying
Au = w. Then

Blu,v] = (Au,v) = (w,v) = (f,v) (v € H),

and this is (1).

6. Finally, we show there is at most one element » € H verifying (1). For
if both Blu,v] = (f,v) and B[i,v] = (f,v), then Blu — 4,v] = 0 (v € H).
We set v = u — @ to find B|lu — 4> < Blu — @, u — @] = 0. O

Remark. If the bilinear form B[, ] is symmetric, that is, if
Blu,v] = Bv,u] (u,v € H),

we can fashion a much simpler proof by noting ((u,v)) := Blu,v] is a new
inner product on H, to which the Riesz Representation Theorem directly
applies. Consequently, the Lax—Milgram Theorem is primarily significant in
that it does not require symmetry of B[, |. O

6.2.2. Energy estimates.

We return now to the specific bilinear form B[, |, defined in §6.1.2 by
the formula

n n
Blu,v] = f Z 0 U, vz, + Z b'uy, v + cuv dr
Usj=1 i=1

for u,v € H)(U), and try to verify the hypothesis of the Lax-Milgram
Theorem.
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THEOREM 2 (Energy estimates). There exist constants a,3 > 0 and
~ > 0 such that

(i) |Bu, ]| < ellull gy lvllagw)
and
(i) Bllulys ) < Bl u] + vl 220

for all u,v € Hy(U).
Proof. 1. We readily check

n
Bluv)l < 3 lla7 o / \Du| |Dv| dz
U

1,j=1

e fU Dl [o]dz + le]l fU ] o] de
=1

< ellull gz vl ag o)

for some appropriate constant «.

2. Furthermore, in view of the ellipticity condition (4) from §6.1 we have

n
0[ |Du|2dx§f Z aijumuzj dx
U U

1,j=1

(6) = Blu,u] — [ Z Yug,u + culde
Ui=1

n
< Blu,ul + 3 Wile= [ 1Dul Julde + el | wa

i=1

Now from Cauchy’s inequality with ¢ {§B.2), we observe

1
/ | Du| |y d:cf;e/ |Du|2d:c+—] uldr (e > 0).
U U de Ju

We insert this estimate into (6) and then choose £ > 0 so small that

n ' 6
e Il < 3.
i=1

Thus 9
—/ |Du|2d3:§B[u,u]—|—C'] u’dzx
2 Ju U
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for some appropriate constant C'. In addition we recall from Poincaré’s
inequality in §5.6.1 that

lull L2y < CllDullp2(rry-
It easily follows that
5”““%&(@ < Blu, u] + v[lulZe

for appropriate constants 8 > 0, v > 0. [

Observe now that if ¥ > 0 in these energy estimates, then B|, | does not
precisely satisfy the hypotheses of the Lax—Milgram Theorem. The following
existence assertion for weak solutions must confront this possibility:

THEOREM 3 (First Existence Theorem for weak solutions). There is a
number v > 0 such that for each

(7) [Tl

and each function

fe L),

there exists a unique weak solution w € HY(U) of the boundary-value problem

(8)

Lu+pu=f U
u=0 ondlU.

Proof. 1. Take v from Theorem 2, let u > -, and define then the bilinear
form
B,[u,v] := Blu,v] + p(u,v) (u,v € Hy(U)),

which corresponds as in §6.1 to the operator L,u := Lu+ pu. As before (, )
means the inner product in L?(U). Then B, [, ] satisfies the hypotheses of
the Lax—Milgram Theorem.

2. Now fix f € L*(U) and set (f,v) := (f,v)r27)- This is a bounded
linear functional on L?(U), and thus on H}(U).

We apply the Lax—Milgram Theorem to find a unique function v €
HYU) satisfying

Bﬂ[uav] = (f,’U)

for all v € H}(U); u is consequently the unique weak solution of (8). O
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Remark. We can similarly show that for all
ffel U) (i=0,...,n),

there exists a unique weak solution u of the PDE

u=20 on 9U.
Indeed, it is enough to note {f,v) fU fov + Yo ftvg, dz is a bounded

linear functional on H}(U), as previously discussed in §5.9.1.
In particular, we deduce that the mapping
Ly:=L+ul:HyU)— HYU) (p>7)

is an isomorphism. O

Examples. In the case Lu = —Au, so that Blu,v] = [, Du- Dv dx, we
easily check using Poincaré’s inequality that Theorem 2 holds withy =0. A

similar assertion holds for the general operator Lu = — ijl (aij uwi)xj +

cu, provided ¢ > 0 in U. O

6.2.3. Fredholm alternative.

We next employ the Fredholm theory for compact operators (discussed in

§D.5) to glean more detailed information regarding the solvability of second-
order elliptic PDE.

DEFINITIONS. (i) The operator L*, the formal adjoint of L, is

n n
oy e 2 1
L*v = — E (avz, )z, E vy, + (e — E biz; )V
i=1

ij=1
provided b € CY*(U) (i=1,...,n).
(ii) The adjoint bilinear form
B*:HxH-—-R
is defined by
B*[v,u] = Blu,v]
for all u,v € HL(U).
(iii) We say that v € Hy(U) is a weak solution of the adjoint problem

L'v=f ianU
v=0 on U,
provided
B*['v,u] = (fru)

for all w € H(U).
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THEOREM 4 (Second Existence Theorem for weak solutions).
(i) Precisely one of the following statements holds:

either
for each f € L2(U) there exists a unique
weak solution u of the boundary-value problem
(e) N Lu=f inU
(10) { u=0 ondU
or else

there exists a weak solution u # 0 of
the homogeneous problem

(B) Lu=0 U
(1Y) { u=20 on OU.

(ii) Furthermore, should assertion (3) hold, the dimension of the sub-
space N C H3(U) of weak solutions of (11) is finite and equals the
dimension of the subspace N* C Hj(U) of weak solutions of

19 L*v=0 inU
(12) { v=20 on OU.

(iii) Finally, the boundary-value problem (10) has a weak solution if and
only if
(f,u)=0 forallve N".

The dichotomy (a), (8) is the Fredholm alternative.

Proof. 1. Choose g = v as in Theorem 3 and define the bilinear form
B, [u,v] := Blu, ] + 7(u, ),

corresponding to the operator L,u := Lu + yu. Then for each g € L?(U)
there exists a unique function u € HJ(U) solving

(13) B,[u,v] = (g,v) for all v € H}(U).
Let us write
(14) u=Lg

whenever (13) holds.
2. Observe next u € H}(U) is a weak solution of (10) if and only if

(15) B, [u,v] = (yu+ f,v) for all v € H}(U);
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that is, if and only if
(16) u= L7 (yu+ f).

We rewrite this equality to read

(17) u— Ku =h,
for

(18) Ku:= 'yL;lu
and

(19) hi=L'f.

3. We now claim K : L2(U) — L2(U) is a bounded, linear, compact
operator. Indeed, from our choice of 4 and the energy estimates from §6.2.2
we note that if (13) holds, then

Bllullfy 1y < Bylw,u] = (9,w) < Mgl lull 2wy < lgllzewy el ag o)
so that (18) implies
1Kl < Cllgllzwy (9 € LAHU))

for some appropriate constant C. But since H}(U) cC L%(U) according
to the Rellich-Kondrachov compactness theorem, we deduce that K is a
compact operator.

4. We may consequently apply the Fredholm alternative from §D.5:
either

for each h € L%(U) the equation
(20) (a) u—Ku=nh

has a unique solution u € L?(I7)

or else
the equation
(21) (8) u—Ku=0
has nonzero solutions in L?(U).

Should assertion («) hold, then according to (15)—(19) there exists a
unique weak solution of problem (10). On the other hand, should assertion
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(8) be valid, then necessarily v # 0 and we recall further from §D.5 that
the dimension of the space N of the solutions of (21} is finite and equals the
dimension of the space N* of solutions of

(22) v— K"v=0.

We readily check however that (21) holds if and only if u is a weak solution
of (11); and (22) holds if and only if v is a weak solution of (12).

5. Finally, we recall (20) has a solution if and only if
(23) (h,v) =0
for all v solving (22). But from (18), (19) and (22) we compute

1 1 1
hv)= —(Kf,v)=—(f,K"'v) = —(f,v) .
(h,v) 7( ) ’Y( ) ’Y( )
Consequently the boundary-value problem (10) has a solution if and only if
(f,v) = 0 for all weak solutions v of (12). O

THEOREM 5 (Third Existence Theorem for weak solutions).
(i) There exists an at most countable set X C R such that the boundary-
value problem

(24) {Luz)\u+f in U

u =20 on OU

has a unique weak solution for each f € L*(U) if and only if A ¢ L.
(i) If ¥ is infinite, then ¥ = {At}3,, the values of a nondecreasing
sequence with
Ap — +00.

DEFINITION. We call ¥ the (real) spectrum of the operator L.

Note in particular the boundary-value problem

Lu=MXu inlU
u=0 ondolU

has a nontrivial solution w # 0 if and only if A € ¥, in which case A is called
an eigenvalue of L, w a corresponding eigenfunction. The partial differential
equation Lu = Au for L = —A is sometimes called Helmholtz’s equation.

0
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Proof. 1. Let 4 be the constant from Theorem 2 and assume
(25) A> =7,
Assume also with no loss of generality that v > 0.

2. According to the Fredholm alternative, the boundary-value problem
(24) has a unique weak solution for each f € L2(U) if and only if u = 0 is
the only weak solution of the homogeneous problem

{ Lu=>Mt inU
vu=0 onJU.
This is in turn true if and only if © = 0 is the only weak solution of

Lu+~yu=(y+Au inU
(26) { u=20 on oU.

Now (26) holds exactly when
A
(27) w=L (7 + Au = L2 K,
7

where, as in the proof of Theorem 4, we have set Ku = yL> L. Recall also
from that proof that K : L%(U) — L2(U) is a bounded, linear, compact
operator.

Now if u = 0 is the only solution of (27), we see

(28) Y is not an eigenvalue of K.
T+ A

Consequently we see the PDE (24) has a unique weak solution for each
f € L3(U) if and only if (28) holds.

2. According to Theorem 6 in §D.5 the collection of all eigenvalues of K
comprises either a finite set or else the values of a sequence converging to
zero. In the second case we see, according to (25) and (27), that the PDE
(24) has a unique weak solution for all f € L2(U), except for a sequence
Ak = +00. w

Finally, we explicitly note:

THEOREM 6 (Boundedness of the inverse). If A ¢ XL, there exists a
constant C such that

(29) lullz2wy < Cllfllz2wy,

whenever f € L2(U) and u € H}(U) is the unique weak solution of

Lu=Xu+f inU
u=>0 on oU.

The constant C depends only on A\, U and the coefficients of L.

This constant will blow up if A approaches an eigenvalue.
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Proof. If not, there would exist sequences {fx}52, C L?(U) and {ug}$; C
H}(U) such that
Lug =Aup + fr inU
{ up =0 on U

in the weak sense, but
ukllcz@wy > klifellzqy (R=1,...).

As we may with no loss suppose ||ux(|p2(y) = 1, we see fr — 0in L3(U).
According to the usual energy estimates the sequence {uy}72, is bounded
in Hj(U). Thus there exists a subsequence {ug,; }32, C {ux}7, such that

ur, — u  weakly in Hi(U),
(30) { k; y 0(U)

Up, — U in LQ(U).
(See §D.4 for weak convergence.) Then u is a weak solution of

Lu=Xuy inU
©u=0 ondU.

Since A ¢ X, u = 0. However (30) implies as well that |[u||zzy = 1, a
contradiction. 0

Complex solutions. The foregoing theory extends easily to include com-
plex-valued solutions. Given complex-valued u,v € H(U), write

(u,v) 21 ::[m‘;d:c, (u, v) oy :=fDu-DT)+u’Dd3:,
U U

and set
K T
Blu,v] := / Z a Uy, Uy + Z bug, ¥ + cud dx,
Ui =1 i=1
where ~ denotes complex conjugate. We check

|Blu, v]| < ellullgauyllvllagwy
Blluly ) < Re Bluyu] +4llulZagy (w0 € HYD))
for appropriate constants a, 3 > 0, ¥ > 0. Complex variants of the Lax-

Milgram Theorem and Fredholm alternative lead to analogues of Theo-
rems 3—-6 above. a
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6.3. REGULARITY

We now address the question as to whether a weak solution u of the PDE
(1) Lu=f inU

is in fact smooth: this is the regularity problem for weak solutions.

Motivation: formal derivation of estimates. To see that there is some
hope that a weak solution may be better than a typical function in H(U),
let us consider the model problem

(2) —Au=f inR"

We assume for heuristic purposes that u is smooth and vanishes sufficiently
rapidly as |z| — oo to justify the following calculations. We then compute

. fzdx:f (Au)idz = Z/ Ug,z,Uz;z; G

i,7=1
(3) = — Z/ Ug;ziz0;Uz; AT
i,7=1
Z/ Uz Uz da:—/ |D2u|2d:c.
t,7=1 Re

Thus we see the L2-norm of the second derivatives of u can be estimated
by (and in fact equals) the L?-norm of f. Similarly, we can differentiate the
PDE (2), to find

~Ai = f,
for @ := u;, and f = fz, (K =1,...,n). Applying the same method, we
discover that the L2-norm of the third derivatives of u can be estimated by
the first derivatives of f. Continuing, we see the L?-norm of the (m + 2)™¢

derivatives of u can be controlled by the L?-norm of the m** derivatives of
fiform=0,1,... . O

These computations suggest that for Poisson’s equation (2), we can ex-
pect a weak solution u € H& to belong to H™*2 whenever the inhomoge-
neous term f belongs to H™ (m = 1,...). Informally we say that « has “two
more derivatives in L? than f has”. This will be particularly interesting for
m = 00, in which case u will belong to H™ for all m =1, ..., and thus will
be in C'*°.

Observe, however, the calculations above do not really constitute a proof.
We assumed u was smooth, or at least say C3, in order to carry out the
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calculation (3); whereas if we start with merely a weak solution in Hj we
cannot immediately justify these computations. We will instead have to rely
upon an analysis of certain difference quotients.

The following calculations are often technically difficult, but eventually
yield extremely powerful and useful assertions concerning the smoothness of
weak solutions. As always, the heart of each computation is the invocation
of ellipticity: the point is to derive analytic estimates from the structural,
algebraic assumption of ellipticity.

6.3.1. Interior regularity.

We as always assume that U C R” is a bounded, open set. Suppose also
u € H}(U) is a weak solution of the PDE (1), where L has the divergence
form

n

(4) Lu=-Y (a¥ (2)ua,),, + Z b (x)ue, + c(z)u.

,j=1

We continue to require the uniform ellipticity condition from §6.1.1, and
will as necessary make various additional assumptions about the smoothness
of the coefficients a*, b*, c.

THEOREM 1 (Interior H2-regularity). Assume

(5) a’ € CHU), b,eec L*U) (,j=1,...,n)
and
(6) feLU).

Suppose furthermore that u € HY(U) is a weak solution of the elliptic PDE
Lu=f inU.
Then
(7) v € Hip (V) ;
and for each open V. CC U we have the estimate

(8) ull z2evy < C (1f 2wy + el r2@wry)

the constant C depending only on V, U, and the coefficients of L.
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Remarks. (i) Note carefully that we do not require v € H}(U); that is,
we are not necessarily assuming the boundary condition » = 0 on 9U in the
trace sense.

(ii) Observe additionally that since u € H,_(U), we have

Lu=f ae. inlU.

Thus u actually solves the PDE, at least for a.e. point within U. To see
this, note that for each v € C°(U), we have

Blu,v] = (f,v).

Since u € H2_(U), we can integrate by parts:

Blu,v] = (Lu,v).
Thus (Lu — f,v) = 0 for all v € C(U), and so Lu = f a.e. O

Proof. 1. Fix any open set V CC U, and choose an open set W such that
V cc W cc U. Then select a smooth function ¢ satisfying

{CzlonV,CzOonR"—VV,
0<¢<1.

We call ¢ a cutoff function: its purpose in the subsequent calculations will
be to restrict all expressions to the subset W, which is a positive distance
away from OU. This is necessary as we have no information concerning the
behavior of u near OU. (As an interesting technical point, notice carefully in
the following calculations why we put “¢?”, and not just “¢” in (11) below.)

2. Now since u is a weak solution of (1), we have Blu,v] = (f,v) for all
v € H}(U). Consequently

n
(9) Z /Ua"juxivxj d:t::/vad:c,

1,7=1

where
(10) f=f- Z buy, — cu.
i=1

3. Now let |h| > 0 be small, choose k € {1,...,n}, and then substitute

(11) V= —D;h(CQDL’u)
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into (9), where as in §5.8.2 D}u denotes the difference quotient

Dhu(z) = U2+ he”;) —Uo)  heR, A £ 0).

We write the resulting expression as

(12) A=B,

for

(13) Z / a”uxtfvm] dz
,j=1

and

(14) B;:/U}uda:.

4. Estimate of A. We have

Z/a”uacz C2Dku)] dx

2,7=1 &

i 2
pa 1/ D; ajuml) (C Dku) dx

_Z/ zyh Dlu,, (CQDA;U) |

i,j=1 %
+ (Dgaij) Ug, (C2D2u) dr .

z5

Here we used the formulas

(16) / vD_ My de = —/ wDM dz
U U

and

(17) Dl (vw) = v*Dlw + wDly,

for v"(z) := v(zx + hey,).
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Returning now to (15), we find

A= Z fUar,ij’th:'u,miD,'Zumjc2 dx

ij=1
n
18) " Z ]U[aij,thuwiD;;‘uZCCzj + (D,f;aij) e, Ditug, ¢
ij=1
+ (Dha) us, Dhn2ct,  do
=: A + As.

The uniform ellipticity condition implies
(19) Ay >0 [U ¢2| DI Du)dz.
Furthermore we see from (5) that
42l <€ [ (1DEDul |Dul + (IDEDu 1Dl + C|Dul D d,

for some appropriate constant C. But then Cauchy’s inequality with € (§B.2)
yields the bound

C
|Ag| < ef C?| D Dul?dx + —[ |DIul? 4 | Dul?dz.
U € Jw
We choose € = g and further recall from Theorem 3,(i) in §5.8.2 the estimate

/ |Diw|? dz < C'] |Du|? dz,
w U

thereby obtaining the inequality
6
|4z < —f <2|D§;Du|2da;+c/ |Du|*dz.
2 Ju U
This estimate, (19} and (18) imply finally
6
(20) A> - ] ¢\ DEDul’dx - C / |Du|?dz.
2 Ju ' U
5. Estimate of B. Recalling now (10), (11), and (14), we estimate

(21) B < C [ (1f1+1Dul+ o] d
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Now Theorem 3,(i) in §5.8.2 implies
/ [v*dz < C f |D(¢2Dhw)|Pdx
U U
< C'/ |Diuf® + ¢2| D Dul?dx
w
< C’/ |Du|? + ¢2| Dl Du|?dz.
U
Thus (21) and Cauchy’s inequality with € imply
21 b1y, 12 C 2,2 C 2
|B| <e [ (*|DpDul*dz+ — | f“+u*de+ — | |Du|“dz.
U € Ju € Ju

Select € = %, to obtain

N e

0
(22) |B| < Z/ g24D,’:Du|2dz+c/ 2+ u? + |Dul*dz.
U U
6. We finally combine (12), (20) and (22), to discover
/ |DE Du)?dz < f ¢2| D Dufdz < c/ f? 4+ u? + |Duf?dzx
|4 U U

for k = 1,...,n and all sufficiently small |h| # 0.

In view of Theorem 3,(ii) in §5.8.2, we deduce Du € H] (U), and thus
u € HZ (U), with the estimate

(23) lullzzgvy < C (Ifllz2) + lullmwy) -

7. We now refine estimate (23) by noting that if V.cC W cC U, then
the same argument shows

(24) lullgzery < C (1F 2wy + llullgrwy) »
for an appropriate constant C' depending on V', W, etc. Choose a new cutoff
function ( satisfying

(=lonW, spt { C U,

0<¢<l.

Now set v = (?u in identity (9) and perform elementary calculations, to
discover

/ ¢ Dufdx < C'/ 2 4+ uldz.
U U
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Thus
Jull g owy < C (Ifll2n + lullzw)) -

This inequality and (24) yield (8). O

Our intention next is to iterate the argument above, thereby deducing
our weak solution lies in various higher Sobolev spaces (provided the coef-
ficients are smooth enough and the righthand side lies in sufficiently good
spaces).

THEOREM 2 (Higher interior regularity). Let m be a nonnegative inte-
ger, and assume

(25) a? bt ce C™YY Y (i,5=1,...,n)
and
(26) f € H™U).

Suppose u € HY(U) is a weak solution of the elliptic PDE

Lu=f inU.
Then
(27) u € HP(U);

and for each V . CC U we have the estimate

(28) |ullgmreqvy < CUIflam @y + llullLz@y),
the constant C' depending only on m,U,V and the coefficients of L.

Proof. 1. We will establish (27), (28) by induction on m, the case m = 0
being Theorem 1 above.

2. Assume now assertions (27) and (28) are valid for some nonnegative
integer m and all open sets U, coefficients a*, b’, ¢, etc., as above. Suppose
then

(29) a’ b', c e CH2(U),

(30) fe H™H(U),
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and u € H'(U) is a weak solution of Lu = f in U. By the induction
hypotheses, we have

(31) u e H™(U),

loc

with the estimate

(32) lull gmizwy < CIf @) + lull2w)),

for each W CC U and an appropriate constant C, depending only on W,
the coefficients of L, etc. Fix V CC W CC U.

3. Now let a be any multiindex with
(33) lae| = m + 1,
and choose any test function © € C°(W). Insert
U= (-1)|a|Dai)

into the identity Blu,v] = (f,v)r2(), and perform some integrations by
parts, eventually to discover

(34) Bla, 7] = (f,%)
for

(35) i := D% € HY(W)
and

f=Df-%" (g) [_ an (D*Pa¥ DPuy,),.

B<a =1
(36) B#a

+ Z D* Py DPu,. 4+ D*PeDPuy).

i=1

Since the identity (34) holds for each & € C°(W), we see that @ is a weak

solution of )
Li=f inW.

In view of (29)—(32) and (36), we have f € L2(W), with

(37) £l 2wy < CUIF N msr ) + [l L2qeny)-
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4. In light of Theorem 1 then, we see it € H2(V), with the estimate

CUIfllzwy + 18l L2w)
CUNf N zrm+r oy + llull 2@y)-

]| rz(vy <
<

This inequality holds for each multiindex a with || =m+1, and @ = D%u
as above. Consequently u € H™3(V), and

| gmrsry < CUS N am+1 @y + ullz2@n)-

We can now repeatedly apply Theorem 2 for m = 0,1,2,... to deduce
the infinite differentiability of u.

THEOREM 3 (Infinite differentiability in the interior). Assume
a’ bt ce C®U) (i,j=1,...,n)

and
fe ™).

Suppose u € HY(U) is a weak solution of the elliptic PDE

Lu=f iU

Then
ue C*(U).

We are again making no assumptions here about the behavior of u on
OU . Therefore, in particular, we are asserting that any possible singularities
of u on the boundary do not “propagate” into the interior.

Proof. According to Theorem 2, we have u € H[" (U) for each integer
m = 1,2,.... Hence Theorem 6 in §5.6.3 implies u € C*(U) for each
k=1,2,.... O

6.3.2. Boundary regularity.

Now we extend the estimates from §6.3.1 to study the smoothness of
weak solutions up to the boundary.
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THEOREM 4 (Boundary H2-regularity). Assume

(38) a? e CYD), b,ce L®U) (i,j=1,...,n)
and
(39) f e L*(U).

Suppose that u € Hj(U) is a weak solution of the elliptic boundary-value
problem

Lu=f U
(40) { u=0 ondU.
Assume finally
(41) AU is C2.

Then
ue HY(U),

and we have the estimate
(42) lull g2y < CULA L2 + lull 20)),

the constant C' depending only on U and the coefficients of L.

Remarks. (i) If u € H}(U) is the unique weak solution of (40), estimate
(42) simplifies to read

lull g2y < CllFllLzqwy-

This follows from Theorem 6 in §6.2.

(ii) Observe also that in contrast to Theorem 1 in §6.3.1, we are now
assuming v = 0 along OU (in the trace sense). O

Proof. 1. We first investigate the special case that U is a half-ball:
(43) U= B°0,1)NR".
Set V := B%(0,5) NR". Then select a smooth cutoff function ¢ satisfying

{C«-_——lonB(O,%), ¢ =0onR"—- B(0,1),
0<¢<L

So { =1 on V and ¢ vanishes near the curved part of 9U.
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2. Since u is a weak solution of (3), we have B[u,v] = (f,v) for all
v € H}(U); consequently

(44) Z /Uaijuxivxj d:rz/U}vda:,

ij=1

(45) f=f- Zbiuxi — cu.
i=1

3. Now let h > 0 be small, choose k € {1,...,n — 1}, and write
v = —D_"((*D}u).

Let us note carefully

(@) = =3 D (@) u(e + hex) - u(@))
= — (¢ — hei)u(z) - u(e — hey)
~ @) fule + hex) - u@))

if x € U. Now since u = 0 along {z,, = 0} in the trace sense and { = 0 near
the curved portion of U, we see v € H} (U).

We may therefore substitute v into the identity (44), and write the re-
sulting expression as

(46) A =B,

for

(47) A= Zn: / a“ug, vy, dr
ij=1"V

and

(48) B:Lhm

4. We can now estimate the terms A and B in almost exactly the same
way that we estimated their counterparts in the proof of Theorem 1. After
some calculations we find

(49) AzgfcmﬁmMm—c/ﬂmm@
2 Jy U
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and
6
(50) |B| < Z/ g2|D,’;Du|2dx+0[ 2+ u? + | Duldz,
U U

for appropriate constants C. We then combine (46), (49}, and (50) to dis-
cover

/ |D? Du*dx < cf 2 +u? + |Duf’dz
Vv U

for k =1,...,n — 1. Thus recalling the Remark after Theorem 3 in §5.8.2,

we deduce
Uz, € Hl(V) (k=1,...,n—1),

with the estimate

n

(51) 3 Muawllzzey < CUS 2wy + ulla @)-

kil=1
k+i<2n

5. We must now augment (51) with an estimate of the L?-norm of Uz, z,
over V. For this we recall from the Remarks after Theorem 1 that Lu = f
a.e. in U. Remembering the definition of L, we can rewrite this equality into
nondivergence form, as

n n
(52) — E 0" Uz, + E b'uy, +cu=f,
ij=1 i=1
for b := b* — ;-‘=1 ai, (i=1,...,n). So we discover
n n
(53) Mg, = — Y aVugg, + Y bug, +cu—f.
i,j=1 i=1
1+j<2n

Now according to the uniform ellipticity condition, szzl a (z)&€; >
gl¢| forallz € U, £ € R". We set £ = e, = (0,...,0,1), to conclude

(54) a"(z) > 6 > 0

for all z € U. But then (38), (563) and (54) imply

n
(55) ta,| sc( S Jutnny | + |Du|+|u|+|f|)
1,j=1
i+j<2n
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in U. Utilizing this estimate in inequality (51), we conclude « € H?(V), and

(56) lull fr2ivy < CUFllL2y + Nullmen)
for some appropriate constant C'.

6. We now drop the assumption that U is a half-ball and so has the
special form (43). In the general case we choose any point z° € 8U and
note that since U is C?, we may assume—upon relabeling the coordinate
axes if needs be—that

UNB(2%r)={x e B’ r) |z, > v(z1,...,Tn-1)}

for some 7 > 0 and some C? function v : R*~1 — R. As usual, we change
variables utilizing §C.1 and write

(57) y=2(z), =¥(y).
7. Choose s > 0 so small that the half-ball U’ := B%(0,s) N {y,, > 0}
lies in (U NU(z%,7)). Set V' := B°(0,5/2) N {yn > 0}. Finally define

(58) u(y) =u(¥(y) WeU).

It is straightforward to check

(59) o e HY(U')
and
(60) v =0 ondU N{y, =0}

in the trace sense.

8. We now claim v’ is a weak solution of the PDE

(61) L'd=f inl,
for
(62) f'(y) = f(¥(y))
and

n n
’ l 7
(63) L'y = — (a*uy, ), + E bFul, +
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where

n

(64)  aM(y) =Y o (¥(y)Pk (T()PL (R(y) (kiI=1,...,n),

rs=1
(65) bE(y) =D b (T()P; (¥(y) (k=1,...,n),
r=1
and
(66) d(y) = c(¥(y))

foryeU' kl=1,...,n
If v' € HY(U') and B'[, ] denotes the bilinear form associated with the
operator L', we have

(67) B'[u/, ) /U Zakluyk yl—i—Zbku v + du'v dy.

'
k=1

Now define

Then from (67) we calculate

u v Z Z/a ug, ¥ vmj\Ilgldy

3,7=1k,l=1

—|—ZZ/b ug, U vdy-l—/Uc'uvdy.

=1 k=1

(68)

Now according to (64), we find for each 4,7 =1,... n that

n n n
’klij_Zerklij_ij
Z a” W, ¥y, = a0 @ ¥, ¥y =a”,
k=1 rs=1k,l=1
since D® = (D¥)~!. Similarly for i =1,...,n, we have

Zn:b'k\pz Zzb'r@k \Ilz — b
k=1

k=1r=1
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Substituting these calculations into (68) and changing variables yields, since
| det D®| = 1,

n n
B[, v] = / z aug, vy, + Zbiumiv + cuv dz

Uj=1 i=1
= Bfu,v] = (f,v) 2y = (', V) 201y
This establishes (61).

9. We now check that the operator L' is uniformly elliptic in U’. Indeed
if y € U’ and £ € R", we note that

S dHyas =Y 3 o (B(y)®k 8, 6k

k=1 rs=1k,l=1
(69) n
=) o (¥@))nens = 6lnl?,
r,s=1

where n = £D®; that is, n, = Y p.; ®* & (r = 1,...,n). But then, since
D®DW¥ = I, we have £ = nD¥; and so |£] < C|n| for some constant C.
This inequality and (69) imply

(70) > a*y)as > 01

ki=1

for some § > 0 and all y € U’, £ € R™.

Observe also from (64) that the coefficients a'* are C!, since ® and ¥
are C2.

10. In view of (61) and (70), we may apply the results from steps 1-5
in the proof above to ascertain that u' € H2(V’), with the bound

/| 2vey < CUF Nz2wry + 'l L2qony)-

Consequently

(71) Wullzzvy < CUFllz2y + lullz2@wy)

for V := ® (V).
Since 8U is compact, we can as usual cover U with finitely many sets

Vi,...,Vn as above. We sum the resulting estimates, along with the interior
estimate, to find u € H?(U), with the inequality (42). O

Now we derive higher regularity for our weak solutions, all the way up
to oU.
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THEOREM 5 (Higher boundary regularity). Let m be a nonnegative in-
teger, and assume

(72) o b eeC™NO) (i,i=1,...,n)
and
(73) fe H™(U).

Suppose that u € H}(U) is a weak solution of the boundary-value problem

(74) { st ambl
Assume finally
(75) U is C™2,
Then
(76) u e H™2(U),
and we have the estimate
(77) lall 20y < € (1 lime) + laallz2ony)

the constant C depending only on m,U and the coefficients of L.

Remark. If u is the unique solution of (74), then estimate (77) simplifies
to read

u|| gm2ry < Cllfllam @)

Proof. 1. We first investigate the special case
(78) U := B%0,s)NR"

for some s > 0. Fix 0 < t < s and set V := B%(0,t) NR%.

2. We intend to prove by induction on m that whenever u = 0 along
{z, = 0} in the trace sense, (72) and (73) imply

(79) u € H™(V),
with the estimate

(80) ull grrzqry < C (1 F Ilamwy + lullz@y)
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for a constant C' depending only on U,V and the coefficients of L. The case
m = 0 follows as in the proof of Theorem 4 above.

Suppose then

(81) a, b, c € (D),

(82) fe H™\(U),

and u is a weak solution of Lu = f in U, which vanishes in the trace sense
along {z, = 0}. Fix any 0 < ¢t < r < s, and write W := B°(0,r) N R"}. By
the induction assumption we have

(83) u e H™P2(W),

with the estimate

(84) lullzzmizwy < C (1 fllemwy + lull2w)) -

Furthermore according to the interior regularity Theorem 2, u € H{5M(U).

3. Next, let a be any multiindex with

(85) o] =m+1
and

(86) an =0
Then

(87) 4 := D%

belongs to H(U), and vanishes along the plane {z,, = 0} in the trace sense.
Furthermore, as in the proof of Theorem 2, % is a weak solution of L&z = f
in U, for

n

fi=D%f — Z (;) Z — (Dd_ﬁaijDﬂuzi)

— Zj
B<a i,j=1

n
+ > D* P DPu,, + Da-ﬁcpﬂu] :

=1



6.3. REGULARITY 325

In view of (72), (73), (82) and (84), we see f € L2(W), with
(88) 11l 2wy < C (1fllzrms1 oy + lull 2y) -
Consequently the proof of Theorem 4 shows & € H?(V), with the estimate
=) < © (1w + Iz, )
< C (I larmer @y + Il L2qy) -
In light of (85)—(88), we thus deduce
(89) 1D%ull 2y < C (1 lzrm+r oy + Null2@)
for any multiindex 8 with |3| = m + 3 and
(90) B, =01, or 2.

4. We must extend estimate (89) to remove the restriction (90). For
this, let us suppose by induction

(91) “Dﬁu“B(V) <C (“f“Hm+1(U) + [[ullL2qr))
for any multiindex 8 with |3| = m + 3 and

(92) Bn=0,1,...,7,

for some j € {2,...,m + 2}. Assume then |3 =m + 3,
(93) Ba=j+1

Let us write 3 = v+6, for § = (0,...,2) and |y| = m+1. Sinceu € Hf(’)‘j?’(U)
and Lu = f in U, we have D"Lu = D7 f a.e. in U. Now

D"Lu = a™DPu+ { sum of terms involving at most j
derivatives of u with respect to z,, and

at most m + 3 derivatives in all }.
Since a™ > # > 0, we thus find by utilizing (91), (92) that
(94) 1D%ufir20vy < C (1fllprmsr @y + Nl L2y
provided |3| =m + 3 and B, = j + 1. By induction on j then, we have
lull w3y < C (1 fllm+1 0y + llullL2@n) -
This estimate in turn completes the induction on m, begun in step 2.

5. We have now shown that (72) and (73) imply (79) and (80), provided
U has the form (78). The general case follows once we straighten out the
boundary, using the ideas explained in the proof of Theorem 4. O

We finally iterate the foregoing estimates to obtain
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THEOREM 6 (Infinite differentiability up to the boundary). Assume

a? b, ce C°(U) (i,j=1,...,n)

and )
fec>U).
Suppose u € H}(U) is a weak solution of the boundary-value problem
Lu=f U
u=0 onoU.

Assume also that OU is C°. Then

u € C®(0).

Proof. According to Theorem 5 we have u € H™(U) for each integer m =
1,2,.... Thus Theorem 6 in §5.6.3 implies u € C*(U) for each k = 1,2, ... .
ad

The computations in this section have basically been repeated appli-
cations of “energy” methods to higher and higher partial derivatives. The
basic tool of integration by parts has eventually taken us from weak solutions
(belonging merely to Hj(U)) to smooth, classical solutions.

6.4. MAXIMUM PRINCIPLES

This section develops the mazimum principle for second-order elliptic partial
differential equations.

Maximum principle methods are based upon the observation that if a
C? function u attains its maximum over an open set U at a point xq € U,
then

(1) Du(zy) =0, D?*(z) <0,

the latter inequality meaning that the symmetric matrix D%u = ((ug,, 9
is nonpositive definite at zy. Deductions based upon (1) are consequently
pointwise in character, and are thus utterly different from the integral-based
energy methods set forth in §§6.1-6.3.

In particular we will need to require that our solutions u are at least C2,
so that it makes sense to consider the pointwise values of Du, D?*u. (In view
of the regularity theory from §6.3 we know however that a weak solution is
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this smooth, at least provided the coeflicients, etc. are sufficiently regular.)
As we will shortly learn, it is also most appropriate now to consider elliptic
operators L having the nondivergence form

n

n
(2) Lu=— Z aijuximj + Z b'ug, + cu,

i,j=1 i=1

where the coefficients a¥/ | b?, ¢ are continuous and—as always— the uniform
ellipticity condition (4) in §6.1 holds. We continue also to assume, without
loss of generality, the symmetry condition a” = a?* (i,j =1,...,n).

6.4.1. Weak maximum principle.

First, we identify circumstances under which a function must attain its
maximum (or minimum) on the boundary. We always assume U C R” is
open, bounded.

THEOREM 1 (Weak maximum principle). Assume u € C*(U) N C(U)

and
c=0 U
(i) If
(3) Lu<0 inU,
then
maxu = maxu.
i U
(i) If
(4) Lu>0 inU,
then

minu = min u.
U ou

Remark. A function satisfying (3) is called a subsolution. We are thus
asserting a subsolution attains its mazimum on OU. Similarly, if (4) holds,
u is a supersolution and attains its minimum on 9U. O

Proof. 1. Let us first suppose we have the strict inequality
(5) Lu<0 inU,
and yet there exists a point xg € U with

(6) u(xo) = maX .
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Now at this maximum point xy, we have

(7) D’U(:CO) = 0,
and
(8) D?u(xg) < 0.

2. Since the matrix A = ((a¥(zg))) is symmetric and positive definite,
there exists an orthogonal matrix O = ((04;)) so that

(9) OAOT = diag(dy,...,d,), 00T =1,

with d, > 0 (k = 1,...,n). Write y = 9 + O(z — zg). Then z — x5 =
OT (y — xp), and so

n n
Uz; = E :uykoik’ Ugz; = E : Uy, Oik Oyl (1,7 =1,...,n).
k=1 k,l=1

Hence at the point xg,

n n n
Z a”uIin = Z Z @ Uy, y, 04k 051
ij=1 kd=14,j=1

(10) n

= deuykyk by (9)
k=1
<0

since di > 0 and uy,,, (xo) <0 (k=1,...,n), according to (8).
3. Thus at xy
n n
Lu=— Z aijuzwj + Zbiuzi >0,
i,j=1 =1

in light of (7) and (10). So (5) and (6) are incompatible, and we have a
contradiction.

4. In the general case that (3) holds, write
ut(z) = u(z) + e (z € U),

where A > 0 will be selected below and ¢ > 0. Recall (as in the proof of
Theorem 4 in §6.3.2) that the uniform ellipticity condition implies a*(zx) > 6
(i=1,...,n, z € U). Therefore

Luf = Lu + eL(e*")
< ee 1 [—~)\2a11 + )\bl}
< €71 [=3%0 + [bl] <
<0 inU,
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provided we choose A > 0 sufficiently large. Then according to steps 1 and
2 above maxy u® = maxyy uf. Let € — 0 to find maxy u = maxyy u. This
proves (i).

5. Since —u is a subsolution whenever u is a supersolution, assertion (ii)
follows. O

We next modify the maximum principle to allow for a nonnegative
zeroth-order coefficient c. Remember from §A.3 that u™ = max(u,0), v~ =
— min(u, 0).

THEOREM 2 (Weak maximum principle for ¢ > 0). Assume u € C*(U)N

C(U) and
c>0 inU.
(i) If
Lu<0 U,
then
(11) maxu < maxu”.
U au
(ii) Likewise, if
Lu>0 U,
then
(12) minu > —maxu .
U ou

Remark. So in particular, if Luv = 0 in U, then
13 = .
(13) max [u] = max ul

d

Proof. 1. Let u be a subsolution and set V := {x € U | w(z) > 0}. Then

Ku:=Lu— cu
<-—cu <0 iImV.

The operator K has no zeroth-order term and consequently Theorem 1 im-
plies maxy v = maxpy u = maxgy ut. This gives (11) in the case that
V # 0. Otherwise u < 0 everywhere in U, and (11) likewise follows.

2. Assertion (ii) follows from (i) applied to —u, once we observe that
(—u)" =u". O
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6.4.2. Strong maximum principle.

We next substantially strengthen the foregoing assertions, by demon-
strating that a subsolution u cannot attain its maximum at an interior point
of a connected region at all, unless u is constant. This statement is the strong

mazimum principle, which depends on the following subtle analysis of the
outer normal derivative %«5 at a boundary maximum point.

LEMMA (Hopf’s Lemma). Assume u € C*(U) N CYU) and
c=0 U
Suppose further
Lu<0 nU,

and there exists a point ° € U such that
(14) u(z®) > u(z) forallzeU.

Assume finally that U satisfies the interior ball condition at x°; that is, there
exists an open ball B C U with x° € 8B.

(i) Then
Ou

R0
8y(x)>0,

where v is the outer unit normal to B at x°.

(ii) If

c>0 inU,

the same conclusion holds provided
u(z’) > 0.

Remark. The importance of (i) is the strict inequality: that %(mo) > 0is
obvious. Note that the interior ball condition automatically holds if U is
C2. 0

Proof. 1. Assume ¢ > 0 and u(z°) > 0. We may as well further assume
B = B%(0,r) for some radius r > 0. Define

v(z) = g Ml? _ g=ar? (z € B(0,r))
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for A > 0 as selected below. Then using the uniform ellipticity condition,
we compute:

I n
. ;
Lv=— § : a”vx,-xj + z b'vg, + cv
i,j=1 i=1

= e " 0 (—axizz; + 206Y)
5,j=1

n
— e Nal® Z b'2Ax; + c(e M — M)

i=1

< e N (40X |z|? + 2X tr A + 2A[b||z] + ©),

for A = ((a¥)), b = (b},...,b"). Consider next the open annular region
R := B%0,r) — B(0,7/2). We have

(15) Lv < e (—0)2r2 4 20 tr A + 2\[blr +¢) < 0

in R, provided A > 0 is fixed large enough.

2. In view of (14) there exists a constant € > 0 so small that
(16) u(z’) > u(z) +ev(z) (z € dB(0,r/2)).
In addition note

(17) u(z®) > u(z) + ev(z) (z € 8B(O,r)),
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since v = 0 on 0B(0,r).
3. From (15) we see
L(u+ev —u(z)) < —cu(z®) <0 in R,
and from (16), (17) we observe

u+ ev —u(a:o) <0 on3dR.

In view of the weak maximum principle, Theorem 1, u+ev—u(z®) < 0 in R.
But u(z°) + ev(z®) — u(z®) = 0, and so

a’u 0 a’U 0
hathed ov > 0.
Bll(r )-l-eay(:r )__(]
Consequently
%(xo) > _fg:j’(l'o) = —;G'-DU(:I:O) ) IEO — 2)\67‘6_)‘7'2 . 0’
as required. a

Hopf’s Lemma is the primary technical tool in the next proof:

THEOREM 3 (Strong maximum principle). Assume v € C*(U) N C(U)
and

c=0 iinlU.

Suppose also U is connected, open and bounded.
(i) If
Lu<0 iU

and u attains its mazimum over U at an interior point, then
u 18 constant within U.

(ii) Similarly, if
Lu>0 iU

and u attains its minimum over U at an interior point, then

u is constant within U.
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Proof. Write M :=maxguand C := {z € U | u(z) = M}. Thenifu # M,
set
Vi={zeU|ulz)< M}.

Choose a point y € V satisfying dist(y, C) < dist(y,dU), and let B denote
the largest ball with center y whose interior lies in V. Then there exists
some point z° € C, with z° € 9B. Clearly V satisfies the interior ball
condition at z°; whence Hopf’s Lemma, (i), implies g—g(xo) > (. But this is a
contradiction: since u attains its maximum at z° € U, we have Du(z%) = 0.

O

If the zeroth-order term c is nonnegative, we have this version of the
strong maximum principle:

THEOREM 4 (Strong maximum principle with ¢ > 0). Assume u €
C*(UYNnC(U) and
c>0 inU.

Suppose also U is connected.

() If
Lu<0 nU

and u attains a nonnegative maximum over U at an interior point,
then
u is constant within U.

(ii) Similarly, if
Lu>0 U
and U attains a nonpositive minimum over U at an interior point,

then
u 18 constant within U.

The proof is like that above, except that we use statement (ii) in Hopf’s
Lemma.

6.4.3. Harnack’s inequality.

Harnack’s inequality states the values of a nonnegative solution are com-
parable, at least in any subregion away from the boundary. We assume as
usual that

n n
Lu=— E a9z, + E blug, + cu.
ij=1 i=1
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THEOREM 5 (Harnack’s inequality). Assume u > 0 is a C? solution of
Lu=0 U,
and suppose V. CC U is connected. Then there exists a constant C' such that

(18) supu < Cinfu.
174 |4

The constant C depends only on V and the coefficients of L.

If the coefficients are smooth, the proof is a (much easier) special case
of the calculations to be presented later for the parabolic Harnack inequal-
ity, in §7.1.4. For the general situation of merely bounded and measurable
coefficients, see Gilbarg-Trudinger [G-T].

6.5. EIGENVALUES AND EIGENFUNCTIONS

We consider in this section the boundary-value problem

1) Lw=Mxw inU
( w=0 ondU,

where U is open, bounded, and recall that A is an eigenvalue of L provided
there exists a nontrivial solution w of (1). From the theory developed in
§6.2 we recall that the set X of eigenvalues of L is at most countable.

The theorems in §6.5.1 below are analogues for elliptic PDE of the stan-
dard linear algebra assertion that a real symmetric matrix possesses real
eigenvalues and an orthonormal basis of eigenvectors. Similarly, the results
in §6.5.2 are PDE versions of the Perron—Frobenius theorem that a matrix
with positive entries has a real, positive eigenvalue and a corresponding
eigenvector with positive entries (cf. Gantmacher [GA)).

6.5.1. Eigenvalues of symmetric elliptic operators.

For simplicity, we consider now an elliptic operator having the divergence

form
n

(2) Lu=— Z (aijumi)zj )

ij=1
where a9 € C®(U) (i,5 = 1,...,n). We suppose the usual uniform elliptic-
ity condition to hold, and as usual suppose
(3) a¥ =d* (i,j=1,...,n).

The operator L is thus formally symmetric, and in particular the associated
bilinear form B[ , | satisfies Blu,v] = Blv, 4] (u,v € H}(U)). Assume also
U is connected.



6.5. EIGENVALUES AND EIGENFUNCTIONS 335

THEOREM 1 (Eigenvalues of symmetric elliptic operators).
(i) Fach eigenvalue of L is real.
(ii) Furthermore, if we repeat each eigenvalue according to its (finite)
multiplicity, we have

Y= {’\k}z‘;l’

where
O0< A A< A3,

and
A =00  as k — oo.

(iii) Finally, there exists an orthonormal basis {wg}3, of L2(U), where

wy, € HYU) is an eigenfunction corresponding to Ay:

(4) ka = /\kwk m U
WL = 0 on 8U,

fork=1,2,....

Remark. Owing to the regularity theory in §6.3, wy € C*®(U) (and wy €

C>(U) if dU is smooth), for k=1,2,... . O
Proof. 1. As in §6.2,

S:=L71
is a bounded, linear, compact operator mapping L?(U) into itself.

2. We claim further that S is symmetric. To see this, select f,g € L*(U).
Then Sf = u means u € H}(U) is the weak solution of

Lu=f inU

u=0 on dU,
and likewise Sg = v means v € H}(U) solves
Lv=g inU

v=0 ondU

in the weak sense. Thus
(Sf,g) = (7-"79) = B[Uv u’]

and

(f,Sg) = (f,v) = Blu,v].
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Since Blu,v] = Blv,u], we see (Sf,g) = (f,Sg) for all f,g € L>(U). There-
fore S is symmetric.

3. Notice also

(Sf,f) = (u,f) = Blu,u] 20 (f € L*(V)).

Consequently the theory of compact, symmetric operators from §D.6 implies
that all the eigenvalues of S are real, positive, and there are corresponding
eigenfunctions which make up an orthonormal basis of L?(U). But observe
as well that for n # 0, we have Sw = nw if and only if Lw = Aw for A = %
The theorem follows. O

We next scrutinize more carefully the first eigenvalue of L.

DEFINITION. We call A1 > 0 the principal eigenvalue of L.

THEOREM 2 (Variational principle for the principal eigenvalue).
(i) We have

(5) A1 = min{Blu,u] | u € Hi(U), ||u| 2 = 1}.

(ii) Furthermore, the above minimum is attained for a function wi, pos-
itive within U, which solves

Lw1 = /\1w1 inU
w; =0 on OU.

(iii) Finally, if u € Hy(U) is any weak solution of

Lu=XMu inU
u =0 on oU,

then u is a multiple of w;.

Remarks. (i) Assertion (iii) says the principal eigenvalue A1 is simple. In
particular
D<A <A< A3

(ii) Expression (5) is Rayleigh’s formula, and is equivalent to the state-
ment

: B[u’ U‘]
/\1 11( )” I‘Q[ U .
cH; (U (13
¢ 'u,zOO 2( )
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Proof. 1. In view of (4) we see

(6) Blwk, wi] = Aellwill72 ) = Ak,
and
(7) Blwg, wi] = A (wg, wr) =0

fork,i=1,2,..., k#1.

2. As {wi}2, is an orthonormal basis of L2(U), if u € H}(U) and
lull 2y = 1, we can write

(8) u= Z drwi
k=1

for dy, = (u,w) 2y, the series converging in L?(U): see §D.2. In addition

(9) > di= lullf2q = 1.
k=1

oo
3. Furthermore from (6) and (7) we see that {:\%5} is an orthonor-
k k=1
mal subset of H}(U), endowed with the new inner product B[, ].
o o]
We claim further that {/\—“1’%} is in fact an orthonormal basis of

k k=1
HJ(U), with this new inner product. To see this, it suffices to verify that

B[wk,u] =0 (k = 1,2,...)
implies u = 0. But this assertion is clearly true, since the identities
Blwyg,u] = A(wg,w) =0 (k=1,.. .)

force u = 0, as {w,}$2, is a basis of L2(U). Consequently

o
_ Wi
u= Z'”k/\l/z
=1 Mg

for uy, = B [u, /\—“{%J , the series converging in H}(U). But then according to
k

(8), ur = dk)\,lc/ %, and so the series (8) in fact converges also in Hj(U).
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4. Thus (6) and (8) imply

o
Blu,u] = Zdiz\k > A1 by (9).
k=1

As equality holds for u = w;, we obtain formula (5).
5. We next claim that if u € Hj(U) and llull 2(zy = 1, then u is a weak

solution of

(10) {Lu=/\1u in U

u =20 on U
if only only if
(11) B[u,u] = A.

Obviously (10) implies (11). On the other hand, suppose (11) is valid.
Then, writing d = (u,wy) as above, we have

o0 o0
(12) Y dih =\ =Bluul =Y di).
k=1 k=1
Hence
o o]
(13) > (= M)di =o0.
k=1
Consequently

dp = (u,wk) =0 if Ax> A1
Since A; has finite multiplicity, it follows that

(14) u = Z(u,wk)wk

k=1

for some m, where Lwy = A\jwy. Therefore

m

(15) Lu = Z(u, 'wk)ka = /\1u.
k=1

This proves (10).

6. Next we will show that if u € H}(U) is a weak solution of (10), u Z 0,
then either

(16) u>0 inU
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or else
(17) u<0 inU
To see this, let us assume without loss that ||u|| 2 = 1, and note
(18) a+8=1
for

o= / (ut)dz, B:= / (u™)%dz.

U U

Furthermore since u* € H}(U), with

Du ae.on{u=0
Dut = { {u=0}
0  ae. on{u<0},
B { 0 a.e. on {u > 0}
Du™ =
—Du a.e.on {u <0}

(cf. Problem 17 in Chapter 5), we have Blu*,u~] = 0. Accordingly

A1 = Blu,u) = Blu",u"] + Blu",u"]
> Mllut B2 + Mlle 72wy by (5)
= (o + B)A1 = A1.

But then we see that the inequality above must in fact be an equality, and

SO
B[U+,U+] = ’\1”u+”i2(U)a B[U_,U_J - ’\1”“‘_”%2(U)

Therefore the claim proved in step 5 asserts

Lut=X\ut inU
(19) { ut=0 on OU
and

Lu==Xiu~ inU
(20) { u =0 on QU

in the weak sense.

7. Next, since the coefficients a* are smooth, we deduce from (19} that

ut € C®(U) and
Lut = A\ut >0 in U.

The function u*t is therefore a supersolution. Thus the strong maximum
principle implies either u™ > 0 in U or else ut = 0 in U. Similar arguments

apply to u~, and so (16) and (17) hold.
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8. Finally assume that u and @ are two nontrivial weak solutions of (10).
In view of steps 6 and 7 above

/&d:c;éO,
U

and so there exists a real constant y such that

(21) / u—xudr =0.
U

But since u — x# is also a weak solution of (10), steps 6, 7, and the equality
(21) imply u = xu in U. Hence the eigenvalue A; is simple. O

6.5.2. Eigenvalues of nonsymmetric elliptic operators.

We will now consider a uniformly elliptic operator L in the nondivergence
form:

n n
Lu=— E a”uxﬂj + E bug, + cu.
ij=1 i=1

Let us for simplicity assume a¥, b, ¢ € C®(U), U is open, bounded, con-

nected, and AU is smooth. We suppose also a¥ = a/* (i,5 = 1,...,n),
and
(22) c>0 inU.

Notice however that in general the operator L will not equal its formal
adjoint. We therefore cannot invoke as above the abstract theory from §D.6.
And in fact L will in general have complex eigenvalues and eigenfunctions.

Remarkably, however, the principal eigenvalue of L is real, and the cor-
responding eigenfunction is of one sign within U.

THEOREM 3 (Principal eigenvalue for nonsymmetric elliptic operators).
(i) There exists a real eigenvalue A1 for the operator L, taken with zero
boundary conditions. Furthermore if A € C is any other eigenvalue,
we have

Re(/\) S /\1.

(ii) There exists a corresponding eigenfunction wy, which is positive within
U.

(iii) The eigenvalue A1 is simple; that is, if u is any solution of (1), then
u 18 o multiple of w.



6.5. EIGENVALUES AND EIGENFUNCTIONS 341

Proof*. 1. Choose m = [%] + 2 and consider the Banach space X =
H™U)YN HY(U). According to Theorem 3 in §5.3.2 X C C?(U). We define
the linear, compact operator A : X — X by setting Af = u, where u is the
unique solution of

(23) u=0 on oU.

{Lu=f inU
Next define the cone
C={ueX|u>0inU}.

According to the maximum principle, A: C — C.

2. Hereafter fix any function w € C, w # 0. Employing the strong
maximum principle and Hopf’s Lemma, we deduce

o

8u<0 on oU

(24) v>0 inU,

for v = A(w).
Remember that w = 0 on dU. So in view of (24) there exists a constant
> 0 so that

(25) pv > w in U.
3. Fix € > 0, n > 0, and consider then the equation
(26) u=nAlu+ ew]
for the unknown u € C. We claim that
(27) if (26) has a solution u, then n < u.
To verify this assertion, suppose in fact u € C solves (26). We compute

u > nAlew] = nev > i ew,
according to (25). Hence

2 2 2
uznAuz—n—Eszﬁvz(ﬂ) ew.
i i H

*QOmit on first reading.
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Continuing, we deduce

u> (Z)Zw (k=1,...),

a contradiction unless n < u. This observation confirms the assertion (27).

4. Define

S ;= {u € C| there exists 0 < 5 < 2y such that u = nAfu + ew]}.
We next assert
(28) S¢ is unbounded in X.

For otherwise we could apply Schaefer’s fixed point theorem (to be proved
later, as Theorem 4 in §9.2.2), to deduce that the equation

u = 2uAfu + ew]

has a solution, in contradiction to (27).
5. Owing to (28), there exist

(29) 0<n <2u
and v, € C, with ||ve|]|x > 1, satisfying
(30) Ve = NeAlve + ew)].
Renormalize by setting
Ve

© wellx

Using (29)-(31) and the compactness of the operator A, we obtain a subse-
quence €; — 0 so that

Ne, — 1 and ue, — v in X.
Then (31) implies

(32) |lullx =1, we C.

Since ue = n A [ue + ﬂvi:ﬁ;] , we deduce in the limit that © = nAu. In view
of (32), n > 0. We may consequently rewrite the above to read

Lw1 = /\111)1 inlU
w; =0 on BU,
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for A1 = n, u = wi. Thus A; is a real eigenvalue for the operator L, taken
with zero boundary conditions, and w; > 0 is a corresponding eigenfunction.
In view of the strong maximum principle and Hopf’s Lemma, we have

(33) wy; >0 in U, %Uy—l<0 on OU.

Additionally, we know w; is smooth, owing to the regularity theory in §6.3.

6. All expressions occurring in steps 1-5 above are real. Suppose now
A € C and u is a complex-valued solution of

(34)

Lu=Xu inU
u=0 ondU.

Now choose any smooth function w : U — R, with w > 0 in U, and set
v:= -. We compute

Av = %L(vw) by (34)

(35) 2 n . v
= Lv—cv— - 'JZ_I a“wy, vy, + EL'w.

Writing

n T
R § : if § : !
i=1

i,7=1

for b :=b* — 23" | a%w;; (1 <i < n), we deduce from (35) that

L
(36) Kv+(f——/\)v=0 in U.
Take complex conjugates:

Lw -
(37) K'D+(Ew——/\)1‘;=0 in U.

Next we compute
n e
(38) K(|v]*) = K(v?) = 9Kv+ vK© — 2 Z a"vy,0,; < 0Kv + vK7,
ij=1

since

Y e =) a(Re(é:) Re(;) + Im(£;) Im(g;)) > 0

t,5=1 ,3=1
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for £ € C*. Combining (36)-(38), we discover
L
K([v]?) <2 (Re)\ - %’) v,

Now choose
(39) w = w] ¢
for 0 < e < 1. Then

1—c¢ e(l —€) — . B
Lw = ( — )Lw1 + (w1+€) Z awwl,ziwl,z]— +€cwi € > (1 — hw.

! 1 =1

Consequently
K([v[*) <2Red—(1—=e)A)w]* inU.
Thus if Re(A) < (1—€)A1, then K(|v[*) < 0in U. As v = 0 on 8U, according

u

to (33) and (39), we deduce from the maximum principle that v = > =0
in U. Thus v = 0 in U and so X cannot be an eigenvalue. This conclusion

obtains for each € > 0, and so Re A > A; if A is any complex eigenvalue.
7. Finally, let « be any (possibly complex-valued) solution of

{Lu::/\lu in U

(40) u =0 on oU.

Since Re(u) and Im(u) also solve (40), we may as well suppose from the
outset u is real-valued. Replacing u by —u if needs be, we may also suppose
u > 0 somewhere in U. Now set

(41) x :=sup{u>0|w —pu>0inU}.
Then 0 < x < co. Write v = w; — xu; so that v > 0in U and

Lv=XAv>20 inU
v=20 on OU.

Now if v is not identically zero, the strong maximum principle and Hopf’s
Lemma imply

v > 0in U, Qg<0 on OU.
ov
Thus
v—eu>0 in U for some € > 0,
and so

w;—{x+€u>0 inU,

a contradiction to (41). Hence v = 0 in U, and so u is a multiple of w;. O
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6.6. PROBLEMS

In the following exercises we assume the coefficients of the various PDE are
smooth and satisfy the uniform ellipticity condition. Also U C R” is always
an open, bounded set, with smooth boundary.

1. Let

n

Lu =~ Z (aijux,.)xj + cu.

i,j=1

Prove that there exists a constant x > 0 such that the correspond-
ing bilinear form B[, ] satisfies the hypotheses of the Lax-Milgram
Theorem, provided

c(x) > —p (xel).

2. A function u € H3(U) is a weak solution of this boundary-value prob-
lem for the biharmonic equation
Au=f inU
(%) u=2=0 ondU
— E —

provided

/AuAvda:z/ fvdz
u u

for all v € HZ(U). Given f € L?(U), prove that there exists a unique
weak solution of (k).

3.  Assume U is connected. A function u € H(U) is a weak solution of
Neumann’s problem

—Au=f inU
(%) { %'f:() on U

if
/ Du-Dvdz = / fvdx
U U
for all v € HY(U). Suppose f € L?(U). Prove (%) has a weak solution

if and only if
/ fdz =0.
U

4.  Let u € H'(R™) have compact support and be a weak solution of the

semilinear PDE
—Au+c(u) = f inR",
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where f € L?(R") and ¢ : R — R is smooth, with ¢(0) = 0 and ¢’ > 0.
Prove u € H?(R™).

(Hint: Mimic the proof of Theorem 1 in §6.3.1, but without the cutoff
function (.)

5.  Let u be a smooth solution of Lu = —3 7, aYuz;z; =0in U. Set
v := |Du|? + Mu?. Show that

Lv <0 inU, if X is large enough.
Deduce
| Dl ooy < CU1Dull 100 (o) + |l Lo (a17))-

6.  Assume u is a smooth solution of Lu = -7, aug,,, = fin U,
u = 0 on AU, where f is bounded. Fix 2% € 6U. A barrier at z° is a
C? function w such that

Lw>1in U, w(z’) =0, w>0ondl.
Show that if w is a barrier at z°, there exists a constant C such that
ow
Du(z%)| < C [-—(2%)].
Du(a%)| < € | 5o (a”)

7.  Assume U is connected. Use (a) energy methods and (b) the maximum
principle to show that the only smooth solutions of the Neumann
boundary-value problem

—Au=0 inU
g% =0 onoU
are u = constant.
8.  Assume u € H'(U) is a bounded weak solution of

- (eYus,), =0 inU.

i,j=1

Let ¢ : R — R be convex and smooth, and set w = ¢(u). Show w is a
weak subsolution; that is,

Blw,v] <0

for all v € H}(U), v > 0.
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10.

(qumnt minimaz principle). Let L = —szzl(aijuzi)zj, where
((a¥)) is symmetric. Assume the operator L, with zero boundary
conditions, has eigenvalues 0 < A1 < Ay < --. . Show

Ar = max min Blu,u] (k=1,2,...).
S€Xk-1 ueSt
lullL2=1

Here ¥;_; denotes the collection of (k — 1)-dimensional subspaces of
Hy(U).

Let A1 be the principal eigenvalue of the uniformly elliptic, nonsym-
metric operator

n n
Lu=— E a9 Uz, + E b'u,, + cu,
i=1

t,7=1

taken with zero boundary conditions. Prove the “max-min” represen-

tation formula:
Lu(z)

bl

A1 = supinf

u xz

the “sup” taken over functions u € C®(U) with u > 0in U, u =0

on JU, and the “inf” taken over points z € U. (Hint: Consider the
eigenfunction w] corresponding to A; for the adjoint operator L*.)

6.7. REFERENCES

Section 6.1  See Gilbarg-Trudinger [G-T, Chapters 5, 8].
Section 6.3  Consult Gilbarg—Trudinger [G-T], Krylov [KR] and Lady-

zhenskaya—Uraltseva [L-U] for more on regularity theory for
elliptic PDE.

Section 6.4  Gilbarg-Trudinger [G-T, Chapter 3]. Protter and Wein-

berger [P-W] is a good reference for further maximum prin-
ciple methods.

Section 6.5  See Smoller [S, pp. 122-125|. The last part of the proof

of Theorem 3 is modified from Protter-Weinberger [P-W,
§2.8]. O. Hald simplified my proof of Theorem 2.



Chapter 7

LINEAR
EVOLUTION
EQUATIONS

7.1 Second-order parabolic equations

7.2 Second-order hyperbolic equations

7.3 Hyperbolic systems of first-order equations
7.4 Semigroup theory

7.5 Problems

7.6 References

This long chapter studies various linear partial differential equations
that involve time. We often call such PDE evolution equations, the idea
being that the solution evolves in time from a given initial configuration.
We will study by energy methods general second-order parabolic and hyper-
bolic equations, and also certain first-order hyperbolic systems. The Fourier
transform, utilized in §7.3.3, and the semigroup technique, discussed in §7.4,
provide alternative approaches.

7.1. SECOND-ORDER PARABOLIC EQUATIONS

Second-order parabolic PDE are natural generalizations of the heat equa-
tion (§2.3). We will study in this section the existence and uniqueness of
appropriately defined weak solutions, their smoothness and other properties.

349
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7.1.1. Definitions.
a. Parabolic equations.

For this chapter we assume U to be an open, bounded subset of R”, and
as before set Up = U x (0, 7] for some fixed time 7" > 0.

We will first study the initial /boundary-value problem

u+Lu=f inUr
(1) u=0 ondlU x [0,T]
u=g¢ onU x {t =0},

where f : Ur — R and g : U — R are given, and u : Ur — R is the
unknown, v = u(z,t). The letter L denotes for each time ¢ a second-order
partial differential operator, having either the divergence form

n

(2) Lu:—Z( Iz, t) Uz, )z szxtuxl + c(z, t)u

ij=1
or else the nondivergence form

n

n
(3) Lu= - Z aij(xat)uziwj + Z bi(xﬁt)u-'ti + c(z, )y,

ij=1 i=1
for given coefficients a”,b*,¢ (4,5 =1,...,n).

DEFINITION. We say that the partial differential operator ;%—I—L is (uni-
formly) parabolic if there exists a constant 8 > 0 such that

(4) > @z, t)Eg; > 0lEl?

i,7=1
for all (x,t) € Up, £ € R".

Remark. Note in particular that for each fixed time 0 < ¢ < T the operator
L is a uniformly elliptic operator in the spatial variable . a

An obvious exa.mple is ¥ = 6;;,b* = c = f = 0; in which case L = —A
and the PDE 7 + Lu becomes the heat equation. We will see in fact that
solutions of the general second-order parabolic PDE are similar in many
ways to solutions of the heat equation.

General second-order parabolic equations describe in physical applica-
tions the time-evolution of the density of some quantity u, say a chemical
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concentration, within the region U. As noted for the equilibrium setting (i.e.,
second-order elliptic PDE, in §6.1.1), the second-order term EZj:l a‘juzizj
describes diffusion, the first-order term Y ;- ; b*u,, describes transport, and
the zeroth-order term cu describes creation or depletion.

The Fokker-Planck and Kolmogorov equations from the probabilistic
study of diffusion processes are also second-order parabolic equations.

b. Weak solutions.

Mimicking the developments in §6.1.2 for elliptic equations, we consider
first the case that L has the divergence form (2) and try to find an appro-
priate notion of weak solution for the initial/boundary-value problem (1).
We assume for now that

(5) a¥ b, ce L®(Ur) (i,j=1,...,n),
(6) f e I*(Ur),

(7) g € L*(U).

We will also always suppose a¥ = a’* (i,5=1,...,n).

Let us now define, by analogy with the notation introduced in Chapter
6, the time-dependent bilinear form

(8) Blu,uv;t] —/ Z um,va—Fsz t)uz,v + (-, huv dz

£,j=1

for u,v € H)(U) and a.e. 0 <t < T.

Motivation for definition of weak solution. To make plausible the
following definition of weak solution, let us first temporarily suppose that
u = u(z,t) is in fact a smooth solution of our parabolic problem (1). We
now switch our viewpoint, by associating with « a mapping

u:[0,T] — H}(U)
defined by
[u®)|(z) :=u(z,t) (z€U, 0<t<T).

In other words, we are going to consider u not as a function of = and ¢
together, but rather as a mapping u of t into the space H}(U) of functions
of z. This point of view will greatly clarify the following presentation.

Returning to problem (1), let us similarly define

f:[0,T] — L*(U)
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by
fO)(x) == f(z,t) (xelU 0<t<T).

Then if we fix a function v € Hj(U), we can multiply the PDE %% +Lu=f
by v and integrate by parts, to find

) o)+ Bluvit = (60) ("= 3)

for each 0 < ¢ < T, the pairing ( , ) denoting inner product in L?(U).
Next, observe that

ks
(10) u =g+ Zgi.j in Up
j=1
for g := f— 3" buy, —cuand ¢7 := > a¥u,, (j =1,...,n). Con-

sequently (10) and the definitions from §5.9.1 imply the right hand side of
(10) lies in the Sobolev space H~1(U), with

n

' 1/2
ot < (L 19Bx) <€ (Il + W2 -

i=0

This estimate suggests it may be reasonable to look for a weak solution with
u' € H7Y(U) for a.e. time 0 < t < T; in which case the first term in (9) can
be reexpressed as (u’,v), {, ) being the pairing of H~'(U) and H} (U). a

All these considerations motivate the following

DEFINITION. We say a function
u € L2(0,T; H}(U)), with v’ € L*(0,T; H (1)),

is a weak solution of the parabolic initial/boundary-value problem (1) pro-
vided

(i) (u',v) + Blu,v;t] = (f,v)
for each v € HY(U) and a.e. time 0 <t < T, and

(i1) u(0) = g.

Remark. In view of Theorem 3 in §5.9.2, we see u € C([0,T); L*(U)), and
thus the equality (ii) makes sense. O
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7.1.2. Existence of weak solutions.
a. Galerkin approximations.

We intend to build a weak solution of the parabolic problem

ur+ Lu=f inUp
(11) u=0 ondU x [0,T]
u=g onUx{t=0}

by first constructing solutions of certain finite-dimensional approximations
to (11) and then passing to limits. This is called Galerkin’s method.

More precisely, assume the functions wy = wi(z) (k = 1,...) are
smooth,
(12) {w}L, is an orthogonal basis of Hy(U),
and
(13) {w;}32, is an orthonormal basis of L*(U).

(For instance, we could take {wy}72; to be the complete set of appropriately
normalized eigenfunctions for L = —A in H}(U): see §6.5.1.)

Fix now a positive integer m. We will look for a function u,, : [0, T] —
HJ(U) of the form

m

(14) U (t) =Y _ df (twg,

k=1

where we hope to select the coefficients d*,(t) (0 <t < T, k=1,...,m) so
that

(15) dr(0) = (g, w) (k=1,...,m)

and

(16) (W), wr) + Blum, wi; t] = (F,wy) (0<¢t<T, k=1,...,m).
(Here, as before, (, ) denotes the inner product in L%(U).)

Thus we seek a function u, of the form (14) that satisfies the “projec-
tion” (16) of problem (11) onto the finite dimensional subspace spanned by

{wr by
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THEOREM 1 (Construction of approximate solutions). For each integer
m = 1,2,... there erists a unique function u,, of the form (14) satisfying
(15), (16).

Proof. Assuming u,, has the structure (14), we first note from (13) that

(17) (W (8), wie) = dfy, ().
Furthermore
(18) Blum, wy; t] = i (1) (1),

=1

for e*(t) := Blw,wy;t] (k,] = 1,...,m). Let us further write f*(¢) :=
(f£(t),wx) (k=1,...,m). Then (16) becomes the linear system of ODE

(19) de' () + ie“(t)din(t) =15t (k=1,...,m),
=1

subject to the initial conditions (15). According to standard existence theory
for ordinary differential equations, there exists a unique absolutely contin-
uous function d,,(t) = (di,(t),...,d™(t)) satisfying (15) and (19) for a.e.

0 <t <T. And then u,, defined by (14) solves (16) for a.e. 0 <t < T.
ad

b. Energy estimates.

We propose now to send m to infinity and to show a subsequence of our
solutions u,, of the approximate problems (15), (16) converges to a weak
solution of (11). For this we will need some uniform estimates.

THEOREM 2 (Energy estimates). There exists a constant C, depending
only on U, T and the coefficients of L, such that

) max um () 2wy + [amll 220,713 () + 9mll 20701107
< C(Ifll 20,722y + H9llzay)
form=12,....

Proof. 1. Multiply equation (16) by d%,(¢), sum for k = 1,...,m, and then
recall (14) to find

(21) (U, Um) + B, um; £] = (£, um)



7.1. SECOND-ORDER PARABOLIC EQUATIONS 355

for a.e. 0 <t < T. We proved in §6.2.2 that there exist constants G > 0,
~ > 0 such that

(22) ﬁ”um” < B[um’umft] +7”um“L2(U)

for all 0 < ¢t < T, m = 1,.... Furthermore |(f,uy)| < %||f||%2(U) +
%HumH%Z(U), and (ul,,um) = d%(%““m”%Z(U)) for a.e. 0 <t <T. Con-
sequently (21) yields the inequality

d
@) 2 (lmlaw)) + 2800mlidy 0y < CrllumlZaqe, + CalE 220,

for a.e. 0 <t < T, and appropriate constants C; and Cs.

2. Now write

(24) 1(t) := [l ()| 720
and
(25) £(t) = IIE@O)|Z20r)-

Then (23) implies
n'(t) < Cin(t) + Ca£(t)

for a.e. 0 < t < T. Thus the differential form of Gronwall’s inequality (§B.2)
yields the estimate

(26) n(t) < Clt( +C'2/£ ) (0<t<T).

Since n(0) = ||um(0)||%2 < |lgli2, 2y by (15), we obtain from (24)-(26)
the estimate

OrgfagcT ”llm(t)”LZ(U <C (“9” 2y t ||f||L2 0TL2(U)))

3. Returning once more to inequality (23), we integrate from 0 to 7" and
employ the inequality above to find

T
”umﬂi'é’(o,T;Hé(U)) 2/0 ”umH%{é(U) dt
< € (IglBaw) + €350 12y ) -

4. Fix any v € H}(U), with vl 72wy < 1, and write v = v! + 02, where

v! € span{w}, and (v*,wy) = 0 (k = 1,...,m). Since the functions
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{wi}2, are orthogonal in Hj(U), “Ul“Hé(U) < ”’U“H(%(U) < 1. Utilizing
(16), we deduce for a.e. 0 <t < T that

(U, v1) + Blun,, vt = (f,21).
Then (14) implies
(o, v) = (u),,v) = (u,,v!) = (f,v') — Blu,,v;t].
Consequently

(s, )] < C(Ifll 2wy + 1amll gy

since {|lv'| g1y < 1. Thus

It -1y < C(IE 2wy + lamli gy o)

and therefore

T T
By de < © [ 181y + g

< Cllgl 2y + €132 0220y

c. Existence and uniqueness.

Next we pass to limits as m — oo, to build a weak solution of our
initial/boundary-value problem (11).

THEOREM 3 (Existence of weak solution). There exists a weak solution
of (11).

Proof. 1. According to the energy estimates (20), we see that the se-
quence {u,}3_; is bounded in L2(0,T; H}(U)), and {ul,}%°_; is bounded
in L2(0,T; H-1(U)).

Consequently there exists a subsequence {um,}2, C {un}X_, and a
function u € L2(0,T; H}(U)), with u’ € L?(0,T; H~'(U)), such that

{ U, —u weakly in L2(0,T; H3(U))
u, —u weakly in L?(0,T; H~}(U)).

my

(27)

(See §D.4 and Problem 4.)
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2. Next fix an integer N and choose a function v € C1([0,T]; H3(U))
having the form

N
(28) v(t)=>_ d*(tyw,

k=1

where {dk}{c\;l are given smooth functions. We choose m > N, multiply
(16) by d*(t), sum k = 1,..., N, and then integrate with respect to ¢ to find

T T
(29) fo (. V) + Bluy, v ] dt = ]O (£, v) dt.

We set m = m; and recall (27), to find upon passing to weak limits that

T T
(30) fo (0, v) + Blu,v;t]dt =/0 (f,v)dt.

This equality then holds for all functions v € L2(0,T; H}(U)), as functions
of the form (28) are dense in this space. Hence in particular

(31) (d,v) + Blu,v;t] = (f,v)

for each v € H}(U) and a.e. 0 <t < T. From Theorem 3 in §5.9.2 we see
that furthermore u € C([0,T]; L*(U)).

3. In order to prove u(0) = g, we first note from (30) that

T T
(32) /O (v ) + Blu, vi €] dt = /0 (£,v) dt + (u(0),v(0))

for each v € CY([0,T]; H3(U)) with v(T) = 0. Similarly, from (29) we
deduce

T T
(33) / —(v',upn) + Blum, v;t]dt = / (f,v) dt + (un (0}, v(0)).
0 0
We set m = my; and once again employ (27) to find
T T
B0 [ -tw+Bluvitd= [ (Ev)de+ (.v0)
0 0

since um, (0) — g in L2(U). As v(0) is arbitrary, comparing (32) and (34),
we conclude u(0) = g. O
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THEOREM 4 (Uniqueness of weak solutions). A weak solution of (11) is
UnIque.

Proof. It suffices to check that the only weak solution of (11) withf =g =0
18

(35) u=0.

Il

To prove this, observe that by setting v = u in identity (31) (for f = 0) we
learn, using Theorem 3 in §5.9.2, that

d (1
Since
Blu,uit] > Bluly 0, — a2, = —vlulEag,
Gronwall’s inequality and (36) imply (35). O

7.1.3. Regularity.

In this section we discuss the regularity of our weak solutions u to the
initial/boundary-value problem for second-order parabolic equations. Our
eventual goal is to prove that u is smooth, provided the coefficients of the
PDE, the boundary of the domain, etc. are smooth. The following presen-
tation mirrors that from §6.3.

Motivation: formal derivation of estimates. (i) To gain some insight
as to what regularity assertions could possibly be valid, let us temporarily
suppose u = u(z,t) is a smooth solution of this initial-value problem for the
heat equation:

w—Au=f inR" x (0,7
(37) { u=g onR"x {t=0},

and assume also u goes to zero as |z| — oo sufficiently rapidly to justify the
following computations. We then calculate for 0 <t < T:

f2 dx = f (us — Au)2 dx
Rn )
(38) = f u? — 2Auu; + (Au)? dzx

= f u? + 2Du - Duy + (Au)? dz.




7.1. SECOND-ORDER PARABOLIC EQUATIONS 359

Now 2Du - Du; = 4(|Du|?), and consequently

t
/[ 2Du-Dutd$ds=/ |Du|2da:[:g.
0 JRr R~ B

Furthermore, as demonstrated in §6.3,

f(Au)2d:c=/ |D?u|? dz.

We utilize the two equalities above in (38) and integrate in time, to obtain

T
Sup/ |Du|2dx+f / u? + | D?u)? dzdt
0<t<T JR» 0 Rr

SC(/()T/RnfzdIdt+/Rn |Dg]2da:).

We therefore see that we can estimate the L?-norms of u; and D?u within
R™ x (0,T), in terms of the L?-norm of f on R” x (0, T) and the L?*norm
of Dg on R™.

(ii) Next differentiate the PDE with respect to ¢ and set % := u;. Then

(39)

G — A= f inR"x (0,7]
(40) { =g onR"x {t=0},

for f := fi, § := u(-,0) = f(-,0) + Ag. Multiplying by 4, integrating by
parts and invoking Gronwall’s inequality, we deduce:

T
sup f |g |2 da:+f / | Duy|* dxdt
0<t<T JRr 0 JRe

(41) T
<C (/ f2 da:dt+/ |D2g|2—+—f(-,0)2da:).
o Jre R
But
(42) max || (- t)|| L2y < CUIfll 2@ x0,1)) + 1 fell L2®ex 0,19))

0<t<T

according to Theorem 2,(iii) of §5.9.2. Furthermore, writing —Au = f — u;,
we find as in §6.3 that

(43) f |D?u|? dz < C/ 2+ uldz.
R~ R~
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Combining (41)-(43) leads us to the estimate

T
sup f ;]2 + [D?u)? da:+/ / | D |? dzdt
0<t<T JRn 0o JRe

T
<C (f 2+ 1 d:vdt—+—/ |D?g|? dac) :
0 JR» Rn

for some constant C. a

(44)

The foregoing formal computations suggest that we have estimates cor-
responding to (39) and (44) for our weak solution to a general second-order
parabolic PDE. These calculations do not constitute a proof however, since
our weak solution of (11), constructed in §7.1.2, is not smooth enough to
justify the foregoing computations.

We will instead calculate using the Galerkin approximations. To stream-
line the presentation, we hereafter assume that {wy}?2, is the complete col-
lection of eigenfunctions for ~A on H}(U), and that U is bounded, open,
with QU smooth. We furthermore suppose that

(45) { the coefficients a¥,d%,c (i, = 1,...,n) are smooth on
U and do not depend on ¢.

THEOREM 5 (Improved regularity).
(i) Assume
g € Hy(U), fe L*0,T; L*(U)).
Suppose alsou € L?(0,T; H(U)), with w’ € L*(0,T; H-1(U)), is the weak
solution of
up+Lu=f inUr
u=0 ondU x[0,T]
u=g onUXx{t=0}.

Then in fact
u € L*(0,T; H*(U)) N L®(0, T; H(U)), o' € L*(0,T; L*(U)),
and we have the estimate

ess supf{u(®)|| g1 + Ul 207 52 (1Y 20 2
Osthp” Ol gy @y + lallezomp2e) + W20 20

(46)
<C (||f||L2(0,T;L2(U)) + HQHHg(U)) ,

the constant C depending only on U, T and the coefficients of L.
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(ii) If, in addition,
g € H¥U), £ € L*(0,T; L*(U)),
then

u € L*(0,T; H*(U)), u' € L®(0, T; L*(U)) N L*(0, T; Hy (U)),
u’ € L20,T; HY(U)),

with the estimate

eosgtsup(ﬂu( M2y + ' @Ol 2y) + 10| L2 0,751 )

(47) Hia 207501y < CUIE I 01,200 + 9ll2 ) -

Remark. Assertions (i), (ii) of Theorem 5 are precise versions of the formal
estimates (39), (44) (for the heat equation on U = R"). a

Proof. 1. Fixing m > 1, we multiply equation (16) in §7.1.2 by d’fnl(t) and
sum k =1,...,m, to discover

(um’um) + B[un‘h ] (f U )

for a.e. 0 <t <T. Now

Bluy,, m]—/ z:ajumjcz U,z AT

i,j=1
+ / Z b'upm o, 0, + cu,ul, dz
Ui=1
= A+ B.

Since a¥ = a’* (3,5 = 1,...,n) and these coefficients do not depend on ¢,
we see A = % (3 Alup, ur]), for the symmetric bilinear form

Alu, v] --—/ Z a”umzfvxJ dr  (u,v € Hi(U)).

i,j=1

Furthermore,

C C
1Bl < Zllumllzy ) + elumlzz), (6wl < ZI1€172 ) + ellwbaliza,)

for each € > 0.
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2. Combining the above inequalities, we deduce

d /(1
Il + 5 (540 v
C
< Z(llumllgy ) + 1E1Z20) + 2elallF20r.

Choosing € = ; and integrating, we find

T
/ Il 22t + Sup_ Al (t), un(®)]
0 0<t<T

T
< € (Al O un(®] = [ Pl + 161001
< C(“!IH%{&(U) + llf”%?(O,T;L?(U)))’
according to Theorem 2 in §7.1.2, where we estimated ||um(0)||m1) <

]Ig]]H&(U). As Alu,u} > 6 [, |Du|?dz for each u € Hj(U), we find that

(48) OiltlET Hum(t)“?{é(m < C(“Q“i[OI(U) + ||f||i2(0,T;L2(U)))-

Passing to limits as m = m; — 0o, we deduce u € L>(0,T; H}(U)),
o’ € L?(0,T; L?(U)), with the stated bounds; cf. Problem 5.

3. In particular, for a.e. ¢ we have the identity
(0, v) + Blu,v] = (f,v)
for each v € H}(U). This equality we rewrite to read
Blu,v] = (h,v)

for h := f — u’. Since h(¢) € L?(U) for a.e. 0 < t < T, we deduce from the
elliptic regularity Theorem 4 in §6.3.2 that u(t) € H?(U) forae. 0 <t < T,
with the estimate

Il @y < CUM|Z2) + lullZa )
(49) < CUIEN 2y + I N2y + llallZ2ry)-

Integrating and utilizing the estimates from step 2, we complete the proof
of (i).

4. The goal next is to establish higher regularity for our weak solution.
So now suppose g € H>(U) N HY(U), £ € H(0,T; L*(U)). Fix m > 1 and
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differentiate equation (16) in §7.1.2 with respect to t. Owing to (45), we
find

(50) (@, we) + Blam,we] = (F,we) (k=1,...,m),
where @,,, := v, . Multiply (50) by d¥.(t) and sum k = 1,...,m:

Employing Gronwall’s inequality, we deduce

T
sup (Ol )+ [ Ilg
0]

0<t<T
< C(”u;n(o)“%?(U) + ||f’||2L2(0,T;L2(U)))

< CUEN .20y + MmO 12 1r)-

(51)

We employed (16) in the last inequality.

5. We must estimate the last term in (51). Remember that we have
taken {wg}72, to be the complete collection of (smooth) eigenfunctions for
—A on H}(U). In particular, Au,, = 0 on 8U. Thus

IOy < ClAWAO) 22, = C(um(0), APum(0)).

Since A?u,,(0) € span{wi}}; and (umn(0),wi) = (g,wi) for k=1,...,m,
we have

lum ()l < Clg, A%um(0)) = C(Ag, Aum(0))
< 310 O)Braq) + Clllla

Hence |[um (0)||g2() < Cllgll p2(r). Therefore (51) implies

T
2 PR
(52)  ozeer I ()”L?(U)*fo Il 7y

< CflEn o1 L2y + ||9||%12(U))-
6. Now
Blup, wg] = (f —ul,,wr) (k=1,...,m).

Let Ay denote the k' eigenvalue of —A on H}(U). Multiplying the above
identity by AxdE (t) and summing k = 1,...,m, we deduce for 0 < ¢ < T
that

(563) Blum, —Au,] = (f — u;,, —Auy,).
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Since Au,, = 0 on U, we see Bluy,, —Au,| = (Luy,, —Au,,). Next we
invoke the inequality

(54)  Blulltey < (Lu, —Au) +7llullfay (v € H(U) N Hy(U))

for constants 3 > 0, v > 0. See Problem 8 and also the Remark following
the proof.

We thereupon conclude from (53) that

[umllg2@wy < CUEllL2@y + a2y + lumllczn)-

This inequality, (52), (48) and Theorem 3 in §5.9.2 imply

T
! 2 2 /12
OzltlgT(Hum(t)”L?(U) + ||um(t)||H2(U)) +]0 Hum“H&(U) dt

< C(”f”iII(O,T;LZ(U)) + ||9||i12(U))-

Passing to limits as m = m; — co, we deduce the same bound for u.

7. It remains to show u” € L2(0,T; H*(U)). To do so, take v € H}(U),
with ||U||HO1(U) < 1, and write v = v! + v?, as in the proof of Theorem 2 in
§7.1.2. Then for a.e. time 0 <t < T

(u:;zvv> = (ung) - (u:;v'vl) = (fl’vl) - B[u;mvl;t]
according to (50), since u/, = @;,. Consequently

|[(um, v)| < CUIF' L2y + “u;n”Hé(U))a

since ||U1||H3(U) < 1. Thus

lurllr-1 0y < C(IE 2wy + 1l g @)

and so u}, is bounded in L?(0,T; H }(U)). Passing to limits, we deduce
that v’ € L?(0,T; H(U)), with the stated estimate. a

Remark. If L were symmetric, we could alternatively have taken {wy}3,
to be a basis of eigenfunctions of L on Hj(U), and so avoided the need for
inequality (54). O

Let us now build upon the previous regularity assertion:
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THEOREM 6 (Higher regularity). Assume

drf
, =% € L2(0,T; H*™ *({U)) (k=0,...,m).
Suppose also the following m!*-order compatibility conditions hold:
{gm=g€HMU)gu=ﬂ®-Lm€HMUL

oy Om = T8 (0) — Lgm -1 € HA(U).

ge H2m+1(U)

Then .
s e L}0,T; H*™+272%(U)) (k=0,...,m+1);
and we have the estimate
mAl ks
(55) k:Z:O dat* L?(O,T;ZQM;%(U))
<C ( % ) + ||g||H2m+1(U)) )
k=0 L2(0,T,H2m 2k (U))

the constant C' depending only on m, U, T and the coefficients of L.
Remark. Taking into account Theorem 4 in §5.9.2, we see that
£(0) € H>™ Y(U), £'(0) ¢ H™3(U), ..., £f'™"1(0) e H'(U),
and consequently
go € H*™ N (U), gy € H*™ Y U), ..., gm € HYU).

The compatibility conditions are consequently the requirements that, in
addition, each of these functions equals 0 on 8U, in the trace sense. O

Proof. 1. The proof is an induction on m, the case m = 0 being Theo-
rem 5,(i) above.

2. Assume now the theorem is valid for some nonnegative integer m,
and suppose then

d*f
dtk
and the (m + 1)!P-order compatibility conditions hold. Now set @ := u’.

Differentiating the PDE with respect to ¢, we check that 1 is the unique
weak solution of

(56) g € H™3(U), e L*(0,T; H™ 7 2%(U)) (k=0,...,m+1),

w+Li=f inUp
(57) #=0 ondU x [0,T]
@=¢ onU x{t=0},
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for ]‘ := f¢, g := f(-,0)— Lg. In particular, for m = 0 we rely upon Theorem
5,(ii) to be sure that @ € L2(0,T; H}(U)), @’ € L*>(0,T; H1(U)).

Since f and g satisfy the (m + 1)%-order compatibility conditions, it
follows that f and § satisfy the m‘"-order compatibility condition. Thus
applying the induction assumption, we deduce

dFa
- € L0, T; H*™272*)) (k=0,...,m+1)
and
e | PETCPRPELSERER0R
" .
> s + 11§l zr2m+1 0y
k=0 L2(0,T;H2m~2k(11))

for f := f’. Since u = u/, we can rewrite the foregoing:

dk
dtk L2(0 T H2m+4 Qk(U)) (k:l’.",m+2)’
d*u
(58) au
; dtk L2 (O,T;H2m+4‘2k (U))
<C — + [|E0) | grzm+1 17y + [ LG reme1(
(; dt L2(0,T;H2m+2-2k([])) ) ()

dFf

yr + ”g”H2’"+3(U)) -

sc(’"f

k=0

2 (O,T;H2m+2_2k(U))
Here we used the estimate
(59) €O grzm+1ry < CUIE I 20,1 522 (0)) + IIE (| 20,7 2w (0)))s

which follows from Theorem 4 in §5.9.2.

3. Now write for a.e. 0 < ¢t < T: Lu = f —u =: h. According to
Theorem 5 in §6.3.2, we have

[lull rem+ay < C||bll gemsz@y + ullL2wy)
< C(|Ifll gzm+2qy + W] zmsz @y + [0l L2qw))-
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Integrating with respect to ¢ from 0 to 7" and adding the resulting expression
to (58), we deduce

m-2

2

k=0
60)

dk
dtk

LR(0,T; H3m+1=2K(U))

(

<c(X |5 lglrmsan + il ssy )
k:O dtk L2(O,T;H2m+2_2k (U)) ( ) L (0!T7 ( ))
Since
lallL20,m:2(y) < CUIEN 220,7:L20y) + N9l L20ry)s
we thereby obtain the assertion of the theorem for m + 1. O

THEOREM 7 (Infinite differentiability). Assume
g€ C®(U), f e C™(Ur),

and the mt*-order compatibility conditions hold form = 0,1,... . Then the
parabolic initial /boundary-value problem (11) has a unique solution

u € COO(UT)

Proof. Apply Theorem 6 for m =0,1,... . O

As we did for elliptic operators in Chapter 6, we have succeeded in
repeatedly applying fairly straightforward “energy” estimates to produce a
smooth solution of our parabolic initial/boundary-value problem (1). This
assertion requires the compatibility conditions (53) hold for all m, and it is
easy to see that these conditions are necessary for the existence of a solution
smooth on all of Ur.

Remark. Interior estimates, analogous to those developed for elliptic PDE
in §6.3.1, can also be derived, and these in particular do not require the
compatibility conditions. O

7.1.4. Maximum principles.

This section develops the maximum principle and Harnack’s inequality
for second-order parabolic operators.
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a. Weak maximum principle.

We will from now on assume that the operator L has the nondivergence
form

n

(61) Lu=— Z a“ gy, + ibiumi + cu,

i,j=1 i=1

where the coefficients a*, b, ¢ are continuous. We will always suppose the
uniform parabolicity condition from §7.1.1, and also that a” = o’* (1,7 =
1,...,n). Recall also that the parabolic boundary of Ur is I'r = Ur — Ur.

THEOREM 8 (Weak maximum principle). Assume u € C2(Ur) N C(Ur)

and
(62) c=0 inUr.

(i) If
(63) u +Lu <0 inUp,

then
max u = maxu.
UT I—\T

(ii) Likewise, if

(64) u+Lu>0 inUr,

then

min % = min .
UT I-\’1"

Remark. A function u satisfying the inequality (63) is called a subsolution,
and so we are asserting that a subsolution attains its maximum on the
parabolic boundary I'r. Similarly, u is a supersolution provided (64) holds,
in which case u attains its minimum on I'r. O

Proof. 1. Let us first suppose we have the strict inequality
(65) u+ Lu <0 in Up,

but there exists a point (xg,%9) € Ur with u(zg,tp) = maxy,, u.
2. If 0 < tg < T, then (xg,%y) belongs to the interior of Ur and conse-
quently

(66) =0 at (zo,%0),



7.1. SECOND-ORDER PARABOLIC EQUATIONS 369

since u attains its maximum at this point. On the other hand Lu > 0 at
(zo,t0), as explained in the proof of Theorem 1 in §6.4. Thus u; + Lu >
0 at (zo,%o), a contradiction to (65).

3. Now suppose tg = T. Then since v attains its maximum over Ur at
(zg,%0), we see
ug >0 at (zo,t0)

Since we still have the inequality Lu > 0 at (zo,%o), we once more deduce
the contradiction
us +Lu>0 at (xo,to).

4. In the general case that (63) holds, write u¢(z,¢) := u(x, t) — et where
€ > 0. Then
uf + Lu* =w+ Lu—e<0 inUr,

and so max;,, u° = maxp, u‘. Let ¢ — 0 to find maxy, v = maxr, u. This
proves assertion (i).

5. As —u is a subsolution whenever u is a supersolution, assertion (ii)
follows at once. O

Next we allow for zeroth-order terms.

THEOREM 9 (Weak maximum principle for ¢ > 0). Assume u € C%(Ur)
NC(Ur) and
c>0 inUr.

(i) If
w+Lu<0 inUp,
then
maxu < maxut.
UT I-\T
(i) If
ur+Lu>0 inUr,
then

minu > —maxu .
Ur I'p

Remark. In particular, if w; + Lu = 0 within Uz, then

max |u| = max |u].
UT I-\T
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Proof. 1. Assume u satisfies
(67) s+ Lu <0 inUr

and attains a positive maximum at a point (zg, to) € Ur. Since u(zo,ty) > 0
and ¢ > 0, we as above derive the contradiction

u+ Lu >0 at (LD(), to).

2. If instead of (67), we have only
s +Lu <0 in Up,
then as before u‘(x,t) := u(xz,t) — et satisfies
ui + Lu* <0 inUr.

Furthermore if u attains a positive maximum at some point in Ur, then u
also attains a positive maximum at some point belonging to Ur, provided
€ > 0 is small enough. But then, as in the previous proof, we obtain a
contradiction.

3. Assertion (ii) follows similarly. O

Remark. Unlike the situation for elliptic PDE, various versions of the max-
imum principle obtain for parabolic PDE, even if the zeroth-order coefficient
is negative: see Problem 7. O

b. Harnack’s inequality.

Harnack’s inequality states that if v is a nonnegative solution of our
parabolic PDE, then the maximum of # in some interior region at a positive
time can be estimated by the minimum of u in the same region at a later
time.

THEOREM 10 (Parabolic Harnack inequality). Assume u € C%(Ur)
solves

(68) w+Lu=0 inUr,

and
u>0 wnUp.
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Suppose V. CC U 1is connected. Then for each 0 < t; < ta <T, there exists
a constant C such that

(69) supu(-,t1) < Cinfu(-,t2).
vV 1%

The constant C depends only on V, t1,t2, and the coefficients of L.

This is true if the coefficients are continuous, or even merely bounded
and measurable; see Lieberman [L.B]. We will however provide a proof only
for the special case that b* = ¢ = 0 and the a¥/ are smooth (i,j = 1,...,n).
The following computations are elementary, but fairly tricky.

Proof*. 1. We may assume u > 0 in Ur, for otherwise we could apply the
result to u + € and then let ¢ — 0%,

Set
(70) v:=logu inUr.

Using (68), we compute

n
(71) v = E 0" Vg;x; + a7 vg vy, in Ut
i,j=1
Define
n n
(72) W= E aVpz;, W= E 0" vy, Uy
i,j=1 ij=1

so that (71) reads
(73) v = W+ w.

2. We calculate using (72), (73) that for k,I=1,...,m

n
U:Ek:L'[t - w:l:k:m + 2a’ ]vl'.,;l'kl'[ v:L‘J' + 20’ JUJ’,‘i.’L'k’U:L‘j.Tl + Rr
=1

where the remainder term R satisfies an estimate of the form
(74) |R| < | D*v|* + C(e)|Dv)* + C

*Omit on first reading.



372 7. LINEAR EVOLUTION EQUATIONS

for each € > 0. Thus

n
kl kl
= § : 0" Vg oyt + Ay Vayx,

k=1
n n
; g
= Z a® Wz, + 22 amvxjw:ci
k=1 ij—1

+ 2 E a¥ aF vzzkvmﬂ,+R,
t,7,k,i=1

where R now denotes another remainder term satisfying estimate (74).
Therefore choosing € > 0 small enough in (74) and remembering the uniform
parabolicity condition, we discover

n n
(78)  wi— Y Mg, + Y bFw,, > 02 D%? — C|Dy|? -
k=1 k=1
where

(76) v =2 v, (k=1,...,n)
=1

3. Estimate (75) is a differential inequality for w, and our task next is to
obtain a similar inequality for @. Indeed, using (72) and (71) we compute

T n n
~ § , ki~ § ij § : kl
we — Q" Wzpx = 2 a J’U:L‘,; (Utl'j - a 'Ua:k:ci:cj)

kl=1 i,j=1 k=1

-9 Za a* UmmkUmeL+R
1,7,k ,I1=1

R yet another remainder term satisfying (74) for each € > 0. Recalling (71)
and (76), we simplify to discover:

k.~
-3 a4 3 b,

(77) k=1
> —C|D*|? - C’|DU|2 —C inUr.

4. Next set

(78) W= w+ KD,
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k > 0 to be selected below. Combining (75) and (77), we deduce

n
R R 62
(79) Wy — E a5, + E Wiy, > —2—|D2v|2 — C|Dv|? -
k=1

provided 0 < K < % is now fixed to be sufficiently small.

5. Suppose next V CC U is an open ball and 0 < ¢; < 5 <T. Choose
a cutoff function { € C*°(Ur) such that
0<(¢(<1, ¢(=0o0nlI7,
(80) { <¢<1L ¢ T
(=1lonV x [t1,t)].
Note that ¢ vanishes along {¢t = 0}.
Let ¢ be a positive constant (to be adjusted below), and assume then

(81) { ¢4 + pt attains a negative minimum

at some point (zo,%0) € U x (0,T).
Consequently
(82) (g, +4¢, w =10 at (zo,t0) (k=1,...,n).

In addition

> (¢l + pt); Z a* ¢+ pt)e s, at (o, to).
k,il=1
Hence at (xg,%0):
n n R
(83) 0>p+ <4 (ﬁ)t — Z a’klﬁ]mkﬂﬂz) —2 Z akl(<4)$zﬁ)$k + R,
k=1 k,i=1

where
(84) Rl < O [@).
Recall now (79) and (82):

0>p+? ( |D*v|? — C|Dv|* - C - Zbkwmk) +R,

k=1

R another remainder term satisfying estimate (84). Utilizing (82) and (76),
we deduce

62 -
(85) 0> pu+¢t (3|D2fv|2 — C|Dv|* - 0) + R,
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where now
(86) |R| < CC*|w| + CC*| Do |-

Remember that (85), (86) are valid at the point (zg,%o) where (@ + ut
attains a negative minimum. In particular, at this point & = w + kw < 0.
Recalling the definition (72) of w, @, we deduce

(87) Duf? < €D,
and so
|| < C|D%v| at (xo,to).
Consequently (86) implies the estimate
(88) |R| < CP|D%| + CC*|D*u*/? < e¢*|D%0f* + Ce),

where we employed Young’s inequality with ¢ from §B.2. Making use of
(85), (87), (88) we at last discover a contradiction to (81), provided pu is
large enough.

6. Therefore (*iw + ut > 0 in Uz, and so in particular
W4+ pt >0 inV X [t1,t].
Using (73), we deduce then that
(89) v > alDv]* =3 inV x [t,1s]
for appropriate constants «, 3 > 0.

7. The differential inequality (89) for v = logu now leads us to the
Harnack inequality, as follows. Fix z1,22 € V', t3 > t;. Then

1

d

v(xe, t2) —v(z1,6) = / Ev(s:cg + (1 — 8)zy,sta + (1 —s)t1)ds
0

1
= / Dv - (:L‘Q — .’E1) + ’Ut(tz — tl)ds
0

> /1 ~| Dl |z2 — 21| + (t2 — t1)[a|Dv|* — B]ds by (89)
2 —0%
where v depends only upon «, 3, |£1 — 2|, [t1 — t2|. Thus (70) implies
log u(xz,t2) 2 logu(z1,t1) — 7,

and so
u(l‘g,tg) > e_'Yu(:cl,tl).

This inequality obtains for each 21,22 € V, and so (69} is valid in the case
V is a ball. In the general case we cover V' CC U with balls and repeatedly
apply the estimate above. a
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R®

Parabolic strong maximum principle
c. Strong maximum principle.
Now we employ Harnack’s inequality to establish

THEOREM 11 (Strong maximum principle). Assume v € C2(Ur) N
C(Ur) and
c=0 inUr.

Suppose also U is connected.

(i) If
uy+Lu<0 inUp

and u attains its mazimum over Ur at a point (zg,to) € Ur, then
u 1s constant on Uy,.

(ii) Likewise, if
uy+Lu>0 wnUp

and u attains its minimum over Ur at a point (zg,ty) € Ur, then

u 18 constant on Uy,.

Remark. Thus our uniformly parabolic partial differential equations sup-
port “infinite propagation speed of disturbances”. O

We will for the following proofs assume that » and the coefficients of L
are in fact smooth.
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Proof. 1. Assume u; + Lu < 0 in U, and u attains its maximum at some
point (zg,tg) € Ur.
Select a smooth, open set W CC U, with zo € W. Let v solve
vy +Lv=0 in Wr
v=u onAr,
where A1 denotes the parabolic boundary of Wr.

Then by the weak maximum principle u < v. Since
u<v <M,
for M := maxg,_ u, we deduce that v = M at (o, o).
2. Now write © := M — v. Then, since ¢ = 0, we have
(90) 2+ Lv=0,0>0 in Wr.

Choose any V CC W with zq¢ € V, V connected. Let 0 < t < ty. Then
owing to the Harnack inequality,

(91) m‘:}\‘xi}(-,t) < Cil‘}f’ﬁ(-,to).

But infy 9(-,t3) < #(xg,t0) = 0. As ¥ > 0, (91) therefore implies 7 = 0 on
V x {t}, for each 0 < t < t3. This deduction holds for each set V" as above,
and so 0 = 0 in W;,. But therefore v = M in W;,. As v = u on Ar, we
conclude u = M on 8W x [0, ¢g].

This conclusion holds for all sets W as above, and therefore u = M on
Uy, O

THEOREM 12 (Strong maximum principle for ¢ > 0). Assume u €
C2(Ur)nC(Ur) and
c>0 mnUp.

Suppose also U is connected.

i) If
w+Lu<0 inUp

and u attains a nonnegative marimum over Ur at a point (zo,tg) €
Ur, then
u ts constant on Uy,.

(ii) Similarly, iof
u+Lu>0 inlUp
and u attains a nonpositive minimum over Ur at a point (xp,t0) €

Ur, then
u is constant on Uy,.
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Proof. 1. As above, set M := maxy, u. Assume M > 0, u; + Lu < 0 in
Ur, and u attains this maximum of M at some point (zo,t0) € Ur.

If M = 0, the foregoing proof directly applies, as then
hw+Lo=0,v>0 in Wr.

2. Assume instead that M > 0. Select as in the previous proof a smooth,
open set W CC U, with o € W. Now let v solve

n+Kv=0 inWr
v=ut onAr,

where
Kv:=Lv — cv.

Note 0 < v < M. Since u; + Ku = —cu < 0 on {u > 0}, we deduce
from the weak maximum principle that u < v. As before it follows that
V= (230, t()).

2. Now write ¥ := M —wv. Then, since the operator K has no zeroth-order

term, we have
nw+Kv=0, v>0 inWr.

Select any V CC W with 2o € V, V connected. Let 0 < t < t5. Then the
Harnack inequality implies as above that v = u™ = M on W x (0, tp]. Since
M > 0, we conclude that u = M on W x [0, tg].

This deduction is valid for all sets W as above, and therefore u = M on
U, - 0O

7.2. SECOND-ORDER HYPERBOLIC EQUATIONS

Second-order hyperbolic equations are natural generalizations of the wave
equation (§2.4). We will build in this section appropriately defined weak
solutions, and study their uniqueness, smoothness and other properties. It
is interesting, given the utterly different physical character of second-order
parabolic and hyperbolic PDE, that we can provide rather similar functional
analytic constructions of weak solutions.

7.2.1. Definitions.
a. Hyperbolic equations.

As in §7.1 we write Ur = U x (0,T], where T > 0 and U C R" is an
open, bounded set.
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We will next study the initial/boundary-value problem
ugy +Lu=f inUr
(1) u=0 ondlU x[0,T)
u=g,uy=h onU x{t=0},
where f: Ur — R, g,h : U — R are given, and u : Ur — R is the unknown,
u = u(z,t). The symbol L denotes for each time ¢ a second-order partial

differential operator, having either the divergence form
n

(2) Lu=— Z (aij (m,t)umi)xj + Zbi(:r,t)uxi + c(z, t)u

i,j=1 i=1
or else the nondivergence form
n n
(3) Lu=—- Z 2" (, t)ug,z, + Zbi(a:,t)um + c(z, t)u
i,5=1 i=1
for given coefficients a¥,b%,¢ (i,5 = 1,...,n).

DEFINITION. We say the partial differential operator 6%25 + L is (uni-
formly) hyperbolic if there exists a constant 8 > 0 such that

(4) > a(z, t)eg; > 0l¢
1,5=1
for all (z,t) € Ur, £ € R™.

If a¥ = §;;, b = c= f =0, then L = —A and the partial differential
equation becomes the wave equation, already studied in Chapter 2. General
second-order hyperbolic PDE model wave transmission in heterogeneous,
nonisotropic media.

b. Weak solutions.

As before, in §6.1.2 and §7.1.1, we first assume L has the divergence
form (2) and look for an appropriate notion of weak solution for problem
(1). We will suppose initially that

(5) aij,bi,cecl((;’T) (i,j=1,...,n),
(6) f e L*(Uy),

(7) g € Hy(U), h e L*(U),

and always assume a¥ = a* (4,5 =1,...,n).

As in §7.1.1, let us also introduce the time-dependent bilinear form

(8) Blu,v;t] ::fU Z a" (-, t)ugvg, + Zbi(-,t)uziv +¢(-, Huvdr
; i=1

1,j=1
for u,v € Hi(U) and 0 < ¢t < 7.
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Motivation for definition of weak solution. We begin by supposing u =
u(z,t) to be a smooth solution of (1) and defining the associated mapping

u:[0,7] — H(U),

by
[u@®)|(z) :=ulz,t) (€U, 0<t<T).

We similarly introduce the function
f:[0,7] — L*(U)
defined by
[f(®)](z) := flz,t) (x €U, 0<t<T).

Now fix any function v € H}(U), multiply the PDE wy + Lu = f by v,
and integrate by parts, to obtain the identity

(9) (u”,v) + Blu,v;#] = (f,v)

for 0 < t < T, where ( , ) denotes the inner product in L?(U). Almost
exactly as in the parallel discussion for parabolic PDE in §7.1.1, we see from
the PDE w4 + Lu = f that

n
up = g° + ZQ?EJ
=1

for g :== f— S0  bu;, —cuand ¢ ;= 3 aYu,, (j = 1,...,n). This
suggests that we should look for a weak solution u with v’ € H~1(U) for
a.e. 0 <t < T, and then reinterpret the first term of (9) as (u”,v), (, )
denoting as usual the pairing between H1(U) and H}(U). O

DEFINITION. We say a function
u € L2(0,7; HH(U)), with o’ € L*(0,T; L*(U)), u” € L*(0,T; HY(U)),

is a weak solution of the hyperbolic initial/boundary-value problem (1) pro-
vided

(i) (u” )+ Blu,v;t] = (f,v)

for each v € H}(U) and a.e. time 0 <t < T, and
(1) u(0) = g, w(0) = h.
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Remark. In view of Theorem 2 in §5.9.2, we know u € C([0,T]; L*(U))
and u' € C([0,T]; H *(U)). Consequently the equalities (ii) above make
sernse. 4

7.2.2. Existence of weak solutions.

a. Galerkin approximations.

By analogy with the approach taken in §7.1.2 we will construct our weak
solution of the hyperbolic initial/boundary-value problem

Utt+LU:f inUT
(10) u=0 ondU x[0,7]
u=g,u=h onlU x{t=0}

by first solving a finite dimensional approximation. We thus once more
employ Galerkin’s method by selecting smooth functions wy = wi(z) (k =
1,...) such that

(11) {wy}$2, is an orthogonal basis of Hy(U)
and
(12) {we}$2, is an orthonormal basis of L2(U).

Fix a positive integer m, and write

m

(13) () == 3 a8 (D,

k=1

where we intend to select the coefficients dX,(t) (0 <t < T, k= 1,...,m)
to satisfy

(14) dy(0) = (gwr) (k=1,...,m),
(15) d'(0) = (hywp) (k=1,...,m),
and

(16) (ul,, wi) + Blum,wi;t] = (F,we) (0<t<T, k=1,...,m).

THEOREM 1 (Construction of approximate solutions). For each integer
m = 1,2,..., there erists a unique function u,, of the form (13) satisfying
(14)—(16).
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Proof. Assuming u,, to be given by (13), we observe using (12)

(17) (u,(t), we) = d&,” (2).

Furthermore, exactly as in the proof of Theorem 1 in §7.1.2, we have

Blamwiit] = 3 M), (1)

=1
for ek (t ) Blwy, wi;t] (k, = 1,...,m). We also write f*(t) := (f(t), w)
(k=1,...,m). Consequently (16) becomes the linear system of ODE
(18) 4"ty + Ze’“(t ) (6) = f5t) (0<t<T, k=1,...,m),

subject to the initial conditions (14), (15). According to standard theory for
ordinary differential equations, there exists a unique C? function d,,(t) =
(dL.(t),...,d7(t)), satisfying (14), (15), and solving (18) for 0 <t < T.

O

b. Energy estimates.

Our plan is hereafter to send m — o0, and so we will need some esti-
mates, uniform in m.

THEOREM 2 (Energy estimates). There exists a constant C, depending
only on U, T and the coefficients of L, such that

0<t<T (”um(t)“Hl(U) + ||'U. ( )”LZ(U)) + ”u:"n”Lz(O,T;H_l(U))

(19) < € (Ifl20mzzwy + lallayo) + Il 2y )
form=12...

Proof. 1. Multiply equality (16) by d*.(¢), sum k = 1,...,m, and recall
(13) to discover

(20) (um, ur) + Blum, i t] = (f, upy)

for a.e. 0 < t < T. Observe next (uf,,u,,) = £(1 ||um||L2(U)) Furthermore,
we can write

B[um,ums ‘-/ Za”umxt m;;;]d

1,j=1

+ _/ Z bium,riu;n + cumu;n dr
U “
i=1

= Bl + Bs.

(21)
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Since a¥ = a’* (1,5 =1,...,n), we see

d {1 1 L
(22) B = pr (§A[um,um;t]) - 5/{] Z a Wz, U 2, A2,

ij=1

for the symmetric bilinear form

Alu,v;t] == / Z aijuxivzj dr (u,v e Hy(U)).
U .

i,j=1
The equality (22) implies
(23) B2 5 (FAlun, wnit]) - Cllanlfyy
and we note also
(24) |B2| < C(Ilumll?{é((j) + ”u:n"%?(U))'

Combining estimates (20)—(24), we discover

d

= (1hl22(0) + Al ums ) < € (INaaliZa) + lamly e + 16120
(25) < C (I3 + Alttms s ]+ 112201 )
where we used the inequality

(26) 0 /U \DulPdz < Afu,u;t] (€ HXU)),

which follows from the uniform hyperbolicity condition.

2. Now write

(27) n(t) = ”u;n(t)”%?(U) + Alum(t), um(t); 2]
and
(28) £(t) := |1£() I32(0)-

Then inequality (25) reads

7' (t) < Cin(t) + C2(¢)
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for 0 < t < T and appropriate constants C7, C2. Thus Gronwall’s inequality
(§B.2) yields the estimate

t
(29) n(t) < 1t (17(0) + CQ/(; &(s) ds) 0<t<T).
However

7(0) = luin (072w + Alum(0), um(0); 0]
< C (I, + sz w))

according to (14) and (15) and the estimate Ilum(0)||Hé(U) < ||g||H(}(U). Thus
formulas (27)—(29) provide the bound

I (O 2y + Alum (2), um(t); 1]

< ¢ (g0 + 12wy + WEIE 20z 020y ) -
Since 0 < ¢t < T was arbitrary, we see from this estimate and (26) that

2
ma (1Ol ) + I Ol
< C(”Q”%;&(U) + ”hniz(u) + "fniz(o,r;m(u)))-
3. Fix any v € Hy(U), lvllgiwy < 1, and write v = v' + v?, where

v! € span{wg}7y, and (v2,wx) =0 (k = 1,...,m). Note ||v1||H3(U) <1
Then (13) and (16) imply
n"

(u‘,r;zav> = (u;x’mv) = (um:vl) = (f, vl) - B[uﬂhvl;t]'

Thus
|(urm, )] < CUIEl 2wy + IMmll a3 ),

since ||v}|) miw)y < 1. Consequently

T T
[ Mttt < € [ 101+ gt

< C(“g”%;g(y) + “h“%Z(U) + ”f”%Z(O,T;Iﬁ(U)))'
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c. Existence and uniqueness.
Now we pass to limits in our Galerkin approximations.

THEOREM 3 (Existence of weak solution). There exists a weak solution
of (1).
Proof. 1. According to the energy estimates (19), we see that the se-
quence {u,;,}%_; is bounded in L?(0,7; H3(U)), {u,,}3_, is bounded in
L2(0,T; L2(U)) and {u”}>°_, is bounded in L%(0,T; H~1(U)).
As a consequence there exists a subsequence {um, };°; C {um},,_, and

u € L*(0,T; H(U)), with u’ € L2(0,T; L)), u” € L?(0,T; H 1 (U)),
such that

un, —u  weakly in L2(0,T; H}(U))
(30) w,, —u  weakly in L*(0,7; L*(U))

w! —u” weakly in L2(0,T; H 1(U)).

my

2. Next fix an integer N and choose a function v € C* ([0, T|; H}(U)) of
the form

dk(t)’wk,

=

(31) v(t) =
k=1

where {d*}#_, are smooth functions. We select m > N, multiply (16) by
d*(t), sum k = 1,..., N, and then integrate with respect to t, to discover

T T
(32) /0 (W ) + Blupm, vit] dt = jo (£, v) dt.

We set m = my and recall (30), to find in the limit that
T T
(33) / (u”,v) + Blu,v;t]dt = / (f,v)dt.
0 0

This equality then holds for all functions v € L2(0,T; H}(U)), since
functions of the form (31) are dense in this space. From (33) it follows
further that

(u”,v) + Blu,v;t] = (f,v)

for all v € H3(U) and a.e. 0 < t < T. Furthermore, u € C([0,T]; L*(U))
and u’ € C([0,T); H-Y(U)).

3. We must now verify

(34) u(0) =g,
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(35) u’(0) = h.
For this, choose any function v € C2([0, T]; H}(U)), with v(T) = v/(T) = 0.
Then integrating by parts twice with respect to ¢t in (33), we find
T T
/ (v",u) + Blu,v;t]dt = / (f,v)dt
0 0
— (u(0), v'(0)) + (u'(0), v(0)).

(36)

Similarly from (32) we deduce

T T
/ (Vlf’um)—{—B[um,v;t] dt = / (f,v)dt
0 0
— (um(0), V'(0)) + (ul,(0),v(0)).

We set m = my and recall (14), (15) and (30), to deduce

T T
(37) /0 (v",u) + Blu,v;t]dt = /0 (f,v)dt — (g,v'(0)) + (h,v(0)).

Comparing identities (36) and (37), we conclude (34), (35), since v(0), v/(0)
are arbitrary. Hence u is a weak solution of (1). a

Remark. Recalling the energy estimates from Theorem 2, we observe that
in fact u € L>®(0, T; HA(U)), u' € L>(0,T; L*(U)), u” € L2(0,T; H}(U)):
see Theorem 5 below. O

THEOREM 4 (Uniqueness of weak solution). A weak solution of (1) is
unique.

Remark. The following tricky demonstration would be greatly simplified
if we knew u'(t) itself were smooth enough to insert in place of v in the
definition of weak solution. This is not so, however. O

Proof. 1. It suffices to show that the only weak solution of (1) with f =
g=h=0is

0.

(38) u
To verify this, fix 0 < s < T and set

‘u(r)dr if 0<t<s
v(t) :z{ft (r)dr f0st<
0 if s<t<T.
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Then v(t) € Hi(U) for each 0 <t < T, and so
‘ 3
[ («” v} + Blu, v; ] dt = 0.
0

Since u/(0) = v(s) = 0, we obtain after integrating by parts in the first term
above:

(39) / —(u/,v') + B[u, v;t]dt = 0.
0
Now v/ = —u (0 < t < s), and so
/ (o', u) — B[V, v;t]dt = 0.
0
Thus
/s-‘f L ialar — ~Blv,vi 1] dt——/SC’[ vit] + Dv, v 1] dt
0 dt\ 2 u L) 92 V,V; - 0 u,v; Vs 3

where

n
. 1
Clu,v;t] == / szvmu+ ibz’,zim’ dz
Ui=1

and

1 n n
D[u, v;t] = 5 ,/Uz;l Qjj,tUz; Ve; + ;bi,tuxiv + quv dz,

for u,v € H}(U). Hence
1 , 1 s
(o)) + 3BV, v =~ [ Cluvif) + Dpv, viti,
0
and consequently

lu(s) 1720 +IvO) 3 07

(40) )
< c( /0 VI @) + 1l Zawdt + ||v(0)||gzw)),

2. Now let us write

w(t) := /0 u(r)dr (0<t<T);
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whereupon (40) becomes
() Bage + W0,
ay <o [Iw0 - WOl + 1O b+ 1wl ).

But [w(H) Wl 5y < 2wy )+ 2W(5) By o 2 Iw(8) 120 <
o [la(t)|| L2(vydt. Therefore (41) implies

a(s) ey + (1 = 25COIw OBy < Cs [ 1wl + Mot

Choose 17 so small that )
1-27Cq > 3
Then if 0 < s < 71, we have

3
||u(3)||%2(u) + ||W(S)||%13(U) < C/G ||“||%2(U) + ||W||§13(U)dt-
Consequently the integral form of Gronwall’s inequality (§B.2) impliesu = 0
on [0,T1].

3. We apply the same argument on the intervals [T}, 2T3|, [2T1,371],
etc., eventually to deduce (38). O

7.2.3. Regularity.

As in our earlier treatments of second-order elliptic and parabolic PDE,
the next task is to study the smoothness of our weak solutions.

Motivation: formal derivation of estimates. (i) Suppose for the mo-
ment u = u(z,t) is a smooth solution of this initial-value problem for the

wave equation:
up — Au=f in R™ x (0,7
u=g,ut =h onR"x {t =0},

and assume also u goes to zero as |z| — oo sufficiently rapidly to justify the
following calculations. Then as in §2.4.3, we compute

4 (/ |Du|? + u2 da:) = 2[ Du - Duy + uguy dx
dt \ Jgn Rn

=2/ ut(utt—Au)d:c=2/ urf dx
Rn Rnr

g/ ufdm+/ f2da.
R Rr
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Applying Gronwall’s inequality, we deduce
T
(42) sup [ [Dul? + u? dox < C(/ f2dadt + / [Dgl? + h? dm),
0<t<T JR» o JR» Rr
with the constant C' depending only on T.
(ii) Next differentiate the PDE with respect to t and set @ := u;. Then
{ iy —A=f inR" % (0,T]
=g, iw=h onR"x {t=0},
for f:=f;, §:=h, h:= uy(-,0) = f(-,0) + Ag. Applying estimate (42) to

1, we discover

sup / |Duy|? + w2 dx

(43)

0<t<T
(44) T
gc(f / ft2dzdt+/ |D2g|2+|Dh]2+f(-,0)2da:).
o JRe R»
Now
(45) Joax IFC Dl L2 @ey S CUIfllz2@®e x01)) + 1 fell L2®ex 0.19))

according to Theorem 2 in §5.9.2. Furthermore, writing —Au = f — uy, we
deduce as in §6.3 that

(46) / |D?uf? dx < C/ 2+ 42 do
R~ R
for each 0 <t <T. Combining (44)-(46), we conclude

sup / |D%u)? + |Dug? + v dx
0<t<T JRr

(47) T
< C’(/ 2+ f2 dedt + / |D?g|* + | Dh|? da:),
o JRe Re

the constant C' depending only on T. 0

This estimate suggests that bounds similar to (42) and (47) should be
valid for our weak solution of a general second-order hyperbolic PDE.

We will calculate using the Galerkin approximations. To simplify the
presentation, we hereafter assume that {wx}32, is the complete collection
of eigenfunctions for —A on H}(U), and also that U is bounded, open, with
AU smooth. In addition we suppose
(48) { the coefficients %/, b%,c (i,j = 1,...,n) are smooth on

U and do not depend on ¢.
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THEOREM 5 (Improved regularity).
(i) Assume

g € Hy(U), he L*(U), f € L*(0,T; L*(U)),
and suppose also uw € L2*(0,T;Hy(V)), with o’ € L2(0,T; L*(U)), u" €

L?(0,T; H~Y(U)), is the weak solution of the problem

u=0 ondUx[0,T]
u=g,u=h onlUx{t=0}

up+Lu=f mUr
(49)

Then in fact
u € L®(0,T; Hy(U)), u' € L®(0,T; L*(U)),
and we have the estimate

ess sup (|[u(t)|| g3 vy + 0 ()l z2w))
(50) 0<t<T
< CliEllz,L2y) + 9l mgwy + 1Rllzzw))-

(ii) If, in addition,
g€ H (U), he H(U), f' € L*0,T; L*(U)),
then

ue L*(0,T; H*(U)), u’ € L=(0,T; H}(U)),
u” € L*(0,T; L*(V)), u" € L*0, T; H (1)),

with the estimate:
ess sup ([[u() 2wy + ho' @)llgyw) + 10 @l 200)

(51) 0<t<T
+ 10" 20,110y S CUEN 01522y + N9l mz@y + 1Rl w))-

Remark. Assertions (i), (ii) of this theorem are precise versions of the
formal estimates (42), (47) (for the wave equation in U = R™). O
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Proof. 1. In the proof of Theorem 2, we have already derived the bounds

sup_(|lum(t)ll g3y + W ®llz2wy)
(52) o<t<T
< Clfll L2, c2wy) + 19l gy + Bl 2 )-

Passing to limits as m = m; — oo, we deduce (50).

2. Assume now the hypotheses of assertion (ii). Fix a positive integer m,
and next differentiate the identity (16) with respect to t. Writing @i, := ul,
we obtain

(53) (ﬁ;;z,wk)—{—B[ﬁm,wk] = (f’,wk) (k‘: 1,...,m).
Multiplying by dfn”(t) and adding for £ = 1,...,m, we discover
(54) (i, ) + Blim, @y,] = (F,17,).

Arguing as in the proof of the energy estimates, we observe

d

(55) E(”ﬁm”%Z(U) + Altim, Um))

< Ol 2y + Alim, Bm) + 1117211,

the bilinear form A[, | defined as before.

3. Now
(56) Blup,wy] = (f—ul,wr) (k=1,...,m).
Recall we are taking {wy }32, to be the complete collection of eigenfunctions

for —A on HY(U). Multiplying (56) by Axd~, (t) and summing k = 1,...,m,
we deduce

(57) Blttm, ~Atim] = (£ — ), —Aug).

Since Au,, = 0 on U, we have

(58) Blum, —Auy] = (Lupy, —Auy).

Next we employ the inequality

(59)  Bllulifiaq) < (L, —Au) +[ullfaw) (v € HY(U) N Hy(V));
see Problem 8. We deduce from (56)—(59) that

(60) 32y < CUENZ2 0y + l0mlZ2 ) + lumliZ2)-
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Using this estimate in (55), recalling Q,, = uJ,, and applying Gronwall’s
inequality, we deduce

sup_(lum(O) 20y + 10 O @) + I (©132 )
(61) 0<t<T
< CUIfIn o122y + 192wy + M2l 0))-

Here we estimated {|um(0)|| 2y < Cliglln2(v), as in the proof of Theorem
5 in §7.1.3.

Passing to limits as m = m; — 0o, we derive the same bound for u

4. As in the earlier proof of Theorem 5 in §7.1.3, we likewise deduce
u” € L2(0,T; H}(U)), with the stated estimate. O

Remark. If L were symmetric, we could alternatively have taken {we}2,
to be a basis of eigenfunctions of L on H}(U), and so avoided the need for
inequality (59). O

Now let m be a nonnegative integer.
THEOREM 6 (Higher regularity). Assume

g € H™1(U), h e H™(U),
{ &L € 12(0,T; H™*(U)) (k=0,...,m).

Suppose also the following m'™ -order compatibility conditions hold:

go:=g € Hi(U), h1 :=h € H\(U),...,
21 2f

(62) ga =75 (,0) — L2 € HY(U)  (if m=2l)
haitr = Z:tz £(.,0) — Lhy_; € HYU) (if m=20+1).
Then

dk:
dtk

and we have the estimate

(63) € L®(0,T; H™ " U)) (k=0,...,m+1),

m+1
€8S su
O<t<Tp ,;, H"H‘l—’“(U)
=l dk e
<C % + llgll pm+rv @y + Whl =y | -
(k,z::o dt* || 20 1ym -4 (1)) © w
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Remark. In view of Theorem 2 in §5.9.2, we see that

(65) £(0) € H™ Y(U), £(0) € H™2(U),..., £ 2(0) ¢ H'(U),
and consequently

g0 € H™Y(U), by € H™(U), go € H™ Y(U), hg € H™2(U),
o gu € HYU) (if m = 21), hoyy € HY(U) (if m = 204 1).

The compatibility conditions are consequently the requirements that, in
addition, each of these functions equals 0 on QU, in the trace sense. 0O

(66)

Proof. 1. The proof is by an induction, the case m = 0 following from
Theorem 5,(i) above.

2. Assume next the theorem is valid for some nonnegative integer m,
and suppose
{ g € H™2(U), h € H™(U),

67
(67) j—:kfeB(O,T;Hm“—’“(U)) (k=0,...,m+1).

Suppose also the (m + 1)**-order compatibility conditions obtain. Now set
i := u’. Differentiating the PDE with respect to ¢, we check that 1 is the
unique, weak solution of

g+ La=f inUr
(68) =0 ondU x0,T]
=g @y=h onUx {t=0}
for
(69) Fi="fi, §:=h, h:= f(-,0) - Lg.

In particular, for m = 0 we rely upon Theorem 5,(ii) to be sure that 4 €
L2(0,T; Hy(U)), & € L*(0,T; L2(V)), & € L*(0, T; H~'(U)).

_ Since f,g and h satisty the (m + 1)t*-order compatibility conditions,
f,g and h satisfy the m!*-order compatibility conditions. Thus applying
the induction assumption, we see

d*a
—F € LT H™NU)) (k=0,...,m+1),
with the estimate
m+1
€ss su
0<t<’1? Z Hm+1-k ()
o\ dkE .
<c|X |lz# + gl gmer ) + IRl m oy
k=0 LHO,T;H™=*(U))
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Since @ = u/, we can rewrite:

m+2 dku
70) ess su —_—
( ) OSthpkz::l dtk Hm+2-k([))
m+1 dkf
<C{ )|z + Bl @) + WLl zm o) + IO m e
k=1 L2(0,T;H™+1-k(U))
<C - + gl am+2@wy + Rl mery ) -
= a5 || 2o, mm -+ () @) @)

Here we used the inequality

Ifllco,m;mm@wy) < CUEN 20,15y + IIE | 200,755 (U)));

which follows from Theorem 2 in §5.9.2.

3. Now write for a.e. 0 <t <T: Lu=f —u” =: h. We have

ull g2y < Clihllgm @y + lallzw))
< CIf || gy + 10"l my + ull L2qy)-

Taking the essential supremum with respect to t, adding this inequality to
(70) and making standard estimates, we deduce:

m+2

ess sup Z

0<t<T 173

d*u

dtk

H"”+2”’°(U)

m+1
sc(i drf

dtk
k=0

+ gl m+2ry + ||h||Hm+1(U)) .
L2(0,T;Hm+1_’°(U))

This is the assertion of the theorem for m + 1. O

THEOREM 7 (Infinite differentiability). Assume
gah' € COO(D)’ f € COO(UT),

and the m*-order compatibility conditions hold for m =0,1,... .

Then the hyperbolic initial /boundary-value problem (1) has a unique so-
lution

u € C(Ty).

Proof. Apply Theorem 6 for m =0,1,... . O
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cx01t0)

Domain of dependence
7.2.4. Propagation of disturbances.

Our study of second-order hyperbolic equations has thus far pretty much
paralleled our treatment of second-order parabolic PDE, in §7.1. In the
corresponding earlier section §7.1.4, we discussed maximum principles for
second-order parabolic equations, and noted in particular that the strong
maximum principle implies an “infinite propagation speed” of initial distur-
bances for such PDE. Now strong maximum principles are false for second-
order hyperbolic partial differential equations, and we will instead address
here the opposite phenomenon, namely the “finite propagation speed” of
initial disturbances. This study extends some ideas already introduced in
§2.4.3.

For simplicity we will consider in this section the case U = R™ and L
has the simple nondivergence form

n

(71) Lu=—- Y alug;,

1,7=1

where the coeflicients are smooth, independent of time, and there are no
lower-order terms. We as usual require the uniform hyperbolicity condition.

Let us assume now u is a smooth solution of the PDE
(72) ut + Lu=0 in R"™ x (0, 00).

We wish to prove a uniqueness/finite propagation speed assertion analogous
to that obtained for the wave equation in §2.4.3. For this, we fix a point
(zo,t0) € R™ x (0, 00), and then try to find some sort of & curved “cone-like”
region C, with vertex (zg,%g), such that © = 0 within C if v = s = 0 on
Co=Cn{t= 0}.
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Motivated by the geometric optics computation in Example 3 of §4.5.3,
let us guess that the boundary of such a region C is given as a level set
{p = 0}, where p solves the Hamilton-Jacobi PDE

(73) Pt — (Z cﬂ'f(m)z»,g,.pm)1/2 =0 inR" x (0,00).
ij=1

We will simplify (73) by separating variables, to write

(74) p(z,t) =q(z)+t—to (z€R", 0<1t<t),

where g solves

(75) { > ii=109¢r,qz;, =1, ¢ >0 in R™ — {zo}

q(zo) = 0.

We henceforth assume that ¢ is a smooth solution of (75) on R™ — {zo}.
(In fact g(x) = distance of z to z¢, in the Riemannian metric determined
by ((a?)).) We write

C :={(z,t) | p(z,t) < 0} = {(z,t) | g(z) < to —t}.
For each t > 0, we further define
(76) C;:={z | ¢(z) < tp —t} = cross section of C at time .

Since (75) implies Dq # 0 in R® —{zo}, OC} is a smooth, (n—1)-dimensional
surface for 0 <t < ¢g.

THEOREM 8 (Finite propagation speed). Assume u is a smooth solution
of the hyperbolic equation (72). If u = uy = 0 on Cy, then u = 0 within the
cone C.

Remark. We see in particular that if u is a solution of (72) with the initial
conditions

3

(77) u=g, uyu=h onR"x{t=0}

then u(xg,tp) depends only upon the values of g and h within Cp. O

Proof. 1. We modify a proof from §2.4.3, and so define the energy

1 LI
e(t) = E[C’ u? + Z a“uzpuz; dr (0 <t <tp).
t

i,j=1
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2. In order to compute é(t), we first note that if f is a continuous

function of z, then
d / f
f d:c) = — / dS
dt ( ac, 1Dal

according to the coarea formula from §C.3. Thus

n
e(t) = / Ut + Z aijuxiumjt dzx
Cy

ij=1

(78) 1 / ( 1
- = uy + TR ) ds
2 Joc, \ " Z '/ |Dg|

i,J=1
=:A— B.

Integrating by parts, we calculate

n

A= / 7 (’U-tt - Z (aijux@)zj) dr +/ Z awux VJUt ds
Cy o

- C
t,7=1 ti,j=1
(79) n .
= —/ o Z ai?juxi dx+/ Z aijuxiujut ds,
Ct =1 OCt § j=1
with v = (v},...,™) being as usual the outer unit normal to 0C;. But

according to the generalized Cauchy-Schwarz inequality (§B.2)

n _ n /2, \1/2
Za“u;.giuJ S(Z a’”umu;.;j) (Z a”uzuj) .

i,7=1 1,7=1 1,7=1

(80)

In addition, since ¢ = tg — t on 9C}%, we have v = % on 0C;. Hence

i Tty i @ e :
a”ylyjz z J =

2 2
) 52 Pl |Dq|

by (75). Consequently inequality (80) reads

n N ) n - 1/2 1
Z augy | < (Z a”uwiuxj) mq—‘

4,3=1 i,j=1

(81)

Then returning to (79), we estimate using (81) and Cauchy’s inequality:

1/2 1
A= ac, > s " Dg ¢

i,7=1

1 1
< Ce(t) + —/ (u + a”uwtuwj) ds
2 Jac \ Z | Dgq|

i,j=1

= Ce(t)+ B
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3. Therefore inequality (78) gives
é(t) < Ce(t).

Since hypothesis (76) implies e(0) = 0, we deduce using Gronwall’s inequal-
ity that
e(t)=0 forall0<t<tp.

Hence u; = Du =0 in C, and consequently « =0 in C.

7.2.5. Equations in two variables.

In this section we briefly consider second-order hyperbolic partial differ-
ential equations involving only two variables, and demonstrate that in this
setting rather more precise information can be obtained. The very rough
idea is that since a function of two variables has “only” three second par-
tial derivatives, algebraic and analytic simplifications in the structure of the
PDE may be possible, which are unavailable for more than two variables.

We begin by considering a general linear second-order PDE in two vari-
ables

2 2
(82) Z aiju““::' + Z biuxi +cu =0,
. ij=1 i=1

where the coefficients a¥, b, ¢ (i,j = 1,2), with a* = a7%, and the unknown
u are functions of the two variables x; and z9 in some region U C R2. Note
that for the moment, and in contrast to the theory developed above, we do
not identify either z; or z2 with the variable ¢ denoting time.

We now pose the following basic question: Is it possible to simplify the
structure of the PDE (82) by introducing new independent variables? In
other words, can we expect to convert the PDE into some “nicer” form by
rewriting in terms of new variables y = ®(x)?

More precisely, let us set

{ y1 = @i (z1, x2)

(83) y2 = ®%(z1, 22)

for some appropriate function ® = (®!,®2). To investigate this possibility
let us now write

(84) u(z) = v(®(z)).
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That is, we define v(y) := u(¥(y)), where ¥ = &1
From (84), we compute
2
{ Ug, = D Uy BF,
2 2
Uz;z; = Zk,l:l Yy (I)wtq)guj + 2 k=1 Yy, (I)’;ia:j

for 7,7 = 1,2. Substituting into (82), we discover v solves the PDE

(85) Z aklvykyl =0,
k=1
for
2 ..
(86) @i= " a9k e, (k1=1,2),
i,j=1

where the dots in (85) represent terms of lower order.

We examine the first term in the PDE (85) in the hope we can perhaps
choose the transformation ® = (®!, ®2) so this expression is particularly
simple. Let us try to achieve

(87) all = a2 =0.

- In view of formula (86) this will be possible provided we can choose both
®! and &2 to solve the nonlinear first-order PDE

(88) o'z, )? + 20" 205,05, + 02 (vg,) =0 inU.

Observe this is the characteristic equation associated with the partial differ-
ential equation (82}, as discussed in §4.6.2.

To proceed further, let us suppose
(89) det A = aa® — (a!®)? <0 inU;

in which case we say the PDE (82) is hyperbolic.

Utilizing condition (89), we can then factor equation (88) as follows:
11 12 12y2 __ 11,.22\1/2
a'lvg, + |a'? + ((a*%)? ~ a''a®) Vgy

(90) (allvml n [a12 _ ((a12)2 _ a11a22)1/2] U:cz)
= g (an(vm)2 + 2amvx1vx2 + a22(vx2)2) = 0.
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Now the left hand side of (90) is the product of two linear first-order
PDE:

(91,) ally,, + [alz n ((a12)2 _ anazz)l/z] vy, =0 inU
and
(912) allvg, + [alz - ((am)2 — a11a22)1/2] Vg, =0 inU.

We now assume that we can choose ®! to be a smooth solution of the
PDE (91,), with D®! # 0 in U. Then ®! is constant along trajectories
x = (x!, 22) of the ODE

il = gl
(92) { 2 = [a12 + ((a12)? - a11a22)1/2] _

Similarly, suppose ®? is a smooth solution of (915), with D®? # 0 in U,
then & is constant along trajectories x = (z!, z*) of the ODE

il = gl
(93) { 42 = [a12 ~ (a2 - anazz)l/?] _

Curves which are trajectories of either the ODE (92) or (93) are called
characteristics of the original partial differential equation (82). Returning
now to (83) we see that trajectories of solutions of the characteristic ODE
(92) and (93) provide our new coordinate lines.

Additionally we can verify using (89) that
2 ..
(94) a?=>" a’®, @7 #0 inU.
ij=1

Combining then (85), (86), (87) and (94), we see that our PDE (82)
becomes in the ¥ coordinates

(95) Uy +--- =0,

the dots as before denoting terms of lower order. Let us call equation (95)
the first canonical form for the hyperbolic PDE (82).

If we change variables again by setting z; = y1 + ¥2, 22 = y1 — y2, then
(95) becomes

(96) Wz = Wayzy + - =0,
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If we then further rename the variables t = z1, = = 29, then (96) reads
(97) Wy — Weg +--- =0,
the second-order term of which is the one-dimensional wave operator. Equa-

tion (97) is the second canonical form.

Hence any hyperbolic PDE in two variables of the form (82) can be
converted by a change of variables into the wave equation plus a lower order
term, assuming we can find the mapping ® as above.

7.3. HYPERBOLIC SYSTEMS OF FIRST-ORDER
EQUATIONS

We next broaden our study of hyperbolic PDE (which we may informally
interpret as equations supporting “wave-like” solutions) to the case of first-
order systems. We continue in the manner of §§7.1 and 7.2 by first employing
energy bounds to construct weak solutions for symmetric hyperbolic sys-
tems. For nonsymmetric, constant coefficient hyperbolic systems, however,
we will instead employ Fourier transform methods.

7.3.1. Definitions.

We investigate in this section systems of linear first-order partial differ-
ential equations having the form

(1) u; + ZBjumj =f in R" x (0,00),
j=1

subject to the initial condition

(2) u=g onR"x {t=0}

The unknown is u : R" x [0,00) = R™, u = (u!,...,4™), and the functions
B;:R" x [0,00) > M™™ (j=1,...,n), f : R® x [0,00) - R™, g : R" —

R™ are given.

Notation. For each y € R", set

n
B(z,t;y) := »_y;Bj(z,t) (z€R", t>0).
j=1
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DEFINITION. The system of PDE (1) is called hyperbolic if the m x m
matriz B(x,t;y) is diagonalizable for each x,y € R", t > 0.

In other words, (1) is hyperbolic provided for each z,y,t, the matrix
B(z,t,y) has m real eigenvalues

and corresponding eigenvectors {ry(z,t;y)}7-, that form a basis of R™.
There are two important special cases:

DEFINITIONS. (i) We say (1) is a symmetric hyperbolic system if
B;(z,t) is a symmetric m x m matric for eachx € R, t >0 (j =1,...,m).

(ii}) The system (1) is strictly hyperbolic if for each z,y € R", y # 0, and
each t > 0, the matriz B(z,t;y) has m distinct real eigenvalues:

)\l(m’t;y) < )‘2(xat;y) << )‘m(m,t;y)'

Motivation for the definition of hyperbolicity. We justify the hyper-
bolicity condition as follows. Assume f = 0 and, further, the matrices B;
are constant (j =1,...,n). Thus

(3) > 4B =B(y)
j=1

depends only on y € R".

As in §4.2 let us look for a plane wave solution of (1), (2). That is, we
seek a solution u having the form
(4) uw(z,t)=v(y-z—ot) (x€R” t>0)
for some direction ¥ € R”, velocity ]%[ (o € R), and profile v : R — R™.
Plugging (4) into (1), we compute:

n
—ol + Zijj v =0.
j=1

This equality asserts v/ is an eigenvector of the matrix B(y) corresponding
to the eigenvalue o.

The hyperbolicity condition requires that there are m distinct plane wave
solutions of (1) for each direction y. These are

(y-z—M(tre(y) (k=1,...,m),
where
AL(y) € A2(y) < -+ < Amly)
are the eigenvalues of B(y) and {ry(y)}7-, the corresponding eigenvectors.
The eigenvalues for |y| = 1 are the wave speeds. a
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7.3.2. Symmetric hyperbolic systems.

In this section we apply energy methods and the vanishing viscosity
technique to build a solution to the hyperbolic initial-value problem

(5) u:+ o Bju,, =f in R x (0,T]
u=g onR"x {t=0},

where T > 0, under the fundamental assumption that
(6) the matrices B;(z,t) are symmetric (5 =1,...,n),

forx € R®, 0 <t < T. We will further assume B; € C?(R" x [0, T]; M™*™),
with

(7) sup_(IByl, |DaBjl, ID2,Bjl) <00 (i =1,...,n),
x[0,T)
and
(8) g € HY(R™R™), f € H'(R™ x (0,T); R™).
Remark. More general systems having the form
(9) Bou; + ZBjuxj =f
j=1

are also called symmetric, provided the matrices B; are symmetric for j =
0,...,n. The theory set forth below easily extends to such systems, provided
By is positive definite.

Symmetric hyperbolic systems of the type (9) generalize the second-
order hyperbolic PDE studied in §7.2. For suppose v is a smooth solution
of the scalar equation

n
(10) Ut — Z aijvxz.xj =0,
ij=1
where without loss we may take a¥ = a’* (i,j = 1,...,n). Writing
u=(ul,. .., u") = (v, Vg, Ue),
we discover u solves a system of the form (9), form=n+1,f =0,
0 0 —al
N G= )
v .
—qa J e '—an] 0 (n+1)x(n+1)
all aln 0
BO - al'n a™ 0
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Observe that the uniform hyperbolicity condition for (10) implies that the
matrix Bg is positive definite. O

a. Weak solutions.

To ease notation, let us define the bilinear form

Blu,v;t] —/ Z (thag,) - vdz

for 0 <t <T,uveHR,R™).

DEFINITION. We say
u e L%0,T; HY(R™;R™)), with u’ € L*(0,T; L*(R™;R™)),

is a weak solution of the initial-value problem (5) for the symmetric hyper-
bolic system provided

(i) (0',v)+ Blu,v;t] = (f,v)
for each v € H(R™;R™) and a.e. 0 <t < T, and
(i) u(0) = &

Here and afterwards ( , ) denotes the inner product in L2(R™; R™).

Remark. According to Theorem 2 in §5.9.2, u € C([0, T}; L2(R"; R™)) and
so the initial condition (i) makes sense. O

b. Vanishing viscosity method.

We will approximate problem (5) by the parabolic initial-value problem

(11)

ui —eAu*+3 7 Bju;, =f inR"x(0,7]
u‘ =g° onR"x {t=0}

for 0 < € <1, g° := ne xg. The idea is that for each ¢ > 0, problem (11)
has a unique smooth solution u®, which converges to zero as |z| — oo. The
plan is to show that as € — 0, the u® converge to a limit function u, which
is a weak solution of (5).

THEOREM 1 (Existence of approximate solutions). For each € > 0, there
exists a unique solution u® of (11), with

(12) u‘ € L2(0, T; H¥3(R™;R™)), u¥ € L*(0,T; H'(R™;R™)).
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Proof. 1. Set X = L>((0,T); H*(R™;R™)). For each v € X, consider the
linear system

u—edu=f-3"7 Bjv, inR"x(0,7T]
u=g° on R™ x {t = 0}.

As the right hand side is bounded in L?, there exists a unique solution
u € L2(0,T; H*(R™;R™)), u’ € L?(0,T; L>*(R™;R™)). Indeed, we can utilize
the fundamental solution @ of the heat equation (§2.3.1) to represent u® in
terms of g* and f — 3" Byv,,.

Similarly, take v € X and let 0 solve

G —eAu=f-37  B;V, inR"x(0,7]
u=g° on R™ x {t = 0}.

for
Il

2. Subtracting, we find G := u — u satisfies

u=0 on R x {t =0},
for v := v — v. From the representation formula of @ in terms of the

fundamental solution ® and Z?=1 B;V;,, we obtain the estimate:

n

ess Sup Q)| e ey < CON D BV, 20,7322 ReR)

(14) < C(OV 2 0,7; 51 (ReRmY)
< C(e)T" %ess sup [[¥(t) | 1 (e sem) -
0<t<T

Thus

(15) 4] < Ce) T2 ||¥|l.

3. If T is so small that
(16) Cle)TY? < 1/2,

then (15) reads |ju — @|| < Z|lv — V||. According to Banach’s fixed point
theorem (§9.2.1) the mapping v + w has a unique fixed point. Then u = u®
solves (11), provided (16) holds.

If (16) fails, we choose 0 < 71 < T so that CT7 = 1/2 and repeat the
above argument on the time intervals [0, T}], [T1, 2T1], etc.

Assertion (12) follows from parabolic regularity theory (cf. §7.2.3). O
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c. Energy estimates.

We intend to send € — 0 in (11), and for this as usual need some uniform
estimates.

THEOREM 2 (Energy estimates). There ezists a constant C, depending
only on n and the coefficients, such that

oax lu® () 1t e Ry + 10 | 2 (0,712 (Re R
< Clgll g e gy + Il 220,710 @)y + I Nl 220,722 (R Rm)) )
for each 0 < e <1.

Proof. 1. We compute

d ' e
09) (g ) = () = (w56 = D By, + o)

j=1
Now
(19) (S, ) < )12 g ey + IEZ 2R e
and
(20) (u, eAu®) = —€|| DU 2 (go pmxny < 0.

2. Suppose v € C°{R™; R™). Then

(V,ZBJ-V%.) = Z-/Rn(ijmj)-vdx
Jj=1 J=
_Z/ (Bj;v) - dm—— /(BJQEJ -vdz,

the last equality following from the symmetry assumption (6). As v has
compact support, we deduce using (7) that

Zva) %i/ Bj.,v) vdr

By approximation therefore:

(u,) Bjut)
Jj=1

< ClIvIze @ mem-

< C”ue”iZ(Rn;Rm)-
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Utilizing this bound, (19) and (20) in (18), we obtain the estimate

d € €
E(”U ||2L2(1Rn;1Rm)) < C'(||u “%,%Rn;Rm) + |lf||%2(mn;]km))-

We next apply Gronwall’s inequality, to deduce

(21)  max ()1 72 (gn ey < C (”g“iZ(R";RM) + llszLz(o,T;Lz(Rn;Rm))) ;

since ||g°[| 2(rr Ry < |18l L2 (R Rm) -
3. Fix k € {1,...,n} and write vF := uf .
respect to xi, we find
vE — eAvF + P ij';j = fz, — > j=1 Bjz,ug, inR" X (0,7
{ vk =gt onR"x {t=0}.

Differentiating (11) with

Reasoning as above, we find

d ¢
(22) %(”"kH%Z(R’*;R’n)) < C (DU |12 e ptn )y + I DEN 2 iy )-

Sum the previous inequalities for k = 1,...,n, to deduce

d
a(”DuGHQLz(R";MImX”)) < C{|| D12 ey + 1DE 2 Ry -
Gronwall’s inequality now provides the bound

€ 2
23 o | Du® ()| 72 (Re M)

< C(| Dgll72 e <y + WE 20,7520 (Reemy) )
since || Dg°||p2(Rn;Mmxn) < [ D8Il L2(Re;Mimxn).-
4. Next set v :=u® and differentiate (11) with respect to ¢, to discover
(24) { vi—eAv+ Y Bivy =f - Y7 Bjug  in R x (0,7]
v=f-37_ Bjg +eAg’ onR"x {t = 0}.
Reasoning as before, we compute

max ||u’ (O3 2(Re ey < CUIDEI7 2R M xny + € 1A (172 (R ey

(25)  + IFO)F2(emem) + €]l 20,7801 Ry + W22 0 722 R R ) -
Now

Agt 2 < C 2
(26) A" (| 72(Rn Rm) < EE”Dg”L2(]R“;MﬂX"),
since g¢ = . * g. Furthermore
(27) ||f(0)||L2(]R";Rm) < C(||f”i2(o,T;L2(Rn;Rm)) + Hfl”iz(o,T;Lz(Rn;Rm)))-
This bound, together with (21) and (23), completes the proof. O
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d. Existence and uniqueness.

THEOREM 3 (Existence of weak solution). There exists a weak solution
of the initial value problem (5).

Proof. 1. According to the energy estimates (17) there exists a subse-
quence €, — 0 and a function u € L?(0,T; H'(R™;R™)), such that u’ €
L%*(0,T; L*(R™;R™)), with

(28) { u®* —u weakly in L2(0,T; H' (R*;R™))

u —u’  weakly in L2(0,T; L2(R"; R™)).

2. Choose a function v € C([0,T]; H}(R";R™)). Then from (11) we
deduce:

T T
(29) / (u®,v) + eDu : Dv + B[u®, v;t]dt = / (f, v) dt.
0 0

Let e =€ — O:

T T
(30) /0 (', v) + Blu, vif] dt = /O (F, v) dt.

This identity is valid for all v € C([0,T); H'(R™; R™)), and so
(0',v) + Blu, v;t] = (f,v)

for a.e. t and each v € H(R";R™).
3. Assume now v(7T') = 0. Then (29) implies

T T
/ —(uf,v') + eDu® : Dv + Bfu®, v; ] dt=/ (f,v)dt + (g%, v(0)).
0 0

Upon sending € = ¢, — 0 we obtain:

T T
/ —(u,v) + Blu,v;t]dt = / (f,v)dt + (g, v(0)).
0 0

Integrating by parts in (30) gives us the identity

T

T
/ —(u,v) + Blu,v;t|dt = / (f,v) dt + (u(0),v(0)).
0 0

Consequently u(0) = g, as v(0) is arbitrary. O
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THEOREM 4 (Uniqueness of weak solution). A weak solution of (5) is

unique.

Proof. 1. It suffices to show the only weak solution of () with f =g =0
isu=0.
To verify this, note

(31) (d',u) + Bu,u;t] =0 forae 0<t<T.
Since |Blu,u;t]| < C’Hu||L2 Re;Rm)» We 88 usual compute from (31) that

d
(““( N 2gemmy) < Chu)z2ge ey

whence Gronwall’s inequality forces ”u(t)”2L2(Rn-Rm) =0(0<t<T),since
u(0) = 0. O

7.3.3. Systems with constant coefficients.

In this section we apply the Fourier transform (§4.3) to solve the constant
coefficient system

(32) w+ Y Bjug,; =0 inR"x(0,00),
=1

with the initial condition

(33) u=g onR"x{t=0}.

We assume that the {B;}7_, are constant m X m matrices and that the
m X m matrix

(34) B(y) == ) _y;B;
j=1

has for each y € R™ m real eigenvalues

(35) Ay) < daly) < < Amly)-

There is no hypothesis concerning the eigenvectors, and so we are supposing
only a very weak sort of hyperbolicity here. We also make no assumption
of symmetry for the matrices {Bj};-‘zl. Consequently the foregoing energy
estimates do not apply. We need a new tool, which we discover in the Fourier
transform.
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THEOREM 5 (Existence of solution). Assume

g € H*(R™; R™) (s> g +m).

Then there is a unique solution u € C1([0, oc); R™) of the initial-value prob-
lem (32), (33).

See §5.8.4 for the definition of the fractional Sobolev spaces H*.

Proof. 1. We apply the Fourier transform (§4.3.1), as follows. First, tem-
porarily assume u = (u!,...,4™) is a smooth solution. Then set

a=(at...,a™),

where * denotes the Fourier transform in the variable z: we do not transform
with respect to the time variable . Equation (32) becomes

n
; -I-izijjfl =0

j=1
that is,
(36) a; +:B(y)au=0 in R" x (0,00).
In addition
(37) a=g onR"x{t=0}

For each fixed y € R™ we solve (36), (37) by integrating in time, to find
(38) iy t) = e *BWg(y) (yeR™t20).

Consequently u = (e"*B®g)V; so that

1 . .
3 uE)= g [ e gy @R, t20)

2. We have derived formula (39) assuming u to be a smooth solution of
(32), (33). We now verify that the function u defined by (39) is in truth a
solution, and so must first check that the integral in (39) converges.

Since g € H*(R™;R™), we know according to §5.8.4 that there exists
f € L2(R™;R™) such that

(40) 8 < CO+ )" f@W)| (v €R™).
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So in order to investigate the convergence of the integral (39), we must
estimate |le"*BW)||.

3. For a fixed y, let I' denote the path 8B(0,r) in the complex plane,
traversed counterclockwise, the radius r selected so large that the eigenvalues
A(y), ..., Am(y) lie within I

We have the formula:

(41) eitBw) — L ] et (2] — B(y))~\dz.
T

271

To verify this, let A(t,y) denote the right hand side of (41) and fix x € R™.
Then

1 : _
By)A(t,y)z = 5— | e “B(y)(zI - B(y)) 'z dz
T Jr
S e (z(2I — B(y)) 'z — z) dz
21 r
1d
=—c ALYz,

since [ e ***dz = 0. Consequently

(42) (% + iB(y))A(t,y) =0.
In addition
AQ.y)z =5 [ (1-B@) wds
(43) = 271m_ /F 1‘+B(y)(zfz— B(y)) 'z i
_ 1 [ B(y)(zl -B(y) 'z
Now set
(44) w = (2 = B(y))"'z;

so that zw — B(y)w = z. Taking the product with @, we deduce |w| < ]%
for some constant C. Using this estimate and letting r go to infinity, we
conclude from (43) that A(0,y)z = z. This equality and (42) verify the
representation formula (41).

4. Define a new path A in the complex plane as follows. For fixed y,
draw circles By = B(Ak(y), 1) of radius 1, centered at A\i(y) (k=1,...,m).
Then take A to be the boundary of |J}-, Bk, traversed counterclockwise.
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Deforming the path I' into A, we deduce from (41) that

(45) e BW) — §7lr_z /A e (21 — B(y)) 'dz.
Now
(46) le™®| < et (z€ A).
Furthermore _

det(zI - B(y)) = [ [(z = M(w));

k=1

whence
(47) |det(2] —B(y))| =1 if z € A.
Now

_1 _ cof(zl - B(y))"
I -BW)™ = T B

where “cof” denotes the cofactor matrix (see §8.1.4). We deduce

I(zI —B(y))*|| < || cof (21 — B(w))||
(48) < COA4+ 2™ + By)l™ )
<C+y™1) ifzeA.

We have utilized in this calculation the elementary inequality
MW= Clyl (k=1,...,m).
Combining (45)—(48), we derive the estimate

(49) le*BWj < Cet(1 + [y™ ") (y e R™).
5. Return now to (37). We deduce using (40), (49) that

- |e"ve " BWg(y) |dy < C /Rn le ™ B@ (1 + [y)*) "M ()| dy

<ce [ I+ i+ )y

o[ a) ([
(Rnll Y Re 1+ |y[2(s—m+]

< 00,

1/2
)
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since s > % + m — 1. Hence the integral in (39) converges, and it follows
easily that the function

u(z,t) = e Ve B g(y) dy

]. /
(2”) / R
iS Continuous on R X [O, OO)

6. To show u is C!, observe for 0 < Jh| < 1 that

u(:c,t + h) - u(xit) _ 1 izy s —i(t+h)B(y) _ ,—itB{y)\a
h ~ (2m)"2h / o e € &) dy.

Since -
+
—i(tHRB() _ o=itB(y) _ _; / B(y)e—BW) g,
4

we can estimate as above that

‘%(e"z’(t+h)ﬂ(y) — e7#¥BWY) < Ce T (1 + |yI™).

Therefore

u(z,t + h) —u(z,t)
h

<cett [ g+ ™)+ i) s

and the integrand is summable since s > 3 + m. Thus u; exists and is
continuous on R" x [0, 00). A similar argument shows ug, exists and is con-

tinuous (¢ = 1,...,n). According to the Dominated Convergence Theorem,
we can furthermore differentiate under the integral sign in (39), to confirm
that u solves the system u; + Z?:l Bjug; = 0. O

In Chapter 11 we will encounter nonlinear first-order systems of hyper-
bolic equations.

7.4. SEMIGROUP THEORY

Semigroup theory is the abstract study of first-order ordinary differential
equations with values in Banach spaces, driven by linear, but possibly un-
bounded, operators. In this section we outline the basics of the theory, and
present as well two applications to linear PDE. This approach provides an
elegant alternative to some of the existence theory for evolution equations
set forth in §§7.1-7.3.
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7.4.1. Definitions, elementary properties.

We begin in an abstract setting. Let X denote a real Banach space, and
consider then the ordinary differential equation
(1) { w'(t) = Au(t) (¢20)
u(0) =u,
where ' = %, u € X is given, and A is a linear operator. More precisely,
suppose D(A), the domain of A, is a linear subspace of X and we are given
a possibly unbounded linear operator

(2) A:D(A) — X.
We investigate the existence and uniqueness of a solution
u:[0,00) = X

of the ODE (1). The key problem is to ascertain reasonable conditions on
the operator A so that (a) the ODE has a unique solution u for each initial
point v € X, and (b) many interesting PDE can be cast into the abstract
form (1). (We have in mind the situation that X is an LP space of functions
and A is a linear partial differential operator involving variables other than
¢t. In this case A is necessarily an unbounded operator.)

a. Semigroups.

Let us for the moment informally assume u : [0,00) — X is a solution
of the differential equation (1), and that (1) in fact has a unique solution
for each initial point u € X.

Notation. We will write
(3) u(t) == St)u (t>0)
to display explicitly the dependence of u(t) on the initial value u € X. For

each time ¢ > 0 we may therefore regard S(¢) as a mapping from X into
X. O

What properties does the family of operators {S(t)}:>0 satisfy? Clearly
S(t) : X — X is linear. Furthermore

(4) S0u=u (ueX)
and
(5) S(t+ s)u=S(t)S(s)u=S(s)St)u (t,s >0, ve X).

Condition (5) is simply our assumption that the ODE (1) has a unique
solution for each initial point. Finally, it seems reasonable to suppose that
for each u € X

(6) the mapping ¢ — S(t)u is continuous from [0, co) into X.
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DEFINITIONS. (i) A family {S(¢)}t>0 of bounded linear operators map-
ping X into X 1is called a semigroup if conditions (4)-(6) are satisfied.

(ii) We say {S(t)}+>0 is a contraction semigroup if in addition
(7) IS@I <1 (¢=0),
| || here denoting the operator norm. Thus

[S@ull < flull (¢ 20, e X).

The notion of contraction semigroup captures many properties of a nice
flow on X generated by the ODE (1).

b. Elementary properties, generators.

The real problem now is to determine which operators A generate con-
traction semigroups. We will answer this in §7.4.2, after recording in this
section some further general facts.

Henceforth assume {S(t)}:>0 is a contraction semigroup on X.

DEFINITIONS. Write

(8) D(A) = {u €X| t}i}&_ S(t)u —u exists in X}
and
9) Au:= lim SOu-t (e D).

We call A : D(A) — X the (infinitesimal) generator of the semigroup
{S(t)}t>0; D(A) s the domain of A.

THEOREM 1 (Differential properties of semigroups). Assume u € D(A).
Then
(i) S(t)u € D(A) for each t > 0,

(i) AS(t)u = S(t)Au for each t > 0,
(i) the mapping t — S(t)u is differentiable for each t > 0,

(iv) %S(t)u = AS(t)u (t>0).
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Proof. 1. Let u € D(A). Then
S(s)S(t)u — S(t)u

lim
s—0+ S
= 1iI(I)1+ S(t)S(s)@: — S by the semigroup property (5)
= 5() tim SO TY gy Au,
s—0+ 8

Thus S(t)u € D(A) and AS(t)u = S(t)Au. Assertions (i) and (ii) are
proved.

2. Let ue D(A), h > 0. Thenif t > 0,

. { S(t)u — :’(t R g Au}
= lim {S(t —h) (%) - S(t)Au}

= lim {S(t — h) (% — Au) +(S(t—h) - S(t))AU} =0,

since i(ﬁ:ﬂ — Au and ||S(t — k)|| < 1. Consequently
S(tyu — St — h)u

hl_l)r& 3 = S(t)Au.
Similarly
S(t+h)u— S(t)u S(h)u — u

h1—1>%1+ h =5(t) hl—l>%l+ h

Thus £ S(t)u exists for each time ¢ > 0, and equals S(t)Au = AS(t)u. O

= S(t) Au.

Remark. Since t — AS(t)u = S(t)Au is continuous, the mapping ¢ —
S(t)u is C' in (0, 00), if u € D(A). O

THEOREM 2 (Properties of generators).
(i) The domain D(A) is dense in X,

and
(ii) A is a closed operator.

Remark. To say A is closed means that whenever uy € D(A) (k=1,...)
and ur — u, Aur — v as k — oo, then

u € D(A), v=Au.
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Proof. 1. Fix any u € X and define then u' := f(f S(s)uds. In view of (6),

yi—»uinX,ast—>O+.

t
2. We claim
(10) ut € D(A) (t>0).

Indeed if » > 0, we have

S0 ) 50m)

== j S(r+ s)u — S(s)uds,
rJo
where we used the semigroup property (5). Thus

t_ .t t+r r
Strjw —w _ 1 S(s)uds — lf S(s)uds
r r Ji r Jo

- S(tlu—u, asr—0+.

Hence ut € D(A), with Au! = S(t)u — u. This proves (10) and completes
the proof of assertion (i).

3. To prove A is closed, let ux, € D(A) (k=1,...) and suppose
(11) up — u, Aug — v in X.

We must prove u € D(A), v = Au. According to Theorem 1
t
St ug — ug = f S(s)Auy ds.
0

Let k — oo and recall (11):

t
S(thu—u= _L S(s)vds.

Hence we have

— 1 [t
lim S_(t)_u__y_ lim - S(s)v ds =v.
t—0+ t t—0+ ¢

But then by definition u € D(A4), v = Au. ]
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c. Resolvents.

DEFINITIONS. (i) We say a real number X belongs to p(A), the resolvent
set of A, provided the operator

M—A:D(A) — X

s one-to-one and onto.
(ii) If A € p(A), the resolvent operator Ry : X — X is defined by

Ryu:= (M — A) .

According to the Closed Graph Theorem (§D.3), Ry : X — D(A) C X
is a bounded linear operator. Furthermore,

AR)u = RyAu if u € D(A).

THEOREM 3 (Properties of resolvent operators).
(i) If \,u € p(A), we have

(12) Ry — R, = (p— A)R)\R, (resolvent identity)
and
(13) R\R, = R,R,.

(i) If X > 0, then ) € p(A),
(14) Ryu = / ” e MS(t)yu dt (u € X),
0

and so ||Ry|| < %

Remark. Thus the resolvent operator is the Laplace transform of the semi-
group (cf. Example 4 in §4.3.2). a

Proof. 1. Verification of the identities (12), (13) is left to the reader (Prob-
lem 11).

2. Note first that since A > 0 and [|S(¢)]| < 1, the integral on the right
hand side of (14) is defined. Let Rjyu denote this integral. Then for h > 0
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and u € X,

h)Ryu — o0
Sth) ﬁ f““:%{ﬁ aﬁwa+hm—sumw4
1t
== / e MR g(tyudt
h Jo
+ %/0 (e~ M=h) _ e~ M) S(¢)u dt
1 rh
= —e)‘h—f e MS(t)u dt
h Jo
Ah o0
+ (e 1) f e MS(t)udt.
h 0
Hence - -
im SRR R R
h—0+ h
Thus ARyu = —u + ARyu; that is,
(15) (M—-ARu=u (ueX).

On the other hand if u € D(A),

ARyu=A / e MS(tudt = f e MAS(t)udt
0

(16) 0

=f e M8 (t)Audt = Ry Au.
0

Our passing A under the integral sign is justified since A is a closed operator:
see Problem 12. Thus
Ry(M — Au=u (u€ D(A)).

In view of (15) and the formula above Al — A is one-to-one and onto. Con-
sequently A € p(A), Ry = (Al — A)™! = R,. a
7.4.2. Generating contraction semigroups.

We now characterize the generators of contraction semigroups:

THEOREM 4 (Hille-Yosida Theorem). Let A be a closed, densely-defined
linear operator on X. Then A is the generator of a contraction semigroup

{S(t)}e>0 if and only if

1
(17) (0,00) C p(A) and ||Ry|| £ X for A > 0.
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Proof. 1. If A is a generator, then from Theorem 3,(iii) we immediately
deduce (17).

2. Conversely, suppose A is closed, densely-defined, and satisfies (17).
We must build a contraction semigroup with A as its generator. For this,
fix A > 0 and define

(18) Ay := —AI + X*R) = MAR,,

The operator A) is a kind of regularized approximation to A.
3. We first claim

(19) Ayu— Au  as A — oo (u€ D(A)).

Indeed, since AR u — u = ARyu = R)Au, |[AR\u — u|| < ||Ra] ||Ay| <
+[Au[| = 0. Thus AR)u — u as A — oo if u € D(A). But since [|ARy|| < 1
and D(A) is dense, we deduce then as well

(20) AR yu—u as A — o0, forall ue X.
Now if u € D(A), then

Ayu = MRyu = AR) Au.
In view of (20), our claim (19) is proved.

4. Next, define

00 y2vk
_ 2 _ At
Sa(t) := et = e MMt = ¢ )‘tz ( k!) RE.
k=0
Observe that since ||Ry[| < A1,
o0 o0
_ A2ktk _ Aktk
IS\ < ey = lIRlF < e™ Y = =1.
k=0 k=0

Consequently {Sx(t)}:>0 is a contraction semigroup, and it is easy to check
its generator is Ay, with D(A,) = X.

5. Let A, u > 0. Since Ry\R, = R, R), we see AyA, = A, A), and so
A, S\(t) = 8\(t)A, foreacht > 0.
Thus if u € D(A), we can compute
t
d

Sx(t)u — Su(t)u = ; E[Sp(t — 5)S)\(s)u]ds

= ]t S.(t —5)S)(s)(Axu — Ayu) ds,
0
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because 2 Sx(t)u = A\Sx(t)u = Sx(t)Aru. Consequently ||Sx(t)u — S, (t)ull
< t||Ayu — A,u|| — 0 as A, i — oo. Hence

(21) S(tyu := Alim Sx(t)u exists for each t > 0, u € D(A).

As ||Sa(t)|| <1, the limit (21) in fact exists for all u € X, uniformly for ¢ in
compact subsets of [0, 00). It is now straightforward to verify {S(t)}i>0 is a
contraction semigroup on X.

6. It remains to show A is the generator of {S(t)}:>0. Write B to denote
this generator. Now

t
(22) Sy(thu—u= / Sx(s)Auds.
0
In addition
1Sx(s) Axu — S(s)Aull < [ISx(8)]| | Aru — Aul| + [I(Sx(s) — S(s))Aul — 0

as A — oo, if u € D(A). Passing therefore to limits in (22), we deduce
t
S(Hu—u= / S(s) Au ds
0

if u € D(A). Thus D(A) C D(B) and

Styu—u

Jm ———— = Au (u € D(A)).

Now if A > 0, A € p(A)Np(B). Also (\[-B)(D(A)) = (\M[-A)(D(4)) = X,
according to (17). Hence (A — B)|p(4) is one-to-one and onto; whence
D(A) = D(B). Therefore A = B, and so A is indeed the generator of

{5(t)} =0 O

Remark. Let w € R. A semigroup {S(¢)};>0 is called w-contractive if
1S(#)|| < e** (t > 0). An easy variant of Theorem 4 asserts that a closed,
densely-defined linear operator A generates an w-contractive semigroup if
and only if

(23) (w,00) C p(A) and ||Ry] < g for all A > w.
This version of the Hille-Yosida Theorem will be required for our first ex-
ample below. O

7.4.3. Applications.

We demonstrate in this section that certain second-order parabolic and
hyperbolic PDE can be realized within the semigroup framework.
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a. Second-order parabolic PDE.

We consider first the parabolic initial /boundary-value problem

u+Lu=0 inUp
(24) u=0 ondU x [0,T]
u=g onU x{t=0}

a special case (corresponding to f = 0) of (1) in §7.1.1. We assume L has
the divergence structure (2) from §7.1.1, satisfies the usual strong elliptic-
ity condition, and has smooth coefficients, which do not depend on t. We
additionally suppose that the bounded open set U has a smooth boundary.

We propose to reinterpret (24) as the flow determined by a semigroup
on X = L?(U). For this, we set

(25) D(A) := Hy(U)n H*(U),
and define
(26) Au:= —Lu if u € D(A).

Clearly then A is an unbounded linear operator on X. Recall from §6.2.2
the energy estimate

(27) ﬂ”“”%{&((]) < Blu,u] + ’Y”“H%R(U)’

for constants 8 > 0, ¥ > 0, where BJ, | is the bilinear form associated with
L.

THEOREM 5 (Second-order parabolic PDE as semigroups). The operator
A generates a y-contraction semigroup {S(t)}i>0 on L*(U).

Proof. 1. We must verify the hypotheses of the variant of the Hille-Yosida
Theorem mentioned in the concluding Remark in §7.4.2, with ~ replacing w.

First, D(A) given by (25) is clearly dense in L2(U).

2. We claim now that the operator A is closed. Indeed, let {ug}z2, C
D(A) with

(28) up — u, Aup — f in LA(U).
According to the regularity Theorem 4 in §6.3.2,

lluk — wll g2y < C(|Auk — Awill 2y + llue — willL2v))
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for all k and [. Thus (28) implies {uy}3>, is a Cauchy sequence in H2(U)
and so

(29) up — u in H2(U).

Therefore u € D(A). Furthermore (29) implies Auy — Au in L*(U), and
consequently f = Au.

3. Next we check the resolvent conditions (23), with v replacing w. Ac-
cording to Theorem 3 in §6.2.2, for each A > « the boundary-value problem

{ Lu4+Adu=f inU

u=0 indU
has a unique weak solution u € H}(U) for each f € L2(U). Owing to elliptic
regularity theory, in fact u € H2(U) N H3(U). Thus u € D(A). We may
now rewrite (30), using (26), and find
(31) Au — Au = f.
Thus (Al — A) : D(A) — X is one-to-one and onto, provided A > ~v. Hence
p(A) D [v,00).

4. Consider the weak form of the boundary-value problem (30):

Blu,v] + Mu,v) = (f,v)

for each v € H}(U), where ( , ) is the inner product in L*(U). Set v = u
and recall (27) to compute for A > :

(30)

A = Dllullzzwy < Ifllzzanllullzw)-

Hence, since u = R) f, we have the estimate
1
[ Bxfllz2)y < m”f”mwy

This bound is valid for all f € L2(U) and so

(32) IR < 5= (>

as required. O

Remark. Semigroup theory provides an elegant method for constructing
a solution to the initial/boundary-value problem (24). It is worth noting
however that this technique requires that the coefficients a*, b*,c (i,j =
1,...,n) of L be independent of ¢t. The Galerkin method in §7.1 works
without this restriction. On the other hand, semigroup theory constructs
at the outset a more regular solution than that produced by the Galerkin
technique, at least until we develop regularity theory. O
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b. Second-order hyperbolic PDE.

We turn our attention next to the hyperbolic initial/boundary-value
problem

(33) u=0 ondU x[0,T]

u +Lu=0 in Ur
u=g, uu=h onU x {t=0},

for the operator L and open set U as above. We recast (33) as a first-order
system by setting v := u;. Then the foregoing reads

u=20 on U x [0, T]

{ut=v, v+ Lu=0 inUrp
u=g,v=nh on U x {t = 0}.

We will further assume L has the symmetric form:
m . .
Lu=— Z (azJuxi)itj + cu,
1,3=1
where
(34) c>0, a7 =0a" (i,j=1,...,n).
Thus for some constant 3 > (:

(35) B”“”?{é(m < Blu,u] for all u € H(U).

Now take
X = Hy(U) x L¥(U),

with the norm

(36) 0 = (Bl ] + [[olf3ar) 2.
Define

D(4) := [H*(U) N Hy(U)] x Hy(U)
and set
(37) A(u,v) := (v,—Lu) for (u,v) € D(A).

We will show A verifies the hypothesis of the Hille-Yosida Theorem.
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THEOREM 6 (Second-order hyperbolic PDE as semigroups). The oper-
ator A generates a contraction semigroup {S(t)}1>0 on HY(U) x LE(U).
Proof. 1. The domain of A is clearly dense in H}(U) x L2(U).
2. To see A is closed, let {(ux,vx)}52; C D(A), with
(uks k) = (u,v), Aluk,ve) — (f,9) in Hy(U) x L*(U).

Since A(ug,vx) = (vk, —Luy), we conclude f = v and Luy — —g in L2(U).
As in the previous proof, it follows that ux — u in H*(U) and g = —Lu.
Thus (u,v) € D(4), A(u,v) = (v, —Lu) = (f,9).

3. Now let A > 0, (f,9) € X := HYU) x L?(U), and consider the
operator equation
(38) /\(U,’U) - A(uav) = (f7 g)
This is equivalent to the two scalar equations
(39) { Mi—v=f (ue H*U)NHLU)),

W+ Lu=g (ve HNU)).

But (39) implies
(40) Mut+Lu=Af+g (ue H*(U)NHy(U)).

Since A? > 0, estimate (35) and the regularity theory imply there exists

a unique solution u of (40). Defining then v := Au — f € H}(U), we have
shown that (38) has a unique solution (u,v). Consequently p(A4) D (0, co).

4. Whenever (39) holds, we write (u,v) = R)(f,g). Now from the
second equation in (39), we deduce

Mvl|32 + Blu,v] = (g,v) 2.
Substituting v = Au — f, we obtain
A(fllzz + Blu,u]) = (9,v)z2 + Blu, f]
< (lglizz + BUS, /)2 (Ilvl 72 + Blu, u])'7.

Here we used the generalized Cauchy—Schwarz inequality (§B.2), which holds
owing to the symmetry condition (34). In light of our definition (36),

w0l < $10F 9l

and so

IRAll < 3 (A>0),

S =

as required. d

See Friedman [FR1] or Yosida [Y] for the theory of analytic semigroups.
Aspects of nonlinear semigroup theory will be developed later, in §9.6.
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7.5. PROBLEMS

In the following exercises we assume U C R” is an open, bounded set, with
smooth boundary, and T > 0.

1.

Prove there is at most one smooth solution of this initial /boundary-
value problem for the heat equation with Neumann boundary condi-

tions: .
ur—Au=f in Uy

% =0 ondlU x[0,T)
u=g onU x {t=0}.
Assume u is a smooth solution of
u—Au=0 inU x (0,00)
u=0 ondU x [0,00)
u=g onU x {t=0}.

Prove the exponential decay estimate:

lu( D)llz2@y < e M ligllizzy (¢ > 0),

where A; > 0 is the principal eigenvalue of —A (with zero boundary
conditions) on U.

(Galerkin’s method for Poisson’s equation.) Suppose f € L?(U) and
assume that u, =Y 1o, dX wy, solves

/Dum-Dwkdxsz-wkdx
U U

for k = 1,...,m. Show that a subsequence of {u,,}%_, converges
weakly in Hj(U) to the weak solution u of
~Au=f inU
u=0 ondU.
Assume

{ w, —u in L2(0,T; HY(U))
u, — v in L20,T; H Y(U)).
Prove that v = w'. (Hint: Let ¢ € C1(0,T), w € H}(U). Then

T T
/ (u, pw) dt = — f (ug, ¢'w) dt.)
0 0

Suppose H is a Hilbert space and
uy —u in L?(0,T; H).



426 7. LINEAR EVOLUTION EQUATIONS

Suppose further we have the uniform bounds

esssup |lug(8)|| < C (k=1,...),
0<t<T

for some constant C. Prove

esssup |ju(t)|| < C.
0<t<T

(Hint: fv € H and 0 < a < b < T, we have

b
j (v, ua(8)) dt < Cllolifb — al.)

6. Suppose u is a smooth solution of

uw—Au+cu=0 inU x (0, c0)
u=0 ondU x|[0,00)
u=g onUx {t=0}

and the function c satisfies
c>vy>0.

Prove
lu(z,t)| < Ce™™ ((x,t) € Ur).

7. Suppose u is a smooth solution of the PDE from Problem 6, that
g > 0, and c is bounded (but not necessarily nonnegative). Show that
u > 0. (Hint: What PDE does v := e*u solve?)

8. Prove inequality (54) in §7.1.3, (59) in §7.2.3. (Hints: Assume u is
smooth, v = 0 on JU. Transform the term (Lu, —Au) by integrating
by parts twice. Simplify and then estimate the boundary terms using
trace inequalities.)

9. Show there exists at most one smooth solution of this initial /boundary-
value problem for the telegraph equation

up +dug —ugz = f in (0,1) x (0,T)
u=0 on ({0} x[0,T])U ({1} x [0,T])
u=g,us=h on(0,1) x {t =0}.

Here d is a constant.
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10.

11.
12.

13.

14.

15.

Prove there exists at most one smooth solution u of this problem for
the beam equation

u=uz;=0 on ({0} x[0,T])U ({1} x [0,T7])

Ust + Upzzr = 0 In (0,1))( (O,T)
u=g,u+ =h on[0,1] x {t =0}.

Prove the resolvent identities (12) and (13) in §7.4.1.
Justify the equality

A f e MS(t)xdt = [ e MAS(t)z dt
0 0

used in (16) of §7.4.1. (Hint: Approximate the integral by a Riemann
sum and recall A is a closed operator.)

Define for £ > 0
[S@ala) = [ 8- utialdy (R,

where ¢ : R® — R and @ is the fundamental solution of the heat
equation. Also set S(0)g = g.

(i) Prove {S(t)}:>0 is a contraction semigroup on L?(R™),
(ii) Show {S(t)}+>0 is not a contraction semigroup on L™(R").

Let {S(¢)}:>0 be a contraction semigroup on X, with generator A.
Inductively define D(A*) ;= {x € D(A*1) | A* 'z € D(A)} (k =
2,...). Show that if £ € D(A*) for some k, then S(t)z € D(A*) for
each t > 0.

Use Problem 14 to prove that if u is the semigroup solution in X =
L*(U) of

u=0 ondU x[0,T]
u=g onU x {t=0},

with g € C2°(U), then u(-,t) € C®°(U) for each 0 <t < T.

{ut—Au——-O il’lUT

7.6. REFERENCES
Section 7.1  See Ladyzhenskaya [L, Chapter 3], J.-L. Lions [L1], Lions—

Magenes [L-M], Wloka [WL]. W. Schlag helped me with the
proof of Theorems 5, 6. The proof of the parabolic Harnack
inequality is similar to calculations found in Davies [DA].
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The books of Krylov [KR], Ladyzhenskaya—Solonnikov-Ural-
tseva [L-S-U], and Lieberman {LB| have much more on reg-
ularity theory.

See Ladyzhenskaya [L, Chapter 4], J.-L. Lions [L1], Lions-
Magenes [L-M] and Wloka [WL}.

The Fourier transform argument is taken from John [J]; cf.
also Treves [T, §15]. D. Serre has shown me a much more

precise version of Theorem 5, under the further assumption
of strict hyperbolicity.

See Friedman [FR1, Part 2, §1] and Yosida [Y, Chapter IX].

Problem 8: see [B-E| for a proof, and see also Ladyzhens-
kaya—Uraltseva [L-U, p. 182].
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THE CALCULUS OF
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8.5 Critical points

8.6 Problems

8.7 References

8.1. INTRODUCTION
8.1.1. Basic ideas.

We introduce some new ideas by supposing first of all that we wish to
solve some partial differential equation, which for simplicity we write in the
abstract form

(1) Alu] = 0.

In this formula A[-] denotes a given, possibly nonlinear partial differential
operator and u is the unknown. There is, of course, no general theory for
solving all such PDE.

The calculus of variations identifies an important class of such nonlinear
problems that can be solved using relatively simple techniques from non-
linear functional analysis. This is the class of variational problems, that is,

431
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PDE of the form (1), where the nonlinear operator A[:] is the “derivative”
of an appropriate “energy” functional I[]. Symbolically we write

@) Al =TT
Then problem (1) reads
(3) I'lu] = 0.

The advantage of this new formulation is that we now can recognize solutions
of (1) as being critical points of I[-|. These in certain circumstances may be
relatively easy to find: if, for instance, the functional /[-] has a minimum
at u, then presumably (3) is valid and thus u is a solution of the original
PDE (1). The point is that whereas it is usually extremely difficult to solve
(1) directly, it may be much easier to discover minimum (or maximum, or
other critical) points of the functional I[-].

In addition of course, many of the laws of physics and other scientific
disciplines arise directly as variational principles.

8.1.2. First variation, Euler-Lagrange equation.

Suppose now U C R” is a bounded, open set with smooth boundary oU,
and we are given a smooth function

L:R*"xRxU —R.
We call L the Lagrangian.
Notation. We will write
L=L(p,zz)=Lps,..-,Pn,2,Z1,-.-,2Zn)

forpe R™, z € R, and ¢ € U. Thus “p” is the name of the variable for which
we substitute Dw(z) below, and “2” is the variable for which we substitute

w(zx). We also set
DyL = (Ly,,...,Lyp,)

D,L=L,
D,L = (Lg,...,Lsg,) .
This notation will clarify the theory to follow. O

We now make the vague ideas in §8.1.1 more precise by now assuming
I[-] to have the explicit form

(4) I[w]=/UL(Dw(:1:),w(x),:1:)da:,




8.1. INTRODUCTION 433

for smooth functions w : U — R satisfying, say, the boundary condition
(5) w=g on0oU.

Let us now additionally suppose some particular smooth function u,
satisfying the requisite boundary condition u = g on 8U, happens to be
a minimizer of I[-] among all functions w satisfying (5). We will demon-
strate that u is then automatically a solution of a certain nonlinear partial
differential equation.

To confirm this, first choose any smooth function v € CX(U) and con-
sider the real-valued function

(6) i(7) :=Iu+7v] (7 €R).

Since u is a minimizer of I[:] and u + 7v = u = g on OU, we observe that
i(+) has a minimum at 7 = 0. Therefore

(7) i'(0) = 0.

We explicitly compute this derivative (called the first variation) by writ-
ing out

(8) i) = / L(Du+ 7Dv,u + Tv,x) dz.
U
Thus

(1) = _/ z Ly, (Du+ 7Dv,u + 1v, )V, + L (Du+ 7Dv,u + 7v, x)v dz.
Ui=1
Let 7 = 0, to deduce from (7) that

0=14(0) = / z Lp, (Du,u,x)vg, + L;(Du,u,z)vdz.
Ui=1
Finally, since v has compact support, we can integrate by parts and obtain
0= f !— Z (Lp,(Du,u,z)}, + L,(Du,u,z)| vde.
Ul i=1 '

As this equality holds for all test functions v, we conclude u solves the
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nonlinear PDE

n

(9) _Z(Lpi(Duau7 m))a:z +Lz(Du,u,fL’) =0 inU.
=1

This is the Fuler-Lagrange equation associated with the energy functional
I[-] defined by (4). Observe that (9) is a quasilinear, second-order PDE in
divergence form.

In summary, any smooth minimizer of I[-] is a solution of the Euler-
Lagrange partial differential equation (9), and thus—conversely—we can
try to find a solution of (9) by searching for minimizers of (4).

Example 1 (Dirichlet’s principle). Take

L(p, z,x) = 1|p|*.

Then L,, =p; (i =1,...,n), L, = 0; and so the Euler-Lagrange equation
associated with the functional

Ifw] = %f Dwl do
U
is
Au=0 inU.
This fact is Dirichlet’s principle, previously introduced in §2.2.5. d

Example 2 (Generalized Dirichlet’s principle). Write

n

L(p,zx)= 3 Y a(x)pipj — 2f (),

1,j=1

where 0 = a?* (i,j = 1,...,n). Then Ly, = 377, a(z)p; (i=1,...,n),

L, = —f(z). Hence the Euler-Lagrange equation associated with the func-
tional .
Tw) :=[ 1 Z 0wy, wy, —wfdz
U ij=1
'

is the divergence structure linear equation

- > (aYug,), =f inU.

1,=1
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We will see later (in §8.1.3 and §8.2) that the uniform ellipticity condi-
tion on the a¥ (i,j = 1,...,n) is a natural further assumption, required to
prove the existence of a minimizer. Consequently from the nonlinear view-
point of the calculus of variations, the divergence structure form of a linear
second-order elliptic PDE is completely natural. This observation provides
some much belated motivation for the bilinear form techniques utilized in
Chapter 6. O

Example 3 (Nounlinear Poisson equation). Given a smooth function f :
R — R, define its antiderivative F(z) = f; f(y) dy. Then the Euler-Lagrange
equation associated with the functional

Iw] := /;/ %|Dw|2 — F(w)dx

is the nonlinear Poisson equation

—Au= f(u}) inU.

Example 4 (Minimal surfaces). Let
L(p, 2,2) = (1+[p2)/?;

so that
I[w) =/(1+|Dw|2)1/2 dz
U

is the area of the graph of the function w : U — R. The associated Euler—
Lagrange equation is

1o S (arimamm), =0 =Y

i=1

This partial differential equation is the minimal surface‘equation. The
expression div( ] 3132)1 2) on the left side of (10) is n times the mean cur-

vature of the graph of u. Thus a minimal surface has zero mean curvature.
O
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Surface area of graph = I[u]

A minimal surface

8.1.3. Second variation.

We continue in the spirit of the calculations from §8.1.2 by computing
now the second variation of I[-] at the function u. This we find by observing
that since u gives a minimum for I[-], we must have

"(0) > 0,

i(-) defined as above by (6). In view of (8) we can calculate

i (1) = fU Z Lpp;(Du+ 7Dv,u + Tv, )z, vz,
,j=1

n
+2 Z Lp,.(Du+ 1Dv,u + 10, 2)vg,v
i=1

e
+ L..(Du+ 7Dv,u + v, z)v* dz.

Setting 7 = 0, we derive the inequality

0 S ’I:”(O) = / Z Lpipj (DU,'LL, x)vﬂfivmj
U~ —
(11) wel
+2 Z Ly,-(Du,u, z)vy,v + L,.(Du,u, z)v? dz,
i=1
holding for all test functions v € C°(U).

We can extract useful information from inequality (11), as follows. First,
note after a routine approximation argument that estimate (11) is valid for
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any Lipschitz continuous function v vanishing on 0U. We then fix £ € R"
and define

(12) o) i=ep( 22 ) @) (@e D)

where ( € C(U) and p: R — R is the periodic “zig-zag” function defined
by

z if OS.’BS% ) R
b ={ 1, fienes AErD=pl) @ER)
Thus
(13) P |=1 ae.

Observe further v,, (z) = o/ (’3—5) £i¢(+0(e) as ¢ — 0, and so our substituting
(12) into (11) yields

0 [ Loy, (Du )0 Pty ds+ 0(0)

1,j=1

We recall (13) and then send € — 0, thereby obtaining the inequality

0< /U > Ly, (Du, u, 2)6:€;¢" da.

i,5=1

Since this estimate holds for all { € C°(U), we deduce

(14) > Lpp, (Du,u,2)6€; 20 (E€RY, ze).
ij=1 -
We will see later in §8.2 that this necessary condition contains a clue as

to the basic convexity assumption on the Lagrangian L required for the
existence theory.

8.1.4. Systems.
a. Euler—Lagrange equations.

The foregoing considerations generalize quite easily to the case of sys-
tems, the only new complications being largely notational. Recall from §A.1
that M™*" is the space of real m x n matrices, and assume the smooth La-

grangian function B
LMY xR™"xU—>R

is given.
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Notation. We will write
L=L(Pzz)=L(pi,....pm, 2", ...,2" z1,...,2n)
for P € M™*", z € R™, and x € U, where

Pl .- Pn
P= :
P P mxn
(We are now employing superscripts to denote rows: this notational conven-
tion simplifies the following formulas.) O

As in §8.1.2 we associate with L the functional

(15) I[w] := / L(Dw(z),w(z),z)dz,
U
defined for smooth functions w : U — R™, w = (w!,...,w™), satisfying the
boundary conditions w = g on 80U, g : 0U — R™ being given. Here
whoo. ool
Dw(z) =
wy o Wi /o

is the gradient matrix of w at z.

Let us now show that any smooth minimizer u = (u!,...,u™) of I[],
taken among functions equal to g on QU, must solve a certain system of
nonlinear partial differential equations. We therefore fix v = (v!,...,v™) €

C(U;R™) and write
i(r) :=Iu+7v].
As before -
(0 = 0.

From this we readily deduce as above the equality

n ™m m
0=14(0)= / SN Le(Duu, )k + ) Lk(Du,u z)v* dz
Uil k=1 k=1

As this identity is valid for all choices of v!,...,v™, we conclude after inte-

grating by parts:

(16) — Z (Lp;;(Du,u,z)) + Lx(Du,u,z)=0 inU(k=1,...,m).
-1 i

This coupled, quasilinear system of PDE comprise the Fuler-Lagrange equa-

tions for the functional I[-] defined by (15).
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b. Null Lagrangians.

Surprisingly, it turns out to be interesting to study certain systems of
nonlinear partial differential equations, for which every smooth function is
a solution.

DEFINITION. The function L is called a null Lagrangian if the system
of Euler-Lagrange equations

n

(17) —Z(Lpf(DU,U,x))x'-i-sz(Du,u,:c):O inU(k=1,...,m)

i=1
is automatically solved by all smooth functionsu : U — R™.

The importance of null Lagrangians is that the corresponding energy
Iw] = / L(Dw,w,z)dx
U

depends only on the boundary conditions:

THEOREM 1 (Null Lagrangians and boundary conditions). Let L be a
null Lagrangian. Assume u,1 are two functions in C*(U,R™) such that

(18) u=ua ondU.
Then
(19) Ilu] =Iq] .

Proof. Define /

r):=Ifru+(1-7m] (0<7<1).
Then

o
T

]
L

m

ZLP rDu+ (1 —7)Dii,Tu+ (1 - 7)i, z)(uf, — @k )
=1
m

+ Zsz(TDu + (1 —7)Di, ru + (1 — 7)it, z)(u* — &%) do

=1
= ]U[ ZLkTDu+(1—T)Du Tu+ (1 - 7)n, 33))

k=1 i=1

3

Ty

+ Ly(tDu+ (1 — 7)Di,ru+ (1 — Pa, z) | (u* — @) de
=0,
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the last equality holding since the Euler—Lagrange system of PDE is satisfied
by 7u + (1 — 7)ia. The identity (19) follows. O

In the scalar case that m = 1 the only null Lagrangians are the boring
examples where L is linear in the variable p. For the case of systems (m > 1),
however, there are certain nontrivial examples, which will turn out to be
important for us later.

Notation. If A is an n X n matrix, we denote by

cof A

the cofactor matrix, whose (k, 7)™ entry is (cof A)¥ = (—1)"**d(A)¥, where
d(A)¥ = determinant of the (n—1) x (n—1) matrix obtained by deleting the
k*-row and i**-column from A. 0

LEMMA (Divergence-free rows). Let u : R® — R" be a smooth function.
Then

n

(20) > (cof Du)f, =0 (k=1,...,n).

i=1

Proof. 1. From linear algebra we recall the identity

(21) (det P)I = PT(COfP) (P I Mnxn);
that is,
(22) detP sz COfP i,j=1,...,'n,),

Thus in particular

BdetP

= (cof PY¥ (k,m=1,...,n).

~
2. Now set P = Du in (22), differentiate with respect to z;, and sum
j=1...,n,tofind

Z 8:;(cof Du)¥, u¥ mt; = Z umx cofDu)J+u (cofDu)”J
1.k,m=1 k=1

for i =1,...,n. This identity simplifies to read

n n

(24) > wk | (cof Du)h, ) =0 (i=1,...,n).

k=1 j=1
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3. Now if det Du(zg) # 0, we deduce from (24) that

n

Z(cofDu)ﬁIj =0 (k=1,...,n)

j=1
at zo. If instead det Du(zy) = 0, we choose a number € > 0 so small that

det(Du(xzo)+el) # 0, apply steps 1-3 to i := u+¢x, and send € — 0. O

THEOREM 2 (Determinants as null Lagrangians). The determinant func-
tron
L(P)=detP (PeM™™)

is a null Lagrangian.

Proof. We must show that for any smooth function u: U — R",

n

3y (Lpf(Du))xi =0 (k=1,...,n).

i=1

According to (23) we have L = (cof P)® (i,k = 1,...,n). But then em-
ploying the notation and conclusion of the lemma, we see

n

z": (L”f(Du))xi = Z(cofDu)f,mi =0 (k=1,...,n).

i=1 i=1

]
Some other interesting null Lagrangians are introduced in the exercises.

c. Application.

A nice application is a quick analytic proof of a topological fixed point
theorem.

THEOREM 3 (Brouwer’s Fixed Point Theorem). Assume
u: B(0,1) — B(0,1)

is continuous, where B(0,1) denotes the closed unit ball in R™. Then u has
a fized point; that is, there exists a point x € B(0,1) with

u(z) = z.
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Proof. 1. Write B = B(0,1). We first of all claim that there does not exist
a smooth function

(25) w:B - 0B
such that
(26) w(z) =2z forall z € 4B.

2. Suppose to the contrary that such a function w exists. Let us tem-
porarily write W for the identity function, so that w(z) = z for all z € B.
In view of (26), w = w on OB. Since the determinant is a null Lagrangian,
Theorem 1 implies

(27) / det Dw dz = / det Dw dz = |B| # 0.
B B

On the other hand, (25) implies |w|? = 1; and so differentiating, we find
(28) (Dw)Tw = 0.

Since |w| = 1, (28) says 0 is an eigenvalue of Dw” for each z € B.
Therefore det Dw = 0 in B. This contradicts (27), and thereby proves no
smooth function w satisfying (25), (26) can exist.

2. Next we show there does not exist any continuous function w verifying
(25), (26). Indeed if w were such a function, we continuously extend w by
setting w(z) = z if z € R™ — B. Observe that w(z) # 0 (z € R"). Fixe > 0
so small that wy := . xw satisfies w;(z) # 0 (z € R™). Note also that since
ne is radial, we have wi(z) = z if x € R™ — B(0,2), for ¢ > 0 sufficiently
small. Then

2W1
Wy (= ——
(w1
would be a smooth mapping satisfying (25), (26) (with the ball B(0,2)
replacing B = B(0,1)), in contradiction to step 1.

3. Finally suppose u : B — B is continuous, but has no fixed point.
Define now the mapping w : B — 9B by setting w(z) to be the Rpoint
on OB hit by the ray emanating from u(z) and passing through z. This
mapping is well defined since u(z) # z for all z € B. In addition w is
continuous and satisfies (25), (26).

But this in turn is a contradiction to step 2. d

We will employ Brouwer’s fixed point theorem several times in Chapter
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8.2. EXISTENCE OF MINIMIZERS

In this section we will identify some conditions on the Lagrangian I which
ensure that the functional I[-] does indeed have a minimizer, at least within
an appropriate Sobolev space.

8.2.1. Coercivity, lower semicontinuity.

Let us start with some largely heuristic insights as to when the functional

1) Ml = [ LDw(e), w(2),2) s
U

defined for appropriate functions w : U — R satisfying

(2) w=g ondU,

should have a minimizer.

a. Coercivity.

We first of all note that even a smooth function f mapping R to R
and bounded below need not attain its infimum. Consider, for instance,
f =¢€% or (1+z?)~!. These examples suggest that we in general will need
some hypothesis controlling I[w] for “large” functions w. Certainly the most
effective way to ensure this would be to hypothesize that I[w] “grows rapidly
as |w| — o0”.

More specifically, let us assume
(3) l1<g< oo

is fixed. We will then suppose

there exist constants o > 0, 8 > 0 such that

(4) L(p,z,x) > alp|? - 3
forallpeR™ zeR, zeU.

Therefore
(5) Ifw] > ol Dwll?, ) -7

for v := B|U|. Thus Ifw] — oo as ||[Dw||ps — occ. It is customary to call (5)
a coercivity condition on I[-].

Turning once more to our basic task of finding minimizers for the func-
tional I[-], we observe from inequality (5) that it seems reasonable to define
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I[w] not only for smooth functions w, but also for functions w in the Sobolev
space W19(U) that satisfy the boundary condition (2) in the trace sense.
After all, the wider the class of functions w for which I'fw] is defined, the
more candidates we will have for a minimizer.

We will henceforth write
A:={we WH(U) | w = g on 8U in the trace sense}

to denote this class of admissible functions w. Note in view of (4) that I[w]
is defined (but may equal +o0) for each w € A.

b. Lower semicontinuity.

Next, let us observe that although a continuous function f : R — R
satisfying a coercivity condition does indeed attain its infimum, our integral
functional I[-] in general will not. To understand the problem, set

(6) m = ul)relg I[w)

and choose functions u; € A (k =1,...} so that
(7) Iug] - m ask— o0.

We call {u,}32, a minimizing sequence.

We would now like to show that some subsequence of {u}52; converges
to an actual minimizer. For this, however, we need some kind of compact-
ness, and this is definitely a problem since the space W19(U) is infinite
dimensional. Indeed, if we utilize the coercivity inequality (5), it turns out
(cf. §8.2.2) that we can only conclude that the minimizing sequence lies in a
bounded subset of W14(U7). But this does not imply that there exists any
subsequence which converges in W14(U).

We therefore turn our attention to the weak topology (cf. §D.4). Since
we are assuming 1 < ¢ < oo, so that LI(U) is reflexive, we conclude that
there exists a subsequence {uy,}32; C {ux}32, and a function u € Whi(U)
so that

R 0 T4
(8) {ukj u weakly in LY(U)

Duy; — Du weakly in LI(U;R").
We will hereafter abbreviate (8) by saying

(9) : ug, — u weakly in whau).
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Furthermore, it will be true that u = ¢ on OU in the trace sense, and so
u € A

Consequently by shifting to the weak topology we have recovered enough
compactness from the coercivity inequality (5) to deduce (9) for an appro-
priate subsequence. But now another difficulty arises, for in essentially all
cases of interest the functional I[| is not continuous with respect to weak
convergence. In other words, we cannot deduce from (7) and (9) that

(10) Il = lim Tl

and thus v is a minimizer. The problem is that Du, — Du does not imply
Duy;, — Du a.e.: it is quite possible for instance that the gradients Duy,,
although bounded in L9, are oscillating more and more wildly as k; — oo.

What saves us is the final, key observation that we do not really need
the full strength of (10). It would suffice instead to know only

(11) I'u] < liminf Ifug,].
j—00

Then from (7) we could deduce I[u] < m. But owing to (6), m < I[u].
Consequently « is indeed a minimizer.

DEFINITION. We say that a function I[-] is (sequentially) weakly lower
semicontinuous on W19(U), provided

Iu] < liminf I [ug]
k—oo

whenever
up — u  weakly in WHI(U).

Our goal therefore is now to identify reasonable conditions on the non-
linearity L that ensure I[-] is weakly lower semicontinuous.

8.2.2. Convexity.

We next look back to our second variation analysis in §8.1.3 and recall
we derived there the inequality

Z Lpip, (Du(z),u(z),2)6:€; >0 (£ €R",zeU)
ij=1

holding as a necessary condition, whenever u is a smooth minimizer. This
inequality strongly suggests that it is reasonable to assume that L is convex
in its first argument.
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THEOREM 1 (Weak lower semicontinuity). Assume that L is bounded
below, and in addition

the mapping p— L(p, z,x) is convex,
for each z e R, x € U. Then

I[] is weakly lower semicontinuous on WH4(U).

Proof. 1. Choose any sequence {ux}32; with
(12) up —u  weakly in Wh(U),
and set ! := liminfy_, I[ux]. We must show
(13) Iul <.
2. Note first from (12) and §D.4 that

(14) Sup Jurllwra@) < oc.

Upon passing to a subsequence if necessary, we may as well also suppose

(15) L= lim I[u].

k—0o0

Furthermore we see from the compactness theorem in §5.7 that up — u
strongly in LI(U); and thus, passing if necessary to yet another subsequence,
we have

(16) up —u ae inU

3. Fix € > 0. Then (16) and Egoroff’s Theorem (§E.2) assert
(17) ur — u  uniformly on E,
where E. is a measurable set with -
(18) U — E¢| <e.

Now write

(19) F.:= {a: € Ul|u(z)| + |Du(z)| < %} :
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Then

(20) U~ F|—0 ase—0.
We finally set

(21) G. .= E.NF,

and observe from (18), (20): [U —G¢| — 0 ase — 0.

4. Now let us observe since L is bounded below, we may as well assume
(22) L>0

(for otherwise we could apply the following arguments to L=L+8>0for
some appropriate constant 3). Consequently

I[uk]=/L(Duk,uk,x)dz2/ L(Dug,ug,z)dx
(23) . ‘
> / L(Du,uy,z)dz +/ D,L(Du,ug, z) - (Dug — Du)dxz,
e Ge

the last inequality following from the convexity of L in its first argument;
see §B.1. Now in view of (17), (19) and (21):

—

(24) lim L(Du,uk,:c)dxzf L(Du,u,z)dz.

k—o0 G. .

In addition, since DpL(Du,ug,xz) — DpL(Du,u,x) uniformly on G¢ and
Duy — Du weakly in LI(U;R"), we have

(25) lim D, L(Du,u,z) - (Dug — Du}dz = 0.
k—oo Joz P

Owing now to (24), (25), we deduce from (23) that

= lim I ug] 2/ L(Du,u,x)dz.
k—oco

€

This inequality holds for each € > 0. We now let € tend to zero, and recall
(22} and the Monotone Convergence Theorem (§E.3) to conclude

[ > / L(Du,u,z) dz = I[u],
U

as required. J
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Remark. It is very important to understand how the foregoing proof deals
with the weak convergence Dug — Du. The key is the convexity inequality
(23), on the right hand side of which Duy appears linearly. Weak conver-
gence is, by its very definition, compatible with linear expressions, and so
the limit (25) holds. Remember that it is not in general true that Duy — Du
a.e., even if we pass to a subsequence.

The convergence of u; to u in L9 is much stronger, and so we do not
need any convexity assumption concerning z — L{p, 2, ). O

We can at last establish that I[-] has a minimizer among the functions

in A.

THEOREM 2 (Existence of minimizer). Assume that L satisfies the co-
ercivity inequality (4) and is convexr in the variable p. Suppose also the
admissible set A is nonempty.

Then there exists at least one function u € A solving

I[u] = min Ifw]

Proof. 1. Set m := inf,eca I[w]. If m = 400 we are done, and so we
henceforth assume m is finite. Select a minimizing sequence {ux}7° ;. Then

(26) I[uk] — m.

2. We may as well take 8 = 0 in inequality (4), since we could otherwise
just as well consider L := L +B. Thus L > «|p|?, and so -

(27) Ifw] > o /U | Dwl|? da.

Since m is finite, we conclude from (26) and (27) that

(28) sup | Dugl| e () < oe.

3. Now fix any function w € A. Since u; and w both equal g on 9U in
the trace sense, we have up —w € WO1 Y(U). Therefore Poincaré’s inequality
implies

lurll ey < llux — wll o) + lwllps o
< C|[Dug — Dw||gay + C < C,
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by (28). Hence supy, ||uk||re(y < oo. This estimate and (28) imply {ux}72,
is bounded in Wh4(U).

4. Consequently there exist a subsequence {uy,}52; C {ux};2, and a
function w € W19(U) such that

ug, = u  weakly in WHi(U).

We assert next that u € A. To see this, note that for w € A as above,
up—w € W(}’Q(U). Now WOl’q(U) is a closed, linear subspace of W4(U), and
so, by Mazur’s Theorem (§D.4), is weakly closed. Hence u — w € W(} ().
Consequently the trace of w on U is g.

In view of Theorem 1 then, I[u] < liminf; .o I[ug;] = m. But since
u € A, it follows that

I[u] = m = min I'w).
weA

O
We turn next to the problem of uniqueness. In general there can be many

minimizers, and so to ensure uniqueness we require further assumptions.
Suppose for instance

(29) L = L(p, z) does not depend on z,
and
(30) { there exists 6 > 0 such that
2?,;’:1 Lypp;(p,2)6i&5 > 61€)*  (p,£ €R™; 2z € V).

Condition (30) says the mapping p — L(p, z) is uniformly convex for each
z.

THEOREM 3 (Uniqueness of minimizer). Suppose (29), (30) hold. Then
a minimizer u € A of I[-] is unique.

Proof. 1. Assume u,% € A are both minimizers of I{] over A. Then
v:= 2% ¢ A We claim

Iu] + I@]
5

with a strict inequality, unless u = @ a.e.

(31) Iv] <

2. To see this, note from the uniform convexity assumption that we have

)
(32) L(p,z) > L{q,x)+ DpL(q,x)-(p—q)+ Elp—q|2 (zx €U, p,g e R").
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Set g = 2utDi 4 — Dy and integrate over U:
2

I[v] +/ DpL(M,x) : (M) dz
U 2 2

(33)
0 ~ 12
+ —[ |Du — D dx < ITul.
8 Ju
Similarly, set ¢ = Q—’%’—IE, p = D% in (32) and integrate:
T[] +f DpL(m—Du;Du,m) : (—D“;D“) dx
(34) v

+Qf |Du — Da|? dx < I[d].
8 Ju

Add and divide by 2, to deduce

I[u) + I3

I[v]+9f]Du—Dﬁ|2dx§
8 Ju 2

This proves (31). .

3. As I[u] = I[i1] = minye 4 I[w] < I|v], we deduce Du = D% a.e. in U.
Since u = 4 = g on AU in the trace sense, it follows that u = 4 a.e. O

8.2.3. Weak solutions of Euler—Lagrange equation.

We wish next to demonstrate that any minimizer u € A of I[-] solves the
Euler-Lagrange equation in some suitable sense. This does not follow from
the calculations in §8.1 since we do not know u is smooth, only u € WL9(U).
And in fact we will need some growth conditions on L and its derivatives.
Let us hereafter suppose

(35) |L(p, z,z)| < C(|p|? + |2]7 + 1),
and also

(36) { IDyL(p, 2,0)] < C(Ipl7~" + |21~ + 1)

|D.L(p, z,z)| < C(Ip|"~" + |2|*7" + 1)
for some constant C and allp e R*, z € R, z € U.
Motivation for definition of weak solution. We now turn our attention

to the boundary-value problem for the Euler-Lagrange PDE associated with
our functional L, which for a smooth minimizer u reads

(37) =3 (Lp,(Du,u,x))z, + L,(Du,u,z) =0 inU
u=g on oU.
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If we multiply (37) by a test function v € C°(U) and integrate by parts,
we arrive at the equality

n
(38) / S Ly, (Du,u, z)vs, + Lo(Du,u,z)vde = 0.
Ui=1

Of course this is the identity we first obtained in our derivation of (37) in
§8.1.2.

Now assume u € W9(U). Then using (36) we see
|D,L(Du,u,z)| < C(|Dul?™ + |[u*~! +1) € L7 (U),

where ¢’ = q—E—l, (—} + % = 1. Similarly

(39) |D,L(Du,u,z)| < C(|Dul?™! + Ju[T! +1) € LT (V).

Consequently we see using a standard approximation argument that the
equality (38) is valid for any v € W(} A(U). This motivates the following

DEFINITION. We sayu e A isra weak solution of the boundary-value
problem (37) for the Euler-Lagrange equation provided

n
f Z Ly, (Du, u, z)vy, + L.(Du,u,z)vdz =0
Ui=1

for all v € W'(U).

THEOREM 4 (Solution of Euler-Lagrange equation). Assu;rze L verifies
the growth conditions (35), (36), and u € A satisfies

I[u] = min I[w].

Then u is a weak solution of (37).

Proof. We proceed as in §8.1.2, taking care about differentiating under the
integrals. Fix any v € WO1 (U) and set

W) :=Iu+7v] (r€R)

In view of (35) we see that ¢(7) is finite for all 7.

Let 7 # 0 and write the difference quotient

i(r) —¢(0) _ / L(Du+ tDv,u + tv,z) — L(Du, u, )
U

/ULT(:I:) dz,

dx

(40) !
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where
L (z) := %[L(Du(z) + 17Dv(z),u(z) + Tv(z), ) — L{Du(x), u(z), )|

for a.e. z € U. Clearly

(41) L (z) — ZLpi(Du,u, z)vg, + L.(Du,u,z)v a.e.

i=1
as 7 — 0. Furthermore

1 [7d
L (z) = ;/0 EL(DU-{-SDU,U-FSU,:L‘) ds

1 [T
= ;/ ZLPi(Du+st,u+sv,z)vzi
0 =1

+ L.(Du+ sDv,u + sv,z)vds.
Next recall from §B.2 Young’s inequality: ab < ‘Iq—q + bqi,, where % + % =1.
Then since u,v € WH9(U), inequalities (36) and Young’s inequality imply
after some elementary calculations that

IL7(2)| < C(IDul" + ul? + | Du]? + [v]? + 1) € L' (U)

for each 7 # 0. Consequently we may invoke the Dominated Convergence
Theorem to conclude from (40), (41) that #/(0) exists and equals

~n
/ Z Ly, (Du, u, 2)vg; + L(Du,u,z)vdz.
Ui=1

But then since i(-) has a minimum for 7 = 0, we know #'(0) = 0; and thus u
is a weak solution. O

Remark. In general, the Euler-Lagrange equation (37) will have other so-
lutions which do not correspond to minima of I[-]; see §8.5. However, in the
special case that the joint mapping (p,z) — L(p, z,x) is convex for each z,
then each weak solution is in fact a minimaizer.

To see this, suppose u € A solves

(42) — i1 (Lp,(Du,u,x))g; + Lo(Du,u,2) =0 inU
u=9g on U
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in the weak sense and select any w € A. Utilizing the convexity of the
mapping (p, z) — L(p, z,z), we have

L(p: Z,il?) + DPL(paZ,a:) ) (q —p) + DzL(pa Z,il)) ’ (’UJ - 2:) < L(Q:“’:x)

Let p = Du(z), ¢ = Dw(z), z = u(z), w = w(z) and integrate over U:
I[u] + / DyL(Du,u,z) - (Dw — Du) + D, L(Du,u,z){w — u)dx < Iw].
U

In view of (42) the second term on the right is zero, and therefore I[u] < I'w]
for each w € A. O

8.2.4. Systems.
a. Convexity.

We now adopt again the notation for systems set forth in §8.1.4, and
consider the existence question for minimizers of the functional

Ifw] == /U L(Dw(z), w(z),z) ds,

defined for appropriate functions w : U — R™, where now L : M™*™ x R™ x
U — R is given.

It turns out the theory developed in §8.2.2 extends with no difficulty to
the case at hand. Let us therefore assume the coercivity inequality

(43) L(P,z,2) > alP| =3 (PeM™ " zeR™ zel)
for constants o > 0.3 > 0, and set also
A={we W'(U;R™) | w =g on 8U in the trace sense},

where g : O0U — R™ is given.

THEOREM 5 (Existence of minimizer). Assume that L satisfies the co-
ercivity inequality (43) and is convex in the variable P. Suppose also the
admissible set A is nonempty.

Then there exists u € A solving

Ifu] = gvnéﬁ Iw].

The proof follows almost exactly the proofs of Theorems 1 and 2 in
§8.2.2. Similarly to Theorem 3 above we have:
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THEOREM 6 (Uniqueness of minimizer). Assume L does not depend on
z and the mapping P — L(P,x) is uniformly convexr. Then a minimizer
u € A of I['] is unique.
Now suppose additionally
|L(P,z,z)| S C(|P|7 + [2]? + 1)
(44) IDpL(P, z,z)| < C(IPI"™" + 2|71 + 1)
|D:L(P, z,z)| < C(IP["™! + (207 +1)
for some constant C' and all P € M™*", z e R™, z € U.

We consider now the system of Euler-Lagrange equations

(45 — 2y (Lyx(Du,u, )z, + Low(Du,u,z) =0 inU
) uf = gk on OU
for k=1,...,m, and define u € A to be a weak solution provided

T n
. Z/ Z L _«(Du,u, as)wigz + L (Du,u,z)w*dz =0
k=1"U

1=1
for all w € W9 (U;R™), w = (w!, ..., w™).

THEOREM 7 (Solution of Euler-Lagrange system). Assume L verifies
the growth conditions (44) and u € A satisfies

Iu] = v151613 I[w].

Then u is a weak solution of (45).

The proof is almost precisely like that of Theorem 4.

b. Polyconvexity.

It is rather surprising that there are some mathematically and physically
interesting systems which are not covered by Theorem 5 above, but which
can still be studied using the calculus of variations. These include certain
problems where the Lagrangian L is not convex in P, but I[-] is nonetheless
weakly lower semicontinuous.

LEMMA (Weak continuity of determinants). Assume n < g < oc and
u, —u  weakly in WH(U;R™).

Then
det Du — det Du  weakly in LY™(U).
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Proof. 1. First we recall the matrix identity (det P)I = P(cof P)T; conse-
quently

n
det P =Y pi(cof P)} (i=1,...,n).
Jj=1

2. Now let w € C®°(U;R™), w = (w?,...,w"). Then

(46) det Dw = > wl (cof Dw); (i=1,...,n).

J=1

But the lemma in §8.1.4 asserts ) ;_;(cof Dw)} . = 0. Thus formula (46)

says
n

det Dw = Y (w(cof Dw)ﬁ)xj.
j=1
Consequently the geterminant of the gradient matriz can be written as a
divergence. Therefore if v € C°(U), we have

(47) /U'vdetDwd:cz —Zvajwi(cowa)g dr (1=1,...,n).
j=1

3. We have established the identity (47) for a smooth function w; and
so a standard approximation argument yields

mn
(48) /vdet Duy dr = —Z/ vzjui(cofDuk)j- dx
U =Ju
for k = 1,2,.... Now since n < ¢ < oo and u; — u in WH9(U;R"), we

know from Morrey’s inequality that {ug}pe, is bounded in COI="/a(J; R™).
Thus using the Arzela—Ascoli compactness criterion, §C.7, we deduce u, —
u uniformly in U. Returning then to identity (48) we see that we could
conclude

n
49} lim [ vdet Dugpdx = — vy ut(cof Du)t dz = | vdet Dudz,
k0 %4 J J U
i=1

U

if we knew

(50) lim wa(cof Duy)idz = fUtp(cof Du)é dx

k—o0

fori,7 =1,...,n and each ¢ € C°(U). However (cof Duk)§ is the determi-
nant of an (n—1) x (n — 1) matrix, which can be analyzed as above by being
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written as a sum of determinants of appropriate (n—2) x (n—2) submatrices,
times uniformly convergent factors. We continue and eventually must show
only the obvious fact that the entries of the matrices Duy converge weakly
to the corresponding entries of Du. In this way we verify (50), and thus
(49).

4. Finally, since {u}32, is bounded in W9(U;R™) and |det Duy| <
C|Dug|™, we see that {det Du;}5° | is bounded in L%/™(U). Hence any sub-
sequence has a weakly convergent subsequence in L%/"(U), which—owing to
(49)—can only converge to det Du. 0O

We next utilize this lemma to establish a weak lower semicontinuity
assertion analogous to Theorem 1, except that we will not assume that the
Lagrangian L is necessarily convex in P. Instead let us suppose that m =n
and L has the form

(51) L(P,z,z) = F(P,det P,z,z) (PeM"" zeR" zeU)

where F : M™"™ x R x R® x U — R is smooth. We additionally hypothesize
that

(52) { for each fixed z € R™, z € R, the joint mapping

(P,r) — F(P,r, z,z) is convex.

A Lagrangian L of the form (51) is called polyconvex provided (52) holds.

THEOREM 8 (Lower semicontinuity of polyconvex functionals). Suppose
n < q<oo. Assume also L is bounded below and is polyconvex. Then

I[] is weakly lower semicontinuous on WhHI(U;R™).

Proof. Choose any sequence {u;}32,; with
(53) uy —u  weakly in WHI(U;R™).
According to the lemma,

(54) det Duy — det Du  weakly in LY/™(U).
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We can now argue almost exactly as in the proof of Theorem 1. Indeed,
using the notation from that proof, we have

I[uk]=/UL(Duk,uk,a:)da:2/ L(Dug, ug, z) dz

€

:/ F(DUk,detDukaukvx)dx
Ge

>[ F(Du,det Du,uy, z)dx

€

+ / Fy(Du,det Du,ug, z) - (Dug — Du)
Ge
+ F.(Du,det Qu, uy, z)(det Duy, — det Du) dz,

in view of (52). Reasoning as in the proof of Theorem 1 we deduce from
(563), (54) that the limit of the last term is zero as k — oo. O

As before, we immediately deduce

THEOREM 9 (Existence of minimizers, polyconvex functionals). Assume
that n < g < oo, and that L satisfies the coercivity inequality (43) and is
polyconvexr. Suppose also the admissible set A is nonempty.

Then there exists u € A solving

Iu] = gleiﬂI[W]'

Example. We explain the interest in the hypothesis of polyconvexity with
an application from nonlinear elasticity theory, where n = 3. We consider
an elastic body, which initially has the reference configuration /. We then
displace each point z € 9U to a new position g(z) and wish to determine
new displacement u(z) of each internal point z € U.

If the material is hyperelastic, there exists by definition an associated en-
ergy density L such that the physical displacement u minimizes the internal
energy functional

I[w] :=[UL(Dw,as)da:

over all admissible displacements w € A. Now it seems reasonable physically
that L, which represents the internal energy density from stretching and
compression, may explicitly depend on the local change in volume, that is,
on det Dw. In other words, it is physically appropriate to suppose that L
has the form L(P,z) = F(P,det P,z). Then F describes in its first argument
changes in internal energy due to changes in line elements, and in its second
argument changes in internal energy due to changes in volume elements. See
Ball [B] for more explanation. O
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8.3. REGULARITY

We discuss in this section the smoothness of minimizers to our energy func-
tionals. This is generally a quite difficult topic, and so we will make a number
of strong simplifying assumptions, most notably that L depends only on p.
Thus we henceforth assume our functional I[-] to have the form

(1) Iw] := /U L(Dw) — wf dz,

for f € L?(U). We will also take ¢ = 2, and suppose as well the growth
condition

(2) , IDpL(p)l < C(lpl +1) (peR").

Then any minimizer u € A is a weak solution of the Euler-Lagrange PDE

k1

(3) = (Lp,(Dw))e, =f inU;

1=1

that is,

(4) /UZ:;LW(Du)in da:=/vada:

for all v € Hj(U).
8.3.1. Second derivative estimates.

We now intend to show if u € H!(U) is a weak solution of the nonlinear
PDE (3), then in fact u € HZ (U). But to establish this we will need to
strengthen our growth conditions on L. Let us first of all suppose

(5) ID?L(p)| < C (p€R™).

In addition let us assume that L is uniformly convex, and so there exists
a constant § > 0 such that

(6) > Low; (P& > 016 (p,€ € R).

i,5=1

Clearly this is some sort of nonlinear analogue of our uniform ellipticity
condition for linear PDE in Chapter 6. The idea will therefore be to try to
utilize, or at least mimic, some of the calculations from that chapter.
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THEOREM 1 (Second derivatives for minimizers).

(i) Letu € HY(U) be a weak solution of the nonlinear partial differential
equation (3), where L satisfies (5), (6). Then

u € HE (U).
(ii} If in addition u € H}(U) and 8U is C?, then
ue HAU),
with the estimate

lull g2y < Cllfllz2 -

Proof. 1. We will largely follow the proof of Theorem 1 in §6.3.1, the
corresponding assertion of local H? regularity for solutions of linear second-
order elliptic PDE.

Fix any open set V CC U and choose then an open set W so that
V cc W CcC U. Select a smooth cutoff function { satisfying

{CzlonV, (=0inR*"-W
0<¢<l.

Let |h| > 0 be small, choose k € {1,...,n}, and substitute
v = ~D; " ((?Dhu)
into (4). We are employing here the notation from §5.8.2:

u(x + heg) — u(x
Diu(z) = u h) (2) (reW).
Using the identity fU uD_hv dr = — [, va;u dz, we deduce
(7) Z / D} (Ly, (Du))(¢2Dhu),, / fD;"(¢?Dlu) da.
Now

Ly, (Du(z + hex)) — Lp,(Du(z))
h

1
— %/ Ed—Lpi(sDu(:v + heg) + (1 — s)Du(x)) ds

DLy, (Du(z)) =

(8) / Z Lp.p; (sDu(zx + hex) + (1—s)Du(x)) ds
(ug; (T + her) — ug;(x))

=Y ali(z) Diug; (),
j=1
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1
(9) ot () = fo Lyp, (sDu(z + hex) + (1 - )Du(@))ds (5,5 =1,...,n).

We substitute (8) into (7) and perform simple calculations, to arrive at
the identity:

A+ Ay = Z/Cgathux Mg, dzx

,7=1

(10) + Z/a”Dkux]Dku2CCxl dz

1,7=1

— /U D "(¢*Dlu)dz =: B.
Now the uniform convexity condition (6) implies
(11) A >0 /U ¢?| DR Dul? d.
Furthermore we see from (5) that

|4z < c/ ¢| D Dul|DRu| dz
(12 W c
ge/ g2|D,’;Du|2da:+—/ | Dul? dx.
w € Jw
Furthermore, as in the proof of Theorem 1 in §6.3.1, we have

C
|B| < e/ ¢?| D} Dul?dz + :/ 2+ |Dul?dz.
U U

We select € = % , to deduce from the foregoing bounds on A,, Az, B, the
estimate

/C2|D2Du|2da: gc/ 2+ |Dhul?dx < C/ 1%+ |Du)? dz,
U w U

the last inequality valid according to Theorem 3,(i) in §5.8.2.
2. Since ( =1 on V, we find

/|D,’;Du|2da;gcf 2+ |Dul|? dz
1% U
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for k =1,...,n and all sufficiently small |h| > 0. Consequently Theorem 3,
(iii) in §5.8.2 implies Du € H'(V), and so u € H%(V). This is true for each
V cC U; thus u € HE (V).

3. If u € H}(U) is a weak solution of (3) and U is C?, we can then
mimic the proof of the boundary regularity Theorem 4 in §6.3.2 to prove
u € H%(U), with estimate

Nullgz@y < CU L2y + Null gy );
details are left to the reader. Now from (6) follows the inequality
(DL(p) ~ DL(0)) -p 2 6lp]* (p € R").
If we then put v = u in {4), we can employ this estimate to derive the bound

el @y < Cllfllez@y,

and so finish the proof. O

8.3.2. Remarks on higher regularity.

We would next like to show that if L is infinitely Fliﬂ’erentiable, then so is
u. By analogy with the regularity theory developed for second-order linear
elliptic PDE in §6.3, it may seem natural to try to extend the HI%C estimate
from the previous section to obtain further estimates in the higher Sobolev
spaces HY (U) for k = 3,4,....

This method will not work for the nonlinear partial differential equation
(3) however. The reason is this. For linear equations we could, roughly
speaking, differentiate the equation many times and still obtain a linear
PDE of the same general form as that we began with. See for instance the
proof of Theorem 2 in §6.3.1 Whereas if we differentiate a nonlinear differen-
tial equation many times, the resulting increasingly complicated expressions
quickly become impossible to handle. Much deeper ideas are called for,
the full development of which is beyond the scope of this book. We will
nevertheless at least outline the basic plan.

To start with, choose a test function w € C°(U), select k € {1,...,n},
and set v = —w,, in the identity (4), where for simplicity we now take
f = 0. Since we now know u € HZ_(U), we can integrate by parts to find

n
(13) /U > Ly, (D) gz, wy, dz = 0.

ij=1
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Next write
(14) U = Uy,
and
(15) a? = Lyp,(Du) (5,5=1,...,n).

Fix also any V cC U. Then after an approximation we find from (13)-(15)
that

(16) /Z z)hy Wy, dr =0

t,7=1

for all w € H}(V). This is to say that @ € H'(V) is a weak solution of the
linear, second order elliptic PDE
]

(17) - Z Vi), in V.

3,j=1

But we cannot just apply our regularity theory from §6.3 to conclude
from (17) that 4 is smooth, the reason being that we can deduce from (5)
and (15) only that

a? e L®WV) (i,j=1,...,n).

However a deep theorem, due independently to DeGiorgi and to Nash, as-
serts that any weak solution of (17) must in fact be locally Holder continuous
for some exponent v > 0. (See Gilbarg-Trudinger [G-T, Chapter 8].) Thus
if W cC V we have & € C%7(W), and so

u € G U).

Return to the definition (15). If L is smooth, we now know a* € C'IOO’Z(U )
(i,7 = 1,...,n). Then (3) and an older theorem of Schauder [G-T, Chapter
4] assert that in fact

u € C'1 ).

But then a¥ € C'llo’g(U ); and so another version of Schauder’s estimate im-
plies

loc
We can continue this so-called “bootstrap” argument, eventually to deduce
u is Cl’f)’Z(U) fork=1,...,and so u € C*({U).

See Giaquinta [GI] for much more about regularity theory in the calculus
of variations.
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8.4. CONSTRAINTS

In this section we consider applications of the calculus of variations to certain
constrained minimization problems, and, in particular, discuss the role of
Lagrange multipliers in the corresponding Euler-Lagrange PDE.

8.4.1. Nonlinear eigenvalue problems.

We investigate first problems with integral constraints. To be specific,
let us consider the problem of minimizing the energy functional

(1) Ifw] = 1 /U \Dw!? dz

over all functions w with, say, w = 0 on U , but subject now also to the
side condition that

(2) Jw] = /U G(w)dz =0,

where G : R — R is a given, smooth function.

We will henceforth write ¢ = G'. Assume now

(3) l9(2)| < C(|z| + 1),
and so
(4) IG(2)] < C(z)* +1) (2 €R)

for some constant C.

Let us introduce as well the appropriate admissible class
A:={we H)({U) | Jw] = 0}.

We suppose also that the open set U is bounded, connected and has a smooth
boundary.

THEOREM 1 (Existence of constrained minimizer). Assume the admis-
sible set A is nonempty. Then there exists u € A satisfying

Iu) = lrjgﬂl[w]
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Proof. Choose, as usual, a minimizing sequence {ug}z, C A with

I = inf I|w].
] — m = inf, T[w]

Then as above we can extract a subsequence

(5) ug, —u  weakly in Hg(U),
with Ifu] < m. We will be done once we show
(6) Jlu] =0,

so that u € A. Utilizing the compactness theory from §5.6, we deduce from
(5) that

(7) ug, - u in L*(U).
Consequently

\
T()] = |7(w) - J(u)]| < fU Glu) — Glug)| de

(8) gc/ lu — uk)(1+ Jul + |uk|) dz by (3)
U

g

Far more interesting than the mere existence of constrained minimizers
is an examination of the corresponding Euler-Lagrange equation.

THEOREM 2 (Lagrange multiplier). Let u € A satisfy
Iu| = min Iw|.
(9) (4] = min I{w)]

Then there exists a real number A such that

(10) / Du - Dvdz = )\/ g(u)vdx
U U

for all v € Hj(U).

Remark. Thus u is a weak solution of the nonlinear boundary-value prob-
lem

—Au =Ag(u) inU
(11) { u=20 on 0U,
where ) is the Lagrange multiplier corresponding to the integral constraint
(12) J[u] = 0.

A problem of the form (11) for the unknowns (u, A), with u # 0, is a non-
linear eigenvalue problem. O
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Proof. 1. Fix any function v € H}(U). Assume first
(13) g(u) is not equal to zero a.e. within U.

Choose then any function w € Hy(U) with

(14 [ stwpwda# 0
U
this is possible because of (13). Now write
j(r,0) == Ju+ v + ow) \
(15)
= / Glu+71v+ow)dz (7,0 €R).
U
Clearly
(16) 4(0,0) = / G(u)dz = 0.
U

In addition, j is C! and

]
(17) —(r,0)= | glu+Tv+ ow)vdz,

or U

97

(18) (r,0) = /Ug(u + 7V + ow)w dz.

do
Consequently (14) implies

(19) %(0, 0) # 0.

According to the Implicit Function Theorem (§C.6), there exists a C?
function ¢ : R — R such that

(20) ¢(0) =0

and

(21) j(r,8(7)) =0

for all sufficiently small 7, say || < 79. Differentiating, we discover

9 8 I
(1, 0(1) + 52 (1, 6(T)¢ () = 0
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whence (17) and (18) yield

fU g(u yvdx

(22) O =~ e

2. Now set
w(r) =1v+o(r)w (7| < 70)

and write
(1) == Iu + w(T)].

Since (21) implies J[u 4+ w(7)] = 0, we see that u + w(r) € A. So the C!
function i(-) has a minimum at 0. Thus

0=1(0)= /U(Du +17Dv + ¢(1)Dw) - (Dv + ¢'(7)Dw) dz|r=¢

(23)

= / Du - (Dv + ¢'(0)Dw) dz.
U

Recall now (22) and define

fUDu Dwdz
fyo(wwdz ’

to deduce from (23) the desired equality

/Du-Dvda:zA/g(u)vdm
U U

3. Suppose now instead of (13) that

for all v € Hg(U).

glu)=0 ae inU.

Approximating g by bounded functions, we deduce DG(u) = g(u)Du = 0
a.e. Hence, since U is connected, G(u) is constant a.e. It follows that
G(u) = 0 a.e., because J[u] = [; G(u)dz =0. As u =0 on OU in the trace
sense, it follows that G(0) = 0.

But then u = 0 a.e., as otherwise I[u] > I[0] = 0. Since g = 0 a.e., the
identity (10) is trivially valid in this case, for any A. a
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8.4.2. Unilateral constraints, variational inequalities.

We study now calculus of variation problems with certain pointwise,
one-sided constraints on the values of u(x) for each z € U. For definiteness
let us consider the problem of minimizing, say, the energy functional

(24) I[w) = / YDuwf? - fwdz,
U
among all functions w belonging to the set
(25) A:={we H)(U)|w > hae. in U},

where h : U — R is a given smooth function, called the obstacle. The convex
admissible set A thus comprises those functions w € H}(U) satisfying the
one-sided or unilateral constraint that w > h. We suppose as well that f is
a given, smooth function.

THEOREM 3 (Existence of minimizer). Assume the admissible set A is
nonempty. Then there exists a unique function u € A satisfying

Iu] = ﬂﬂI[w]

Proof. 1. The existence of a minimizer follows very easily from the general

ideas discussed before. We need only note explicitly that if {ukj };’il CAis
a minimizing sequence with ug, — u weakly in H}(U), then by compactness
we have uy, — u strongly in L*(U). Since ug, > h a.e., it follows that u > h

a.e. Therefore u € A.

2. We now prove uniqueness. Assume u and & € A are two minimizers,
with u # @. Then w := % € A, and -~

Tl = [ §1(2522) - 7 (242) de
:/§(|Dul2+2Du-Dﬂ+|Dﬂ|2)—f(%ﬁ) dz.
Now 2a - b = |a|? + b2 — |a — b|2. Thus

Iw] = fU 1(2|Dul® + 2|Daf? — |Du — Daf?) — f (%2) do

<%/{;%lDu{?—fudx-{-%L%lDﬁF—f&dw

_ 1 17
= sIu] + 5 I]il,
the strict inequality holding since u # @. This is a contradiction, since u
and @& are minimizers. O

We next compute the analogue of the Euler-Lagrange equation, which
for the case at hand turns out to be an inequality.
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THEOREM 4 (Variational characterization of minimizer). Let u € A be
the unique solution of

Iu] = glelﬁl[w]

Then

(26) /{;Du~D(w—u)dx2/Uf('w—u)da: for all we A

We call (26) a variational inequality.

Proof. 1. Fix any element w € A. Then for each 0 < 7 <1,
u+t(w—u)=(1—-Tu+TwE A,
since .4 is convex. Thus if we set
i(r) == 1u+ 7(w — u)],

we see that 1(0) < i(7) for all 0 < 7 < 1. Hence

(21) /(0) 20
2. Nowif 0 <7 <1,
M / |Du + 7D(w ;U)I — |Duf? —f(z\b-{-r(w—u)—u)dl‘
/ Du - D(w —u) + T|D(w2_ OC _ fw — wyde.

Thus (27) implies

0513'(0):/Du-D(w—-u)—f(w—u)da:
U
0

Notice that we obtain the inequality (27), since we can in effect take
only “one-sided” variations, away from the constraint.

Interpretation of the variational inequality. To gain some insight
into the variational inequality (26), let us quote without proof a regularity
assertion (see Kinderlehrer-Stampacchia [K-S]), which states u € W2 (U)),
provided QU is smooth. Hence the set

O :={zeU|u(zx)> h(z)}
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free boundary

The free boundary for the obstacle problem

is open, and
C:={z e U |u(z)=h(z)}

is (relatively) closed.

We claim that in fact v € C*°(O) and
(28) —Au=f inO.

To see this, fix any test function v € C°(0). Then if |7| is sufficiently small,
w :=u+7v > h, and so w € A. Thus (26) implies 7 f, Du-Dv— fvdz > 0.
This inequality is valid for all sufficiently small 7, both positive and negative,
and so in fact

/Du-Dv—fvda:=O
0]

for all v € C°(0). Hence u is a weak solution of (28); whence linear
regularity theory (§6.3) shows u € C*°(0).

Now if v € C°(U) satisfies v > 0 and if 0 < 7 < 1, then w := u+7v € A,
whence [; Du- Dv — fudz > 0. But since u € W»®(U), we can integrate
by parts to deduce f,;(—Au — f)uvdz > 0 for all nonnegative functions
v € CX(U). Thus

(29) —Au>f ae inU.
We summarize our conclusions by observing from (28), (29) that

u>h, —Au > e inlU
(30) { - foe

—Au=f onUn{u>h}
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A harmonic map into a sphere

Remark. The set
F:=00NnU

is called the free boundary. Many interesting problems in applied mathemat-
ics involve partial differential equations with free boundaries. Such of these
problems as can be recast as variational inequalities become relatively easy
to study, especially in that there is no explicit mention of the free boundary
in the inequalities (30). Applications arise in stopping time optimal control
problems for Brownian motion, in groundwater hydrology, in plasticity the-
ory, etc. See Kinderlehrer-Stampacchia [K-S]. a

8.4.3. Harmonic maps.

We consider next the case of pointwise constraints as exemplified by
harmonic maps into spheres. We are interested now in the problem of min-
imizing the energy ~

(31) Iw) =1 / |Dw|? dz
U
over all functions belonging to the admissible class
(32) A:={we HY(U;R™) | w =g on U, |w| =1 a.e.}.

The idea is that we are trying to minimize the energy over all appropriate
maps from U C R” into the unit sphere S™~! = 9B(0,1) ¢ R™. This
problem and its variants arises for instance as a greatly simplified model for
the behavior of liquid crystals.

It is straightforward to verify that there exists at least one minimizer in

A, provided A # 0.

THEOREM 5 (Euler-Lagrange equation for harmonic maps). Letu € A
satisfy
I[u] = min I'{w].
weA
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Then

(33) / Du: Dvdzr = f |Dul?u - vdz
U U

for each v € H}(U;R™) N L=(U;R™).

Remark. We interpret (33) as saying that u = (u!,...,u™) is a weak
solution of the boundary-value problem

“Ag = 2y i
(34) Au=|Dul‘u inU
u=g on OU.
The function A = |Duf? is the Lagrange multiplier corresponding to the

pointwise constraint |u| = 1. Note carefully that for a single, integral con-
stant (§8.4.1) the Lagrange multiplier is a number, but for a pointwise con-
straint it is a function. ]

Proof. 1. Fix v € H}(U;R™) N L®(U;R™). Then since |u] =1 a.e., we
have

lu+7v| #0 ae.
for each sufficiently small 7. Consequently
u+7V
35 = .
(35) V() lu+ 7v|
Thus
i7) = I[v(7)]
has a minimum at 7 = 0, and so, as usual,
(36) i'(0) = 0.
2. Now .
(37) i'(0) = / Du: Dv'(0)dz (’ = —d—) .
U dr
But we compute directly from (35) that
Vir) = Y _u+rv) - vl(u+Tv)
a+ 7v]| lu+ 7v|3 ’
whence v/(0) = v — (u - v)u. Inserting this equality into (36), (37), we find
(38) 0= / Du: Dv — Du: D((u-v)u)dz.
U

However since |u|?> = 1, we have
(Du)Tu=0.
Using this fact, we then verify
Du: D((u-v)u) =|Duf*(u-v) ae. inU.
This identity employed in (38) gives (33). 0
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8.4.4. Incompressibility.
a. Stokes’ problem.

Suppose U C R? is open, bounded, simply connected, and set
Iw] := / lDw|* — f - wdz,
U

for w belonging to
A={we Hj(U;R* | divw = 0 in U}.
Here f € L2(U;R3) is given.

There is no problem in showing by customary methods that there exists
a unique minimizer u € 4. We interpret u as representing the velocity field
of a steady fluid flow within the region U, subject to the external force f.
The constraint that divu = 0 ensures that the flow is incompressible: see
the Remark at the end of this section.

How does the constraint manifest itself in the Euler—-Lagrange equation?

THEOREM 6 (Pressure as Lagrange multiplier). There ex}sts a scalar
function p € L2 _(U) such that

loc
(39) /Du:Dvd:c=/pdivv+f-vd:z
U U

for all v e HY(U;R3) with compact support within U.

Remark. We interpret (39) as saying that (u,p) form a weak solution of
Stokes’ problem

—Au=f—-Dp inU
(40) divu =0 inU
u=~0 on OU.

The function p is the pressure and arises as a Lagrange multiplier cor-
responding to the incompressibility condition divu = 0. O

Proof. 1. Assume first v € A. Then for each 7 € R, u+ 7v € A. Thus

(41) O=i'(0)=/Du:Dv—f~vdx.
v
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2. Fix now V CC U, V smooth and simply connected, and select w €
H}(V;R3) with divw = 0. Choose 0 < € < dist(V,8U) and set v = v¢ :=
ne * w in (41), n denoting the usual mollifier and w defined to be zero in
U — V. Then

(42) 0=/Du:Dve—f-v‘daszfDu‘:Dw~f‘-wda:
U U

for

(43) ui=n.xu, f:=nxf.

As u® is smooth, (42) implies
(44) / (—Au® —f%)-wdz =0
1%

for each w € H}(V;R3) with divw = 0.

3. Fix any smooth vector field ¢ € C(V;R?®) and put w = curl¢ in
(44). This is legitimate since divw = div{(curl{) = 0. Then, temporarily
writing h := Au® + f¢, we find

0= [ becurlCde = [ R, =)+ WG = C2) + R — ¢L) s
for h = (h!, h2,h%), ¢ = (¢, ¢2,¢3). An integration by parts reveals
0= [ ¢k, = B2+ COb, = hL)+ 2, — B da
As (1, ¢33 e C°(V) are arbitrary, we deduce curlh = 0 in V. Since V is

simply connected, there consequently exists a smooth function p® in V such
that

(45) Dpf=h=Au"+f iV

4. If necessary we can add a constant to p© to ensure fv ptdz = 0.

In view of this normalization, there exists a smooth vector field v¢ : V —
R3 solving

(46)

div v¢ = p° inV
ve=20 on JV.

In addition we have the estimate

(47) [Vl a1 (v irey < Clipll 2wy,
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the constant C' depending only on V. (We omit the proof of the existence of
the vector field v¢: the construction both is intricate and requires knowledge
of certain estimates for Laplace’s equation with Neumann-type boundary
conditions beyond the scope of this book. See Dacorogna—Moser {D-M] for
details.)

Now compute

/V(pe)2 de = / pdivvedz by (46)

/Dp -vedr

/ —Au® — ). vedzx by (45)
N

1%
:/‘/DuE : Dv¢ —f°-vidzx
<AVl virey (Nl e vy + I 2200))
< Cllp ey (lall ga oy + €l 2@ny) by (47).
Thus
(48) 2N z20vy < C (lall ey + Il z2v)) -
5. In view of estimate (48) there exists a subsequence ¢; — 0 so that
(49) p9 —p weakly in L*(V)
for some p € L2(V). Now (45) implies

[DuE:Dvdxzfpedivv+fE-vdx

1% 1%

for all v € H}(V;R?). Sending e = ¢; — 0 we find

(50) [Du:Dvda:=/pdivv+f-vda:
1% 1%

as well.

6. Finally choose a sequence of sets V;, CcC U (k = 1,...) as above,
with Vi ¢ Vo € V3 C -+ and U = ;2 V. Utilizing steps 2-5 we find
ok € L2(Vi) (k=1,...) so that

(51) Du:Dvda:z/ prdivv+f-vdr
Ve Vi

for each v € Hj(Vi;R3). Adding constants as necessary to each pg, we
deduce from (51) that if 1 <[ < k, then pr = p; on V;. We finally define
p=pron Vi (k=1,...). 0O
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b. Incompressible nonlinear elasticity.

We return now to the model of nonlinear elasticity discussed before in
§8.2.4. Suppose that u represents the displacement of an elastic body which
has the rest configuration /. Let us suppose now that the elastic body is
incompressible, which now means

det Du = 1.

We therefore suppose the energy density function L : M®*3 x U — R is
given, and consider the problem of minimizing the elastic energy

Iw] := f L(Dw,z)dz
U
over all w in the admissible set
A= {weWH(U;R?) | w=gon dU,det Dw =1 a.e.}
for some g > 3.
THEOREM 7 (Minimizers with determinant constraint). Assume the map-
ping
P L(P,a)

is convez, and L satisfies the coercivity condition

L(Pz)>alPl"—8 (PeM**3 zeU)

for some o > 0, 3 > 0. Suppose finally A # 0.
Then there exists u € A satisfying

Iu] = gggl[w]

Proof. We as usual select a minimizing sequence, with
uy, —u  weakly in WU RY).

Since
I[u] < liminf I [ug,],
J‘—’OO
we must only show that u € .A. However, since in view of the lemma in §8.2.4
we have det Duy, — det Du weakly in LI/™(U), we see that det Du = 1 a.e.,
as required. O
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Remark. It may seem odd that the incompressibility condition in example
(a) is

(52) divu=0
and in example (b) is

(53) det Du = 1.

The explanation is that u represents a velocity in (52) and a displacement
in (53). More generally if w is a velocity field, say of a fluid, we compute
the motion of a particle initially at a point z by solving the ODE

{ y(t) =w(y(t),t) (eR)
y(0) =z.

Write y(t) = y(¢, z) to display the dependence on the initial position z.
Then for each ¢t > 0, the mapping z + y(¢,x) is volume-preserving if

J(z,t) =det Dyy(t,z) =1 for all .
Clearly J(0,z) =1, and a calculation verifies Euler’s formula:
Ji(z, 1) = (divw)(y(t, z),£)J (z,1),

the divergence taken with respect to the spatial variables. Hence if divw =
0, the flow is volume preserving. O

8.5. CRITICAL POINTS

Thus far we have studied the problem of locating minimizers of various
energy functionals, subject perhaps to constraints, and of discovering the
appropriate nonlinear Euler-Lagrange equations they satisfy. For this sec-
tion we turn our attention to the problem of finding additional solutions of
the Euler-Lagrange PDE, by looking for other critical points. These critical
points will not in general be minimizers, but rather “saddle points” of I[-].

8.5.1. Mountain Pass Theorem.

We develop here some machinery which ensures that an abstract func-
tional I]:] has a critical point.
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a. Critical points, deformations.

Hereafter H denotes a real Hilbert space, with norm || || and inner
product ( , ). Let I : H — R be a nonlinear functional on H.

DEFINITION. We say I is differentiable at u € H if there exists v € H
such that

(1) Iw] = Iu} + (v,w — u) + o(||lw —u|}) (we H).
The element v, if it exists, is unique. We then write I'[u] = v.

DEFINITION. We say I belongs to C*(H;R) if I'[u] ezists for each u €
H, and the mapping I' : H — H is continuous.

Remark. The theory we will develop below holds if I € C1(H;R), but the
proofs will be greatly streamlined provided we additionally assume

(2) I : H — H is Lipschitz continuous on bounded subsets of H.
O

~——

Notation. (i) We denote by C the collection of functions I € C!(H;R)
satisfying (2).
(i) If ¢ € R, we write

Ac:={ue H|Iu <c}, K.:={ue H|I[u]=c, I'lu] =0}.

DEFINITIONS. (i) We say u € H is a critical point if I'[u] = 0.

(ii) The real number c is a critical value if K. # 0.

We now want to prove that if ¢ is not a critical level, we can nicely
deform the set A.yc into A.— for some € > 0. The idea will be to solve
an appropriate ODE in H and to follow the resulting low “downhill”. As
H is generally infinite dimensional, we will need some kind of compactness
condition.

DEFINITION. A functional I € C'(H;R) satisfies the Palais-Smale com-
pactness condition if each sequence {ux}3>, C H such that

(1) {T[u]}32, is bounded
and
(ii) I'[ug] — 0 in H,

is precompact in H.
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THEOREM 1 (Deformation Theorem). Assume I € C satisfies the Palais-
Smale condition. Suppose also

(3) K. =90.

Then for each sufficiently small € > 0, there erists a constant 0 < § < € and

a function
n € C([0,1} x H; H)

such that the mappings

satisfy

(i) no(u) =u (ue€ H),

(i) mu)=u (ug I c—¢c+e]),
<Iu] (we HO0<t<1),

Proof. 1. We first claim that there exist constants 0 < o, € < 1 such that
(4) |’ [u]|| > o for each u € Acte — Ac—e.

The proof is by contradiction. Were (4) false for all constants o, e > 0, there
would exist sequences o — 0, ¢ — 0 and elements

(5) ug € AC—f—ek - Ac—ek
with
(6) 11 fuk]ll < o

According to the Palais-Smale condition, there is a subsequence {ug; }_‘;"z1
and an element u € H with u, — u in H. But then since I € Cl(H;R), (5)
and (6) imply I[u] = ¢, I'[u] = 0. Consequently K. # @, a contradiction to
our hypothesis (3).

2. Now fix § to satisty
o2
(7) 0<d<e, 0<6<7.
Write
A={ueH|Iu <c—ecorIu] >c+e},
B:={ueH|c—6<Iul <c+é6}.




8.5. CRITICAL POINTS 479

Since I’ is bounded on bounded sets, we verify that the mapping u —
dist(u, A) + dist(u, B) is bounded below by a positive constant on each
bounded subset of H. Consequently, the function

dist(u, A)

= H
9%) = Gt A) + dist(w, B L)
satisfies
(8) 0<g<1l g=0onAd, g=1onB.
Set
9) b0 ={ 1y par
Tl t>1.
Finally define the mapping V : H — H by
(10) V(u) = —g(h(II'[u]iDI ] (u € H).
Observe that V is bounded.
3. Consider now for each u € H the ODE
(1) { {)=Vvm) (t>0)
n(0)= u.

As V is bounded and Lipschitz continuous on bounded sets there is a unique
solution, existing for all times t > 0. We write n = n{t,u) = g (u) (t > 0,u €
H) to display the dependence of the solution on both the time ¢ and the
initial position © € H. Restricting ourselves to times 0 <t < 1, we see that
the mapping n € C([0,1] x H; H) so defined satisfies assertions (i) and (ii).

4. We now compute

S Ttm)] = (Pl o))

= (I’[m( NV (m(w)))
= —g(ne (W) (I [e (]I I Tme ()]

(12)

In particular

d ,
&;I[m(u)l <0 (w€H0<t<1),

and so assertion (iii) is valid.

5. Now fix any point
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We want to prove

(14) m(u) € Acs
and thereby verify assertion (iv). If ny(u) ¢ B for some 0 <t < 1, we are

done; and so we may as well suppose instead m:(u) € B (0 < t < 1). Then
g(m(u)) =1 (0 <t < 1). Consequently, calculation (12) yields

(15) %Hm@ﬂ=—MWWMMWM”mWWR

Now if ||[I'[n:(w)]|| > 1, then (9) and (4) imply

2 Iim(w)) = W )l < —o.

On the other hand, if || I'[n:(u)]|| £ 1, (9) and (4) yield

& Im(w)) < o>
Both these inequalities, and (15), then imply
Im(w)] < Ifu] —o* <c+6—0®<c—§ by (7).

This estimate establishes (14) and completes the proof. O

b. Mountain Pass Theorem.

Next we employ an interesting “min-max” technique, using the defor-
mation n built above to deduce the existence of a critical point.

THEOREM 2 (Mountain Pass Theorem). Assume I € C satisfies the
Palais-Smale condition. Suppose also

(i) I[0] =0,

(ii) there erist constants r,a > 0 such that

Iu)>a if Jlul =,

and
(iii) there exists an element v € H with

lvl| >r, Ifv]<O0.
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Define
I':'={ge C([0,1]; H) | g(0) =0, g(1) =v}.
Then
c=Inf max I[g(t)]

s a critical value of I.

Think of the graph of I[-] as a landscape with a low spot at 0, surrounded
by a ring of mountains. Beyond these mountains lies another low spot at v.
The idea is to look for a path g connecting 0 to v, which passes through a
mountain pass, that is, a saddle point for I[-]. But note carefully: we are
only asserting the existence of a critical point at the “energy level” ¢, which
may not necessarily correspond to a true saddle point.

Proof. 1. Clearly
(16) c>a.
2. Assume that c is not a critical value of I, so that
(17) K. =0
Choose then any sufficiently small number

(18) 0<e<g.

According to the Deformation Theorem 1, there exist a constant 0 < § < ¢
and a homeomorphism 7 : H — H with

(19) M(Acts) C Ac—s
and
(20) n(uw)=u if weé I lc—6c+e.

3. Now select g € I satisfying

(21) Jfnax Ig(t)] <c+é.

Then g := 7n o g also belongs to I, since n(g(0)) = n(0) = 0 and n(g(1)) =
n(v) = v, according to (20). But then (21) implies maxo<;<1 I[g(t)] < ¢ —§;
whence ¢ = infger maxo<i<1 [[g(t)] < ¢ — 6, a contradiction. O
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8.5.2. Application to semilinear elliptic PDE.

To illustrate the utility of the Mountain Pass Theorem, let us investigate
now the semilinear boundary-value problem:

—Au = f(u) in U

(22) { u =0 on OU.
We assume f is smooth, and for sbme

n+2

l<p<

n—2
we have
(23) f( S CO+2P), |f'(2) <CA+ [P (2€R),

where C is a constant. We will suppose also

1
(24) 0 < F(z) < vf(z)z for some constant ~y < 3,

z

where F(z) := [ f(s)ds and z € R. We hypothesize finally for constants
0
0 <a< A that

(25) alz[P* < |F(2)] < Al (2 €R).

Now (25) implies f{0) = 0, and so obviously u = 0 is a trivial solution
of (22). We want to find another.

Remark. Observe that the PDE
—Au = |uff u

falls under the hypotheses above. We will return to this particular nonlin-
earity again in §9.4.2. O

THEOREM 3 (Existence). The boundary-value problem (22) has at least
one weak solution u # 0.

Proof. 1. Define

(26) I = fU 1 Duf® - F(u)de

for u € H}(U). We intend to apply the Mountain Pass Theorem to I[-].
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We set H = H}(U), with the norm |u|| = (f |[Duf? dm)1/2 and inner
product (u,v) = f,; Du- Dvdz. Then

ITu) = 3l - LF(u) dz =: I1[u] — Iz[u].

2. We first claim
(27) I belongs to the class C.
To see this, note first that for each u,w € H,

L] = ol = Hlu+w - wl = 3wl + (w0 - w) + 3w - ul”.
Hence I; is differentiable at u, with I][u] = u. Consequently, I € C.

3. We must next examine the term /2. Recall from the Lax—Milgram
Theorem (§6.2.1) that for each element v* € H~1(U), the problem

—Av=v* InU
v=0 ondU

has a unique solution v € Hj (V). We will write v = Kv*; so that
(28) . K : H"YU) — H}(U) is an isometry.

Note in particular that if w € L?**"+2(U), then the linear functional w*
defined by

(w*, u) :=/Uwuda: (w € HL(U))

belongs to H~1(U). (We will misuse notation and say “w € H~Y(U)".)
Observe next that p (nzfz) < M2 2 — 2% and so f(u) € L*/™TE(U)
c H-Y(U) if u € HYU).

We now demonstrate that if u € H}(U), then

(29) D] = K[f(u)].
To see this, note first that

1
F(a+b) = F(a) + f(a)b +/ (1—8)f'(a+ sb)ds b°.
0
Thus for each w € HY(U),

Lw] = /[;F dm—/F(u+w—u)da:

(30) = —uw)dz+ R

\

I
)s.

/DK[f D(w —u)dx + R,
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where the remainder term R satisfies, according to (23),

|R| < C/ (1+ |u|p_1 + |w—u|p_1)|w - ul2 dx
U

t]'
|
<C (] |w—u|? + |w—u|p+1da:) +C (/ |ufP ! dx) ’
U U
2
([ Jw—u|PT da:) "
U

Since p + 1 < 2%, the Sobolev inequalities show R = o(||w — u||). Thus we
see from (28) that

Lw] = Lu] + (K[f(w)], w) + o(||w - u]),
as required.
Finally we note that if u,u € HL(U) with |[u,||i| < L, then

1 13[u] — Blall| = | K[f ()] = K[f@)]l g0
= | f(u) = fF@) |l g-1v)

< 17() ~ S, 2
But
156 = 7,
<c ( [+ + |u|p"1)|u—-u|)mda:)
U
2
2n n+2 n
<C (f (1+ |u|p_l + |ﬁ|p_1)m—}—da:) |lu — Q—LHLZ*(U)
U
< C(D)llu - ooy < L) fu—all,

where we used (23). Thus I} : H}(U) — H}(U) is Lipschitz continuous on
bounded sets. Consequently I2 € C, and we have established assertion (27).

4. Now we verify the Palais-Smale condition. For this suppose {ux}2,; C
H}(U), with

(31) {Iug]}32, bounded
and

(32) I'lug]) = 0 in Hy(U).
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According to the foregoing
(33) up — K(f(ug)) = 0 in Hg(U).

Thus for each € > () we have

(' fua), )| = \ | Dux- Do ftude| < el we @)

for k large enough. Let v = u; above to find

‘ [ 1D = sy s

< ef|ug |

for each ¢ > 0 and for all k sufficiently large. For e = 1 in particular, we see
that

(34) /U £ (u)u d < Jlugll? + g

for all k sufficiently large. But since (31) says

(%”ukH2 —/ F(uk)da:) < C < o0
U

for all k¥ and some constant C, we deduce

lugll? < C + 2 ]U Flug) dz
< O+ 27 (il + el by (34), (24).

Since 2y < 1, we discover that {ux}?2, is bounded in H}(U). Hence there
exists a subsequence {uk;}?2; and u € H}(U), with uy, — u weakly in
H}(U) and ug, — uin LPT1(U), the latter assertion holding since p+1 < 2*.
But then f(ux) — f(u) in H~1(U), whence K[f(ux)] — K[f(u)] in H}(U).
Consequently (33) implies

(35) ug; —u in H(U).

5. We finally verify the remaining hypotheses of the Mountain Pass
Theorem. Clearly I[0] = 0. Suppose now that u € Hj(U), with |Ju| = r, for
r > 0 to be selected below. Then

,,.2
(36) IMu) = hifu] = olu] = — — Bfu].
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Now hypothesis (25) implies, since p + 1 < 2*, that

p+i

|I2[u]| < C/ |ulPTldz < C (/ |u12*da:> :
U U

< Cllu|P*t < CrPtl,

In view of (36), then

2 2
T r
—CrPtl > _ =a >0,

provided r > 0 is small enough, since p + 1 > 2. Now fix some element
u€ H,u#0. Write v:=tu for t > 0 to be selected. Then

Ifo] = Liftu] — Lt
= t? U — U
= t“I1[u] ]UF(t ydzx
< 21 [y] — at™*! f wf*ldz by (25)
U
<0

for t > 0 large enough.

6. We have at last checked all the hypotheses of the Mountain Pass
Theorem. There must consequently exist a function v € H}(U), u # 0, with

I'lu] = w— K[f(u)] = 0.

In particular for each v € H}(U), we have

]UDu-Dvdarzfuf(u)vda:,

and so u is a weak solution of (22). O

See §9.4.2 for further discussion about nonlinear Poisson equations, and
in particular the significance of the critical exponent g—‘% in hypothesis (23).

8.6. PROBLEMS

In the exercises U always denotes a bounded, open subset of R, with smooth
boundary.
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1. This problem illustrates that a weakly convergent sequence can in fact
be rather badly behaved.

(i)  Prove ux(z) = sin(kx) — 0 as k — oo in L*(0,1).
(ii) Fix a,b € R, 0 < A < 1. Define

(a if jk<T<AGHD)/E
u(z _{b if AG+1)/k<zx<(j+1)/k

Prove uy — Aa + (1 — A)b in L2(0,1).

2. Find L = L(p,z,x2) so that the PDE
—-Au+D¢p-Du=f in U

is the Euler-Lagrange equation corresponding to the functional I[w] :=
fU L(Dw,w,z)dz. Here ¢, f : U — R are given smooth functions.

3. The elliptic regularization of the heat equation is the PDE
(%) up — Au—euy =0 in Up,

where € > 0 and Uy = U x (0,7]. Show that (*) is the Euler-
Lagrange equation corresponding to an energy functional I [w] :=
foT L.(Dw,w, w, z,t) dzdt.

4. Assume n: R* — R is C*.
(i) Show L(P,z,z) = n(z)detP (P € M™", 2 € R") is a null
Lagrangian.
(ii) Deduce that if u: R® — R™ is C!, then

/ n(u) det Dudx
U

depends only on u|sy.

5. (Continuation). Fix zy; ¢ u(0U), and choose 7 as above so that
fgnmdz = 1, spty C B(xo,r), v chosen so small that B(zg,7) N
u(0U) = 0. Define

deg(u,:cg)zj n(u) det Dudz,
U

the degree of u relative to xj;. Prove the degree is an integer.
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10.

Let ¥ C R3 denote the graph of the smooth function v : U — R,
U C R?. Then

(%) /U(l + |Dul*)~! det D*u dx

represents the integral of the Gauss curvature over X. Prove this
expression depends only upon Du restricted to OU. (The Gauss—
Bonnet Theorem in differential geometry computes () in terms of the
geodesic curvature of OI'.)

Let m = n. Prove
L(P) = tr(P?) - tr(P)2 (P e M™™)
is a null Lagrangian.

Explain why the methods in §8.2 will not work to prove the existence
of a minimizer of the functional

Iw)] = /U(1 +|Dw|?)? dz

over A= {we WH(U) | w = g on 8U}, for any 1 < g < co.

(Second variation for systems). Assume u : U — R™ is a smooth
minimizer of the functional

I[w] ::/UL(Dw,w,a:) dx.

(i)  Show

PIPIE L

ig=1ki= 13p1
forallmeU,ﬁeR”,neRm.

(i) Give an example of a nonconvex function L : M™*"™ — R satis-

fying
62
Z Z ’“8 g ﬂkmEzEJ >0

3,7=1 k1= 1
for all P e M™*" £ € R*, n € R™.

Du w, )€€ > 0

Use the methods of §8.4.1 to show the existence of a nontrivial weak
solution u € H}(U), u # 0, of

~Au = [u|Tlu inU
u=>0 on U
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11.

12.

13.

for1<q<%_%,n>2.
Assume 3 : R — R is smooth, with
0<a<pf(z)<b (z€R)

for constants a,b. Let f € L?(U). Formulate what it means for
u € HY(U) to be a weak solution of the nonlinear boundary-value
problem

—~Au = f inU
%+ﬁ(u)=0 on 9U.

Prove there exists a unique weak solution.

Assume v is a smooth minimizer of the area integral
Tw] = / (1+ | Dw)2 dg,
U
subject to given boundary conditions w = g on OU and the constraint
Jw] = / wdzr = 1.
U

Prove the graph of u is a surface of constant mean curvature. (Hint:
Recall Example 4 in §8.1.2.)

(i)  Show there exists a unique minimizer u© € A of
_ /1 2
Iw] = / 3| Dwl|* — fwdz,
U

where f € L?(U) and

A={we H{U) | |Dw| <1 ael}.

LDu-D(w—u)def[Jf(w—u)dw

for all w € A.

8.7. REFERENCES

Section 8.1  See Giaquinta [GI] for more about the calculus of variations.

Another good source is Giaquinta-Hildebrandt [G-H], and
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Section 8.2

Section 8.3

Section 8.4

Section 8.5

Zeidler [ZD, Vol. 3] is a general reference for variational
methods.

The proof of Theorem 1 in §8.2.2 is from Ladyzhenskaya-
Uraltseva [L-U].

See Giaquinta [GI] for additional information about regular-
ity (and partial regularity) of minimizers.

The book by Kinderlehrer-Stampacchia [K-8| explains much
more about variational inequalities.

The Mountain Pass Theorem is due to Ambrosetti and Ra-
binowitz. Consult Rabinowitz [RA] (the source of §8.5) for
further results on saddle point methods.




Chapter 9

NONVARIATIONAL
TECHNIQUES

9.1 Monotonicity methods

9.2 Fixed point methods

9.3 Method of subsolutions and supersolutions
9.4 Nonexistence

9.5 Geometric properties of solutions

9.6 Gradient flows

9.7 Problems

9.8 References

We gather in this chapter various techniques for proving the existence,
nonexistence, uniqueness, and various other properties of solutions for non-
linear elliptic and parabolic partial differential equations that are not of
variational form.

9.1. MONOTONICITY METHODS

Let us look first at this boundary-value problem for a divergence structure
quasilinear PDE:

(1)

—diva(Du)=f inU
u=0 on dU,

where f € L%(U) is given, as is the smooth vector field a : R* — R", a =
(al,...,a™). As usual the unknown is u : U — R, u = u(z), where U is a

491
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bounded, open subset of R" with smooth boundary. Now if there exists a
function F' : R® — R such that a is the gradient of F,

(2) a(p) = DF(p) (peR"),

then (1) is the FKuler-Lagrange equation corresponding to the Lagrangian
L(p, z,x) = F(p) — f(x)z. However if there exists no such potential F', the
variational methods from Chapter 8 simply do not apply to the problem (1).

We inquire instead if there is rather some direct method of constructing
a solution of (1), and in particular ask what are reasonable conditions to
place upon the nonlinearity. For motivation let us note that if (2) were valid
and if F' were convex (the natural assumption for the variational theory, as
we have seen in §8.2.2), then for each p,q € R™:

n

(alp) —alg)) - (p—9) = Z(Fm (p) — Fp(0)) (i — @)

1=1
1 n
- ]0 > Fop, (0 +t(a— ) (p; — 9))(ps — @) dt 2 0,
i,j=1

the last inequality following from the convexity of F'.
This calculation suggests the following

DEFINITION. A vector field a: R* — R™ is called monotone provided

(3) (a(p) —a(g)) - (p—q) 20
for all p,q € R™.

We will show below that the quasilinear PDE does indeed possess a
weak solution, under the primary structural assumption that the nonlinear-
ity be monotone. Later we will realize that this condition in effect says that
—diva(Du) = f is a nonlinear elliptic partial differential equation. So let
us henceforth assume that the smooth vector field a is monotone, and that

(4) la(p)| < C(1+ |p]),

(5) a(p)-p>alpl* - 8

for all p € R™ and appropriate constants C,a > 0, 3 > 0. We will see
momentarily that (5) amounts to a coercivity condition on the nonlinearity.
We intend now to build a solution of the boundary-value problem (1) as
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the limit of certain finite dimensional approximations, thereby extending
Galerkin’s method from Chapter 7 to a new class of nonlinear problems.

More precisely, assume that the functions wix = wi(z) (k= 1,...) are
smooth and

{wg}32., is an orthonormal basis of H}(U),

taken with the inner product (u,v) = [, Du- Dvdz. (We could for instance
take {wy}32, to be the set of appropriately normalized eigenfunctions for
~A in BA(U).)

We will look for a function u,, € H}(U) of the form

m
k=1

where we hope to select the coefficients d¥, so that

(7) /Ua(Dum)-Dwkd:cszfwkdx (k=1,...,m).

This amounts to our requiring that u,, solves the “projection” of the problem
(1) onto the finite dimensional subspace spanned by {ws}7. ;.

We start with a technical assertion.

LEMMA (Zeros of a vector field). Assume the continuous function v :
R™ — R" satisfies

(8) viz)- 220 if |z|=r,
for some r > 0. Then there exists a point x € B(0,r) such that
v(z)=0.

Proof. Suppose the assertion were false; then v(x) # 0 for all z € B(0,r).
Define the continuous mapping w : B(0,r) — 8B(0,r) by setting

|vrx)|v(a:) (x € B(0,1)).

w(r) = —

According to Brouwer’s fixed point theorem (§8.1.4), there exists a point
z € B(0,r) with

(9) w(z) = z.
But then z € 8B(0,r), and so (8) and (9) imply the contradiction
) T
r'=z-z=w(z)-z=— v(z) -z <0.
AR E T M
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THEOREM 1 (Construction of approximate solutions). For each integer

m =1,..., there exists a function un, of the form (6) satisfying the identities
(7).

Proof. 1. Define the continuous function v : R™ — R™, v = (v!,... v™),
by setting

m

(10) v*(d) == [Ua(z dewj) -Dwy, — fupdz (k=1,...,m)

for each point d = (d,...,d,) € R™. Now
m m m
d) -d= / a(Z dewj) ’ (Z dewj) - f(z dj’lUj) dx
v 7=1 i=1 j=1
m 2 m
> / a Zdewj o f(z dj'wj) dx by (5)
U lj=1 =1
j j
—aldf - U1~ 2 d; | fuyda
j=1

a m
> Sldf* = BIUI = C ) _(f,w)ia),
j=1

Now let u € H}(U) solve the PDE —Au = f. Then

fDu-ijda::ffwjda: (7=1,...),
U U

and consequently

m

m
(f,'wj)%Z(U Z u,wj)? < HUHHI(U) < C”f”L?(U
j=1 j=1

Hence v(d)-d > %|d|2 —C, for some constant C, and so v(d)-d > 0if |d| = r,
provided we select r > 0 sufficiently large.

2. We apply the lemma, to conclude that v(d) = 0 for some point
d € R™. Then (10) implies un, defined by (6) satisfies (7). O

We want to take the limit as m — oo, and for this will require some
uniform estimates.
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THEOREM 2 (Energy estimates). There exists a constant C, depending
only on U and a, such that

(11) lumllgawy < CQA+ || fll2@y)

form=12....

Proof. Multiply equality (7) by d*, and sum for k=1,...,m:

[ a(Duy,) - Du,, dxr = f fup, dx.
U U

In view of the coercivity inequality (5), we find

1
a/ |Dum12da:50+ffumda:SC’+e/u,2nda:—+———f fidz.
U U U 4e Jy

We recall Poincaré’s inequality, and then choose ¢ > 0 small enough to
deduce (11). O

We wish now to employ the L? inequalities (11) to pass to limits as
m — 00, obtaining thereby a weak solution of problem (1), which is to say,
a function u € Hj (U) satisfying the identity

(12) fUa(Du) -Dvdx = [U fvde for all v € H(U).

Employing estimate (11) we can extract a subsequence {um,}52, that con-
verges weakly in H}(U) to a limit u, which we hope to show verifies (12).
However, we encounter a major problem here: we cannot directly conclude
that

a(Dum;) — a(Du)

in any sense whatsoever. Take note: nonlinearities are (usually) not contin-
uous with respect to weak convergence. (See Problem 2.)

What saves us is the monotonicity assumption on vector field a.

THEOREM 3 (Existence of weak solution). There erists a weak solution
of the nonlinear boundary-value problem (1).

Proof. 1. As noted in the foregoing discussion, we can extract a subse-
quence {un; 152, C {um}h; and a function u € HE(U) such that

(13) Um; —u  weakly in H (U)

2
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and
(14) Um; — U in LEU).

We must show u satisfies (12).

2. In view of the growth condition (4), {a(Dup)}SS.; is bounded in
L?(U;R™); and so we may as well suppose—upon passing to a further sub-
sequence if necessary—that

15 a(Du,,.) — ¢ weakly in L2(U;R"™),
3

for some ¢ € L2(U;R™). Using identity (7), we deduce
f E-Dwkda:=/ fwr dx
U U
foreach k=1,.... And so

(16) /E-Dvdm=[fvda: for each v € H} (U).
U U

3. To proceed further, let us note from the monotonicity condition (3)
that

(17} /U(a(Dum) —a(Dw)) - (Dum — Dw)dx > 0

for m = 1,... and all w € H}(U). But as observed before, equation (7)
yields the identity

/ a(Duyp,) - Duy, dx = / fum dx.
U U
Substitute into (17), to find:
f fum —a(Duy,) - Dw — a(Dw) - (Duy, — Dw) dx > 0.
U
Let m = m; — oo and recall (13)-(15), to deduce
f fu—¢-Dw—a(Dw) - (Du— Dw)dz > 0.
U
We simplify using identity (16) with v = u, and discover

(18) /U(g _ a(Dw)) - D(u—w)dz >0 for all w € HA\U).
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4, Fix any v € H(}(U) and set w :=u — Av (A > 0) in (18). We obtain
then
/ (¢ —a(Du — ADv)) - Dvdz > 0.
U

Send A — 0:

(19) /{;({ —a(Du))-Dvdez >0 forallve Hy(U).

Replacing v by —v, we deduce that in fact equality holds above. Then (16)
and (19) taken together yield

l/MDmanx:/fwn for all v € H3(U).
U U
Hence u is indeed a weak solution of (1). O

Remark. This use of monotonicity is the method of Browder and Minty,
a remarkable technique which somehow employs the inequality condition of
monotonicity to justify passing to weak limits within a nonlinearity. O

Let us assume now the vector field a satisfies the condition of strict
monotonicity, that is,

(20) (a(p) —a(g)) - (p—q) > blp — qf*
for all p,g € R™ and some constant 8 > 0.

THEOREM 4 (Uniqueness of weak solution). Assume the strict mono-
tonicity property (20) holds. Then there exists only one weak solution of

(1).

Proof. Assume that u and u are two weak solutions. Consequently

/{}a(Du)-Dvdmz-/Ua(D?])-Dvdmszfvd;c,

and so

/ [a(Du) — a(Dw)] - Dvdx = 0
U
for each v € HY(U). We set v := u — 1, and use (20) to deduce
/ |Du — Dat|*dz = 0.
U

Thus u = @ a.e. in U. O
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Remark. Under the strengthened monotonicity assumption (20) our weak
solution u in fact belongs to H?(U), and so satisfies

—diva(Du)=f ae. inU

To demonstrate this, we select ¢, £ € R™ and set p = ¢ + h§, h # 0, in (20).
We obtain, after dividing by A%, the inequality

" [a*(g + h¢) —
i=1
Now send h — O:
(21) > al ()65 2 0l6F (9,6 €R).
i,j=1
We can thus interpret the nonlinear PDE —diva(Du) = f as being uni-

formly elliptic. The proof of H? regularity of the weak solution now follows
almost precisely as in the proof of Theorem 1 in §6.3.1. a

9.2. FIXED POINT METHODS

We study next the applicability of topological fized point theorems to non-
linear partial differential equations. There are at least three distinct classes
of such abstract theorems that are useful. These are:

(a) fixed point theorems for strict contractions,
(b) fixed point theorems for compact mappings,
and

(¢) fixed point theorems for order-preserving operators.

We present below applications of types (a) and (b). The utility of order-
preserving properties for nonlinear PDE will be explained later, in §9.3.

9.2.1. Banach’s Fixed Point Theorem.

Hereafter X denotes a Banach space. The simplest fixed point theorem
of all is:

THEOREM 1 (Banach’s Fixed Point Theorem). Assume
A: X - X

is a nonlinear mapping, and suppose that

1) JAR - ARl < Allu— & (€ X)

for some constant v < 1. Then A has a unique fized point.
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DEFINITION. We say that A ¢s a strict contraction if (1) holds.

Proof. Fix any point up € X and thereafter iteratively define ugy1 = Aluy]
for k=0,1,... . Then

[ Aluk+1] — Aluwll] < vllwsr — ukll = VI Alue] — Alur-]ll,

and so
[ Alur1] — Alug]| < v*l| Afuo] — uoll
for k =1,2,... . Consequently if k£ > [,
k-2
luk —wll = [|Afuk—1] = Al ]l < D N Al 4] — Al
j=l-1

k—2
< || Afuo] — woll Y ¥

j=l-1

Hence {uk}32 , is a Cauchy sequence in X, and so there exists a point v € X
with ux — u in X. Clearly then A[u] = u. Hence u is a fixed point for A,
and hypothesis (1) ensures uniqueness. O

Applications of Banach’s fixed point theorem to nonlinear PDE usually
involve perturbation arguments of various sorts: given a well-behaved linear
elliptic partial differential equation, it is often straightforward to cast a
small nonlinear modification as a contraction mapping. The hallmark of
such proofs is the occurrence of a parameter which must be taken small
enough to ensure the strict contraction property.

Sometimes however we can eliminate such a smallness hypothesis by an
iteration, as now illustrated.

Example 1 (Reaction-diffusion equations). Let us investigate the solvabil-
ity of the initial/boundary-value problem for the reaction-diffusion system

u; — Au =f(u) inUr
(2) u=0 on U x [0, T)
u=g on U x {t =0}.
Here u = (ul,...,u™), g = (¢%,...,¢™), and as usual Uy = U x (0,T),
where U € R" is open and bounded, with smooth boundary. The time
T > 0 is fixed. We assume that the initial function g belongs to H) (U; R™).
Concerning the nonlinearity, let us suppose

(3) f:R™ — R™ is Lipschitz continuous.
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This hypothesis in particular implies
(4) £(2)] < C(1 +|z])

for each z € R™ and some constant C.

Adapting the terminology from §7.1, we say that a function
(5) u e L*(0,T; Hy(U;R™)), with u’ € L? (0,T; H"}(U;R™)),
is a weak solution of (2) provided
(6) (,v) + Blu,v] = (f(u),v) ae 0<t<T
for each v € H}(U;R™), and
(7) u(0) =g.

In (6) {, ) denotes the pairing of H~1(U;R™) and H}(U;R™), B|, ] is the
bilinear form associated with —A in HJ(U;R™), and ( , ) denotes the inner
product in L2(U;R™). The norm in Hj(U;R™) is taken to be

1
lllng ey = (1D dz).

Recall from §5.9.2 that (5) implies u € C([0, T); L?(U; R™)), after possible
redefinition of u on a set of measure zero.

THEOREM 2 (Existence). There exists a unique weak solution of (2).

Proof. 1. We will apply Banach’s theorem in the space
X = (0,1} L*(U;R™)),

with the norm

Ivll = max vl zaige.

Let the operator A be defined as follows. Given a function u € X, set
h(t) := f(u(t)) (0 £ ¢t < T). In light of the growth estimate (4), we see
h € L?(0,T; L?*(U;R™)). Consequently the theory set forth in §7.1 ensures
that the linear parabolic PDE

w;—Aw=h in Ur
(8) w=0 ondU x[0,T]
w=g onlUx {t=0}
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has a unique weak solution
(9)  we L%0,T; H}(U;R™)), with w’ € L*(0,T; H }(U;R™)).
Thus w € X satisfies
(10) (W ,v) + Blw,v]=(h,v) ae0<t<T
for each v € H}(U;R™), and w(0) = g.
Define A : X — X by setting A[u] = w.

2. We now claim that

if T > 0 is small enough, then
(11)

A is a strict contraction.

To prove this, choose u, @t € X, and define w = A[u}, w = A[i] asabove.
Consequently w verifies (10) for h = f(u), and W satisfies a similar identity
for h := f(a).

We calculate as in §7.1

d < 112 < 112
a”w - W||L2(U;Rm) +2fjw — W”H(}(U;Rm)

= 2(w—w,h—h)
(12) . 1 -
< €|w — W{l L2 yrmy + ;”f(“) - f(u)”[,z(u;mm)
- 1 .

< €Cllw = W2 gy + 1) = E@I 2 .
by Poincaré’s inequality. Selecting € > 0 sufficiently small, we deduce

d - . -

E”W — W32 mmy < ClIE(0) — E(@F2(p Ry < Cllu = @l 72 (17Remys
since f is Lipschitz. Consequently

8 .

Iw(s) = () < C [ Iat) = 60z

< CT|lu - g

(13)

for each 0 < s < T. Maximizing the left hand side with respect to s, we

discover
|w — W||? < CTlu - ajf.

Hence

(14) I A[u] — Afa]]| < (CT)"?|lu -4,
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and thus A is a strict contraction, provided T > 0 is so small that (CT)Y/? =
v <1l

3. Given any T > 0 we select T; > 0 so small that (CT1)Y? < 1.
We can then apply Banach’s fixed point theorem to find a weak solution
u of the problem (2) existing on the time interval [0,71]. Since u(t) €
HYNU;R™) for ae. 0 < t < Tj, we can upon redefining T} if necessary
assume u(T1) € H)(U;R™). We can then repeat the argument above to
extend our solution to the time interval [17,27]. Continuing, after finitely
many steps we construct a weak solution existing on the full interval [0, 7).

4. To demonstrate uniqueness, suppose both u and u are two weak
solutions of (2). Then we have w = u, w = 1 in inequality (13); whence

S
Ja(s) = 6(s) ey < € [ 1008) = GO ey
for 0 < s < T. According to Gronwall’s inequality, u = a. O

Remark. In common applications problem (2) records the evolution of
the densities u!,...,u™ of various chemicals, which both diffuse within a
medium and interact with each other. The diffusion term is Au (or more
generally (a1Aul,. .., amAu™) where the constants a; > 0 characterize the
diffusion of the k%" chemical). The reaction term f(u) models the chemistry.
In the foregoing example we made the unreasonable assumption that f is
globally Lipschitz. In more realistic models f is often a polynomial in u
and there are interesting problems as to the global existence or blow-up of
a solution. (A simple such problem is treated in §9.4.1.) O

9.2.2. Schauder’s, Schaefer’s Fixed Point Theorems.

Next we extend Brouwer’s fixed point theorem (§8.1.4) to Banach spaces.
The key assumption is now compactness. Throughout this section X con-
tinues to denote a real Banach space.

THEOREM 3 (Schauder’s Fixed Point Theorem). Suppose K C X is
compact and convez, and assume also

A: K- K
is continuous. Then A has a fized point in K.

Proof. 1. Fix € > 0 and choose finitely many points u;,...,un, € K, so
that the open balls {B°(u;, cs)};N:f1 cover K:

Ne
(15) K c | Bu,e).

i=1
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This is possible since K is compact. Let K, denote the closed convex hull
of the points {uj,...,upn. }:

Ne N,
Ke = {Zl)\,uz [ 0 S )\i S ].,Z)\i = 1} .
i= i=1

Then K. C K, since K is convex. Now define P, : K — K, by writing

{V;l dist(u, K — B%(u;, €))u;
S Ne dist(u, K — BO(u;, €))

Pelu] := (u € K).

The denominator is never zero, because of (15). Now clearly P, is continuous,
and furthermore for each u € K, we have

EIN;I dist(u, K — B(u;, €))]|u; — ul| <

16 Plu]l —u] < <
(16) 1FPelu] =l Ne dist(u, K — BO(u;, €))

€.

2. Consider next the operator A, : K. — K, defined by
A u] := P[A[u]] (u € K).

Now K, is homeomorphic to the closed unit ball in R™¢ for some M, < N..
Brouwer’s fixed point theorem (§8.1.4) therefore ensures the existence of a
point u. € K, with

Aclue] = ue.

3. As K is compact, there exists a subsequence ¢; — 0 and a point
u € K, such that u;; — u in X. We claim u is a fixed point of 4. Indeed,
using estimate (16) we deduce

s, = Aluell = [l Aes ;] — Aluey 1l = 1Py [Alues)] = Al ]l € 5.
Consequently, since A is continuous, we conclude u = Afu]. G

We next transform Schauder’s fixed point theorem into an alternative
form which is often more useful for applications to nonlinear partial differ-
ential equations.

DEFINITION. A nonlinear mapping A : X — X is called compact pro-
vided for each bounded sequence {up}3o, the sequence {Afug]}32, is pre-
compact; that is, there exists a subsequence {ux, }52, such that {Afux;]}52,
converges in X.
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THEOREM 4 (Schaefer’s Fixed Point Theorem). Suppose
A X —-X
18 a continuous and compact mapping. Assume further that the set
{u€ X |u=AAlu] for some 0 < A <1}

is bounded. Then A has a fized point.

Remark. The assertion is that if we have a bound on any possible fixed
points of any of the operators AA for 0 < A < 1, then we have the existence
of a fixed point for A. This is in accordance with the remarkable informal
principle that “if we can prove appropriate estimates for solutions of a non-
linear PDE, under the assumption that such solutions exist, then in fact
these solutions do exist”. This is the method of a priori* estimates. O

The advantage of Schaefer’s theorem over Schauder’s for applications is
that we do not have to identify an explicit convex, compact set.

Proof. 1. Choose a constant M so large that
(17) lull < M if u= AA[u] for some 0 < A< 1.

Define then

N Alu if |[Alulll < M
as) AM_:{ [l it ) ALul)

T it ARl 2 M.

Observe A : B(0,M) — B(0,M). Now set K = closed convex hull of

A(B(0,M)). Then since A and thus A are compact mappings, K is a com-
pact, convex subset of X. Furthermore 4 : K — K.

2. Invoking Schauder’s fixed point theorem, we infer the existence of a
point © € K with

(19) Alu] = u.

We now claim additionally that u is a fixed point of A. For if not, then
according to (18) and (19) we would have

ALl > M

*a priori = from before (Latin).
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and
M
20 u=AAfu] for \= —— < 1.
20 AR
But ||u)l = |A[u]|| = M, a contradiction to (17) and (20). O

Applications of Schauder’s and Schaefer’s fixed point theorems to PDE
depend upon quite different considerations than applications of Banach’s
theorem. The crucial assumption is now not that some parameter be small,
but rather that we have some sort of compactness. As the inverses of linear
elliptic operators are typically smoothing, compactness is indeed available
for certain nonlinear elliptic equations. Following is a quick, albeit fairly
crude, example:

Example 2 (A quasilinear elliptic PDE). We present now a simple applica-

tion of Schaefer’s theorem by solving the semilinear boundary-value problem

(21) {—Au+b(Du)+,uu:D in U

u=0 on dU,

where U is bounded and U is smooth. We assume b : R” — R is smooth,
Lipschitz continuous, and thus satisfies the growth condition

(22) lb(p)| < C(Ip| +1)

for some constant C and all p € R".

THEOREM 5 (Existence). If p > 0 is sufficiently large, there exists a
function u € H*(U) "\ H}(U) solving the boundary-value problem (21).

Proof. 1. Given u € H}(U), set
(23) f = —b(Du).

Owing to estimate (22), we see that f € L2(U). Now let w € H}(U) be the
unique weak solution of the linear problem

(24) {—Aw+,uw=f in U

w=0 ondl.

By the regularity theory proved in §6.3, we know additionally that w €
H?(U), with the estimate

(25) lwll g2y < Cllfll L2y
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for some constant C.

Let us henceforth write A{u] = w whenever w is derived from u via (23),
(24). In light of (22) and (25), we have the estimate

(26) A}l g2y < Clllull oy +1)-

2. We now assert that A : H}(U) — H}(U) is continuous and compact.
Indeed, if

(27) up —u  in Hy(U),
then in view of estimate (26) we have

(28) sup lwell 20y < 00,

for wy = Afux] (k = 1,...). Thus there is a subsequence {wy,}72; and a
function w € Hy(U) with

(29) wg;, — w in H(U).

Now
/ Duwy, - Dv + pwy,vdr = —/ b(Duy, v dz
U U

for each v € H}(U). Consequently using (22), (27) and (29), we see

] Dw - Dv + pwvdz = —/ b(Du)v dx
U U

for each v € H}(U). Thus w = Alu].

Hence (27) implies Afux] — A[u] in H}(U), and so A is continuous. A
similar argument shows that A is compact, since if {u}z°; is bounded in
H}(U), estimate (22) asserts that {A[u,]}32; is bounded in H*(U), and so
possesses a strongly convergent subsequence in H (U).

3. Finally, we must show that if u is large enough, the set
{u e Hy(U) | u = AA[u] for some 0 < A < 1}
is bounded in H}(U). So assume u € H3(U),
u=AA[u] forsomeO <A<l
Then ¥ = Alu]; or, in other words, v € H*(U) 0 Hg(U) and

—Au+ pu = Ab(Du) ae. inU.
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Multiply this identity by u and integrate over U, to compute

/ |Dul? + plu|?ds = m/ Ab(Du)udz < / C(|Du| + 1)|u| dz
U U U

1
S—] |Duf2da:+C/ |u|? + 1dz.
2 Ju U

Thus if x> 0 is sufficiently large, we have ||ul| mw) <G, for some constant
C that does not depend on 0 < A < 1.

4. Applying Schaefer’s fixed point theorem in the space X = H}(U), we
conclude that A has a fixed point u € H}(U) N H2(U), which in turn solves
our semilinear PDE (21). O

Remark and warning. A plausible plan for constructively solving (21)
would be to select some u° and then iteratively solve the linear boundary-
value problems

{ —AuFt 4t = —p(Du*) in U

uk+1=0 OnaU (k=0,1,...).

However, we cannot assert that {u¥}2°  then converges to a solution of (21).
Schauder’s and Schaefer’s fixed point theorems do not say that any sequence
converges to a fixed point. (But see the proof in §9.3 following.) O

See Gilbarg-Trudinger [G-T] for much more sophisticated applications
of fixed point theorems to nonlinear elliptic PDE.

9.3. METHOD OF SUBSOLUTIONS AND
SUPERSOLUTIONS

Our application of Schaefer’s theorem above in §9.2.2 depends upon the
regularity estimates for solutions of elliptic equations. We turn attention
now to another basic property of elliptic PDE, namely the maximum prin-
ciple, and demonstrate how various resulting comparison arguments can be
used to solve certain semilinear problems. The idea is to exploit ordering
properties for solutions. More precisely, we will show that if we can find a
subsolution u and a supersolution « of a particular boundary-value problem,
and if furthermore u < %, then there in fact exists a solution satisfying

u<u<.

We will investigate this boundary-value problem for the nonlinear Pois-
son equation:

(1) {—Au=f(u) inU

u=290 on OU,
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where f : R — R is smooth, with
(2) If1<C (z€R)

for some constant C.

DEFINITIONS. (i) We say that w € H'(U) is a weak supersolution of
problem (1) if

(3) /UDﬁ-Dvd:CZ/[;f(ﬁ)vd:r

for each v € HY(U), v > 0 a.e.

(i) Similarly, u € HY(U) is a weak subsolution provided

(4) /U Dy - Dvdz < /U fvdz

for each v € HY(U), v >0 a.e.
(iii) We say u € H}(U) is a weak solution of (1) if

LDu-Dvdw=/{jf(u)vdw

for each v € H}(U).

Remark. If @,u € C?(U), then from (3) and (4) it follows that
_Au> f(), —du< fw) U
U

THEOREM 1 (Existence of a solution between sub- and supersolutions).
Assume there ezist a weak supersolution 4 and a weak subsolution u of (1),
satisfying

(5) u<0, u>0ondU in the trace sense, u < u a.e. inU.

Then there exists a weak solution u of (1), such that

u<u<u ae nU
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Proof. 1. Fix a number A > 0 so large that
(6) the mapping z — f(2) + Az is nondecreasing;

this is possible as a consequence of hypothesis (2).

Now write ug = u, and then given uy (k = 0,1,2,...) inductively define
up+1 € HY(U) to be the unique weak solution of the linear boundary-value
problem

(7) { —Aug) + Mg = flug) + Aug in U

U+l = 0 on OU.
2. We claim
(8) u=u<uy < - <y <o ae inl.

To confirm this, first note from (7) for & = 0 that
(9) / Duy - Dv + Adugvdz = / (f(uo) + Auglvdz
U U

for each v € H}(U). Subtract (9) from (4), recall up = u, and set
vi=(ug—u)t € H(U), v>0 ae.
We find

(10) /UD(uo —u1) - D(ug —u1)™ 4+ Aup — u1)(uo — wy)* dx < 0.

But
D(up —u1) a.e on {ug>ui}

D(up —u1)* =
(uo — u1) { 0 a.e. on {up < uy}.

(See Problem 17 in Chapter 5.) Consequently,
/ |D(UO — u1)|2 + )\(’U.O — U1)2 dzr < 0;
{uo>u1}

so that ug < uj a.e. in U.
Now assume inductively

(11) Up_1 < ur a.e. in U.

From (7) we find

(12) / Dugq - Dv + Augvde = f (fug) + Aug)vdr
U U
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/ Duy, - Dv + Mugvdxr = / (f(ug—1) + Aug—1)vdz
U U

for each v € H}(U). Subtract and set v := (ug — ug+1)". We deduce
/ |D(ug — upy1)]? + Mug — uks1)” dz
{ur>uir1}
= [ 1) + Nan2) = () + M) = ) d <0,
U

the last inequality holding in view of (11) and (6). Therefore uy < uix.1 a.e.
in U, as asserted.

3. Next we show
(13) up<u ae inU(k=0,1,...).

Statement (13) is valid for k£ = 0 by hypothesis (5). Assume now for induc-
tion

(14) uy <u ae inl.
Then subtracting (3) from (12) and taking v := (uxy1 — @)", we find
[ Dk~ 0P + M — 2)da
{ug+1>a}
< [ 1070 + 30 = (/@) + AW (12— 2" d <0,

by (14) and (6). Thus ug+1 < % ae. in U.
4. In light of (8) and (13), we have

(15) u< - <Sup<up <o <u ae inlU
Therefore
u(z) := klim uk(x)

exists for a.e. z. Furthermore we have
(16) u — u in L2(U),

as guaranteed by the Dominated Convergence Theorem and (15). Finally,
since we have || f(ue)llr2y < Cllukllzzqy + 1), we deduce from (7) that
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supy, [|ukl| gy < oo. Hence there is a subsequence {ux, }72; which converges
weakly in H3(U) to u € H(U).

5. We at last verify that u is a weak solution of problem (1). For this,
fix v € H}(U). Then from (7) we find

/ Dugi1 - Dv + Augpvde = / (f(ug) + Aug)v dz.
U U
Let k — oo:

/Du-Dv+)\uvdmz/(f(u)+Au)vda:.
U U

Canceling the term involving A, we at last confirm that

/UDu-Dvd: